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Communicated 11 March 1953 by Axe. E. Linpu and Gunnar Haag 


The transmission and absorption of X-rays in calcite 


near the Bragg angle 


By Gosta Brocren and OvED ADELL 


With 6 figures in the text 


In crystal diffraction of X-rays, it is customary when calculating the intensity 
of the reflected beam to apply corrections for absorption by using the normal coef- 
ficient of absorption. During recent years it has been shown that anomalous intensi- 
ties are obtained when X-rays are transmitted through a perfect crystal in the direc- 
tion of the incident beam at a position where Laue diffraction occurs (1, 2). Investiga- 
tions of these transmitted and reflected intensities have recently been made both 
theoretically (3-6) and experimentally (7-10). Previous experimental results pub- 
lished are few, and such that they are less suitable as a basis for theoretical calcula- 
tions. We are investigating this effect in calcite and quartz crystals in the region 
700-1800 X.U., and we are able to report some observations for calcite. 

The experimental arrangement is shown in Fig. 1. The investigations were carried 
out with a two-crystal spectrometer (11) with the reflecting crystal planes in the 
(1-1) position. The monochromator crystal (A) was a calcite crystal with the sur- 
face parallel to the cleavage plane (211). The analysator crystal (B) was another 
calcite crystal 0.41 mm thick with the same surface orientation. B was mounted in 
a crystal holder which permitted it to be adjusted so that both plane (211) and the 
equivalent plane (121), which cut each other at an angle 105° 3’ could be made paral- 
lel to the axis of revolution. Parallelism was achieved by tilting crystal B until 
minimum widths of the rocking curves were obtained both with plane (211) and 
with plane (121). The spectrometer was provided with two Geiger-Miiller counters 
30 that both the transmitted and the Laue diffracted intensities could be registered 
simultaneously. In order to eliminate surface deficiencies both crystals were etched 
with 0.7 normal hydrochloric acid for seven seconds. 

The quality of the crystals was controlled by measuring the full width of the 
rocking curve with crystal B in surface reflection. With Mo Ka,-radiation we got 
5.2’", in good agreement with earlier measurements. 

The voltage of the X-ray tube was always kept below the double threshold voltage 
so that no overlapping could occur. Registrations were performed with wavelengths 
sorresponding to the following characteristic X-ray lines: Mo Ka,, Au LA,, Au Tons 
Ou Ka,,and Co Ka,. Figures 2-6 show the results. # is the angle between the incident 
X-radiation and the reflecting atomic plane, Rr is the intensity of the transmitted 
-adiation, and R, that of the Laue diffracted radiation. As the reflecting plane 
121) cuts the surface at an angle of 75°, the paths of the two X-ray beams are not 
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Fig. 1. The experimental arrangement. 


the same. For this reason Rr and R; are not directly comparable. Rr and Ry, were 
recorded as a function of # in the region of about one degree around the Bragg angle 
pz. As may be seen from the figures, the anomalous absorption appears only within 
a very small region around #z. When the normal absorption is small, so that mu - d 
is small, a maximum in transmission is obtained in the region ? <#z and a pronounced 
minimum on the other side of #s;. When ; increases, the maximum increases but 
the minimum becomes less apparent. At 1540 X.U. (Cu Ka,-radiation) the minimum 
has completely disappeared, and above this wavelength only a maximum can be 
seen in the transmission curve. 

The following observations may be derived from the results: 

1. The transmission curve is asymmetric in all cases. The region of anomalous 
transmission is wider below #, than above #3. 
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Fig. 2-6. The transmitted and reflected intensities at different wavelengths. 
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2. If Rr and R, are added together, there remains a region where Ry + R, is less 
than the normally transmitted intensity in all cases where there ig a minimum in 
Rr. This effect may be due to the difference in paths for the two X-ray beams, but 
it will be studied carefully with crystals where the diffracting planes are perpendic- 
ular to the surface of the crystal, in which case both beams have the same paths in 
the crystal. Preliminary investigations with such a crystal, using plane (655), verify 
the above observation. 

3. The angular distance A between the maxima of Rr and R, decreases with in- 
creasing wavelength. 

4. All rocking curves in the transmission (Laue) case are asymmetric. The full 
widths w at half maximum intensities are less than what is obtained when the sur- 
face of the second crystal is parallel to the diffracting planes. But for Mo Ka,-radia- 
tion, the values are also less than those calculated (using the normal absorption 
coefficient). As the 3-value for the maximum of R7 is always less than #z, the 
intensity of the Laue diffracted radiation must be affected so that the rocking 
curve becomes asymmetric. It is possible that the peak of the rocking curve is 
displaced towards a smaller glancing angle. It may be mentioned as an example that 
for Cu Ka, the width of the Laue diffracted rocking curve is 8.0’’, the normal width 

10.2” and the theoretical width 9.8’. The last two values refer to the case where 
the diffracting planes are parallel to the surface in both crystals. 

As Rr and Ry, are not comparable for reasons mentioned above, no absorption 
coefficients and no values of the integrated reflection are calculated here. They will 
be examined in a present investigation with the atomic planes perpendicular to the 
surface. 

The shapes of the above curves have been calculated by Hirscu (5) and Rama- 
CHANDRAN (6) and the agreement with our results is in general good. In one point 
— viz. the forms and the widths of the rocking curves — it is not possible to make 
a comparision, as the theoretical curves are too rough. For Cu K«,-radiation Hirsch 
calculated the angular distance A between the peaks of R,z and Rr for a calcite 
crystal 0.4 mm thick to be about 1”, which is near our value 1.3’. There also seems to 
be a deviation in the region ? < #z, where the distance between the experimental 
curves is less than the theoretical ones. 

The quartz investigations indicate effects of the same kind. A detailed report 
about all measurements will be given later. 


Tnstitute of Physics, University of Uppsala, Sweden, December 1952. 
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2. If Rr and R,; are added together, there remains a region where Rr + R, is less 
than the normally transmitted intensity in all cases where there is a minimum in 
Rr. This effect may be due to the difference in paths for the two X-ray beams, but 
it will be studied carefully with crystals where the diffracting planes are perpendic- 
ular to the surface of the crystal, in which case both beams have the same paths in 
the crystal. Preliminary investigations with such a crystal, using plane (655), verify 
the above observation. 

3. The angular distance A between the maxima of Rr and R, decreases with in- 
creasing wavelength. 

4. All rocking curves in the transmission (Laue) case are asymmetric. The full 
widths w at half maximum intensities are less than what is obtained when the sur- 
face of the second crystal is parallel to the diffracting planes. But for Mo Koa,-radia- 
tion, the values are also less than those calculated (using the normal absorption 
coefficient). As the #-value for the maximum of Rz is always less than %,, the 
intensity of the Laue diffracted radiation must be affected so that the rocking 
curve becomes asymmetric. It is possible that the peak of the rocking curve is 
displaced towards a smaller glancing angle. It may be mentioned as an example that 
for Cu Ka, the width of the Laue diffracted rocking curve is 8.0”, the normal width 
10.2” and the theoretical width 9.8’’. The last two values refer to the case where 
the diffracting planes are parallel to the surface in both crystals. 

As Rr and R, are not comparable for reasons mentioned above, no absorption 
coefficients and no values of the integrated reflection are calculated here. They will 
be examined in a present investigation with the atomic planes perpendicular to the 
surface. 

The shapes of the above curves have been calculated by Hirscu (5) and Rama- 
' CHANDRAN (6) and the agreement with our results is in general good. In one point 
— viz. the forms and the widths of the rocking curves — it is not possible to make 
a comparision, as the theoretical curves are too rough. For Cu Ka,-radiation Hirsch 
calculated the angular distance 4 between the peaks of Rr and Rr for a calcite 
crystal 0.4 mm thick to be about 1’, which is near our value 1.3”. There also seems to 
be a deviation in the region ? < #z, where the distance between the experimental 
curves is less than the theoretical ones. 

The quartz investigations indicate effects of the same kind. A detailed report 
about all measurements will be given later. 


Institute of Physics, University of Uppsala, Sweden, December 1952. 
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Communicated 4 June 1952 by Nits Zetton and Bencr EpiLan 


The spectrum of singly-ionized carbon, € TI 
By SvEN GiLap 


With 2 plates and 4 figures in the text 


Summary. The spectrum of singly-ionized carbon in the region 8800-1987 A has 
been studied by means of a condensed hollow cathode discharge. About 60 new 
energy levels have been determined. From several intercombination lines observed 
an exact linking up of the doublet and quartet systems has been obtained. The 
distance between the two limits 2s 18, and 2p 3P, has been established to be 
52 423 + 7 cm-!, 


Introduction 


In investigating the spectrum of doubly-ionized iron the light source employed 
_ was a condensed hollow cathode discharge. This produced the Fe III spectrum with 

good intensity and at the same time it was possible to separate the Fe III lines 
from those of Fe I and Fe II by studying the shape of the lines. The hollow cathode 
consisted of a graphite tube containing a thin-walled iron cylinder. In addition to 
the iron lines the spectrograms contained lines belonging to the first three spectra of 
carbon. Since the carbon lines had the same shape as the Fe III lines there was 
some risk of the carbon lines being classed as Fe III. Therefore, in order to obtain 
a pure carbon spectrum by means of which the carbon lines could be picked out 
from the Fe III lines, spectrograms were taken with a pure graphite cylinder as 
the cathode. The wavelength data thus obtained form the basis for the present 
work on the C II spectrum. 


Experimental procedure 


The graphite tube used as a hollow cathode had a length of 45 mm and an inner 
diameter of 8mm. It was placed in a large pyrex bulb, introduced into a vacuum 
_eirculating system of the type described by PascHEN and CampseEtt (1). The pressure 
of the filling gas (helium with 0.1 % neon) was 6-12 mm. A full-wave rectifier charged 
a 10 uF condenser which was connected to the discharge tube through a rotating 
spark gap. Operating conditions were 800-1800 V and 20-30 sparks per second. 
An increase of the voltage led to a great increase of the brilliance of the discharge 
but at the same time some lines were strongly shaded to longer or shorter waves. 
This must essentially depend on the increase in the electric field inside the hollow 
cathode. In the side of the graphite tube a 3mm hole was bored. The discharge 
was rather intense in the gas just outside this hole and the strongest C II lines 
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were excited here also. This is clearly seen on Plate I b. The lower part of the spectro- 
gram shows the discharge inside the cathode while the upper part contains the 
lines which appeared outside the hole. The line 46461 which is shaded to longer 
waves inside the cathode is sharp in the field-free space outside the tube. Its shape 
differs, however, from that of the other C II lines appearing in the upper part of 
Plate I b. 

Because the helium contained 0.1% neon, the strongest Ne I lines appeared on 
the plates and gave a suitable reference spectrum in the long wavelength range, 
use being made of the interferometer wavelengths reported by Burns, ADAMs and 
LoneweE tt (2). In order to get more standard lines in the region above 7000 A 
some plates were also supplied with an argon spectrum, obtained by admitting a 
small amount of argon into the system. Since argon is quickly absorbed by the 
liquid air cooled charcoal trap, gas-circulation was shut off during the time required 
to get a suitable argon spectrum. This time varied from 1 to 5 minutes. The wave- 
lengths of argon were taken from Mracrrs and Humpureys (3). By imtroducing 
a very small quantity of iron powder into the graphite tube the strongest lines of 
the first three spectra of iron were obtained. Fe I and Fe II lines (4, 5) were used 
as standard lines in the region 6000-2200 A and Fe III lines (6) in the region 2200- 
1900 A. 

Most of the measured spectrograms were taken with a stigmatic concave grating 
spectrograph (Ja 70-15 m, Jarrell-Ash Company). The grating has 15000 lines per 
inch and a radius of curvature of 21 feet. The dispersion in the first order ranges 
from 5.1 A/mm to 4.7 A/mm. In the visible region additional spectrograms were 
obtained with a large glass prism spectrograph, previously described by MINNHAGEN 
(7). The dispersion is 7.7 A/mm at 6800 A and 1.0 A/mm at 4100 A. The faintest 
lines in the region 2500-2200 A have been measured on plates taken with a large 
quartz spectrograph, Hilger E478, dispersion 2.6 A/mm at 2500 A and 1.7 A/mm 
at 2200 A. 

Eastman spectroscopic plates of different types were used in the region 9000 A 
to 2500 A. Below 2500 A Ilford Q2 and Q3 plates were used. The longest obtainable 
exposure time was about 3 hours. After that time the graphite tube became per- 
forated and the discharge was no longer concentrated inside the hollow cathode. 
In most regions the exposure time varied from 1 to 90 minutes. 


Wavelengths 


The strongest bands from C, appear on the spectrograms, but their intensity is 
fairly weak as compared with that of the C IT lines. It is usually easy to distinguish 
between the atomic lines and the bands. The measurement of certain C II lines, 
however, was made more difficult by their proximity to band lines. Since the graphite 
contained small amounts of vanadium and titanium, the strongest lines of V I-III 
and TilI-III were recorded on the plates, but they are very sharp and easy to 
separate from C II lines. The experimental distinction between the different ioniza- 
tion stages of carbon is somewhat uncertain. Only the strongest CI and C III lines 
appear, however, and therefore they can easily be picked out by comparing with 
earlier investigations of these spectra. In the region above 6000 A, where no observa- 
tions of the C III spectrum have been published, I have had the opportunity of 
using spectrograms taken by Bockasten. On these plates the intensity ratio C III /C Il 
is much higher than on my plates. Knowledge of the CI spectrum between 8 100 
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and 7000 A is evidently very incomplete. In this region EpLin (8) has classified 
three C I lines measured by Rypx (9). Each of these three lines has now been resolved 
into two or more lines and a few other lines have been found in spite of the light 
source not being ideal for the excitation of the CI spectrum. 

All CII lines which have now been measured are given in Table 1. The wave- 
lengths are, as a rule, weighted means of measurements on two or more spectrograms. 
Some of the faintest lines have been measured on one plate only. The estimated 
uncertainty, depending on the spectral range and the sharpness of the lines, lies 
between 0.005 and 0.1 A. The wave-numbers in column 4 have been calculated 
from wavelengths with three decimal places, even in cases where only two decimal 
places in the wavelength have been retained in column 2 of the table. Vacuum 


corrections to three decimal places were taken from a table calculated by Edlén 
and based on the formulae: 


AA =dyac = Aair = Air (ial 
107(m — 1) = 643.28 + 294 981 (146 — y?)-! + 2554.0 (41 — v?)-1, 


y being the vacuum wave-number in units of ~-! and n — 1 the refractivity of dry air 
at 15° C and 760 mm Hg. yeaic in column 5 has been obtained from the revised set 
of term values, given in Table 3. The notation in column 6 is that used by Epi&n (10). 

As mentioned above the shape of some lines indicates that certain levels are 
sensitive to Stark effect. This is generally true for terms with high quantum numbers. 
The two lines 6461 and 6454 on Plate I b are chosen as an example. The former one, 
identified as 4f 2K — 6g 2G, is shaded to longer waves. This shading must depend on 
perturbation of the term 6g 2G, since 4f 2F in combination with 3d 2D gives sym- 
- metrical lines. The perturbing terms in this case are 6f2F and 6h 2H, situated on 
both sides of 6g 2G. The greater influence of 62 2H, which lies nearest to 6g 2G, 
causes a displacement of 6g 2G to larger term values and consequently a shading 
of the line 4f 2F — 6g 2G to longer waves. At the same time 6h 7H is shifted in the 
opposite direction. This causes a shading to shorter waves of the line 6454, which 
represents the forbidden transition 4/ 2F — 6h 7H. 

An obvious case of Stark effect perturbation is found in the term 3p’ 2D (8043 — 
—77 cm-?) of the (?P) system. The lines that arise from transitions where 3p’ 2D is 
the initial term are strongly shaded to longer waves. This must chiefly depend on 
Stark effect perturbation from 8p 2P with an estimated term value of about 7500cm—1. 

~The shaded lines show a tendency to displacement of the wavelength with increas- 
ing voltage across the hollow cathode, as may be seen from Table 2, The combina- 
tions 2p” 2P — 3p’ 2D and 4p 2P — 3p’ 2D are chosen as an example. Columns 2 and 3 
in Table 2 contain the wavelengths (Amin and Amax) which have been obtained from 
' spectrograms taken with the minimum and maximum voltages, respectively, across 
the light source. The wave-number difference Ay corresponding to Amin — Amax 18 
inserted in column 4. The relatively small displacements of 2 5040 and 43836 may 
be due to the fact that it has not been possible to determine Amin for these faint 
lines at the same low voltage as for the others. 

This sensitivity to the electric field is still more evident on comparing the wave- 
length values obtained from the hollow cathode with those from the vacuum spark, 
The fifth column of Table 2 contains the wavelength values given by Evin (10) 
for the vacuum spark and the last column gives the differences between the wave- 
numbers obtained from the vacuum spark and the hollow cathode. 


s. GLAD, The spectrum of singly-ionized carbon, Gig 


Table 1 


Wavelengths of (II lines in the region 8 800—1 987 A.t 
blg = blended by grating ghost 


= hazy 


= slightly shaded to longer waves 


= unsymmetrical 


= wide 


unr = unresolved ( = separation very uncertain) 
m =masked by 
bl = blended by 


| 


h 

1 

s =slightly shaded to shorter waves 
u 

w 


hul = hazy, unsymmetrical, shaded to longer 


waves 

hus = hazy, unsymmetrical, shaded to shorter 
waves 

ul =unsymmetrical, shaded to longer waves 


us = unsymmetrical, shaded to shorter waves 


wh = wide, hazy 


Previous 
Intensity Ante A measure- Vener Chee Veale Combination 
gos ek a neh eee 

0 very h 8 799.9 11 360.7 0.16 3p’ 2D, — 3d’ °F, 
1 very h 8 793.8 11 368.5 8.17 2D 2F, 
5 8 696.71 11 495.44 5.46 4s 28, — 2p” 2P, 
8 8 682.56 11 514.18 4.23 — 2p, 
rig 4d’ 4F, —5f 4G, 

lh 8 414.49 1l 881.00{ Cs ae 1G. 
2.4 4p. — 4G 

2 2 2 : s 
h 8 413.4 1188 if xe 1 iG 

8 8 076.64 12 377.98 7.98 3p’ 4P, — 3d’ 4P, 
6 8 062.78 12 399.26 9.23 k= 4p, 
5 8 062.12 12 400.27 0.31 Wh = 4p, 
3 8 048.32 12 421.54 1.56 po 4p, 
6 8 039.39 12 435.34 5.32 7 a 4p, 
5 8 037.76 12 437.86 7.90 4p, = 4p, 
2 8 028.86 12 451.64 1.66 ae 4p, 
2 7 530.60 13 275.51 5.56 2p’ 2P, — 3p’ 2P, 
4] 7 519.86 294.46/| 3-86 nnd ede oi} 
5 13 294.46)| 433 ppt — 3p! ap, 

7 7 519.50 13 295.10 5.11 ne 2p, 
3 7 508.90 13 313.86 3.88 2p, — 2p, 
2hul 7 505.31 13 320.23 0.32 5p *#P, — 3p’ 2D, 
7 7 237.17 13 813.75 3.75 3p *P, —3d 2D, 
20 7 236.42 6.19 F 13 815.18 5.18 2p, — 2D, 
18 7 231.32 1.12F 13 824.93 4.90 2p, — 2D, 
l 7144.19 13 993.53 3.44 3p’ *D, — 3d’ 4B, 
6 7 134.11 3.52 F 14 013.31 3.33 <D 4B, 
l 7 132.45 14 016.56 6.53 2D 4B, 
7 7 125.73 5.49 F 14 029.78 9.80 4D, = 4B, 

12 7119.90 9.45 F 4.041.264} 1.25 pee oe 
14 041.26) ae ‘ps a 

10 7 115.63 5.13 F 14 049.70 9.69 4D, — 4B, 


+ A few lines of longer wavelengths have been added in proof (see page 32). 
* References to previous measurements: 


F =A. Fowzer and E. W. H. Setwyn, Proc. Roy. Soe. London, A 120, 312, 1928. 


E =B. Epiin, Nova Acta Reg. Soe. Sci. Ups. 9, No. 6, 74, 1934; B. Epiin, ZS. f. Phys. 98, 


561, 1936. 
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(Table 1, cont.) 


nT 


: Previous 
Intensity Asie A heats Des (Cina Dear Combination 
oe re a en 
if 7 113.04 \ 5 14 054.82 4.82 3p° 4D, — 3a 4 
. .82 .82 p 3d’ 4B 
6 7112.48 aS 14.055.91 5.92 ‘D.- 4F, 
8 7 063.70 3.4F 14 152.99 3.02 3p’ 48, — 3d’ 4P, 
6 7 053.09 2.9F 14 174.27 4.27 as, — 4p, 
4 7 046.26 5.8 F 14 188.02 8.03 ‘Sg, = 4p, 
3 6 812.29 2.19F 14 675.30 5.32 33’ 4P, — 3p’ 4D, 
7 6 800.68 0.50 F 14 700.36 0.34 ‘Pp, = 4D, 
3 6 798.11 8.04 F 14 705.90 5.93 4p, — 4D, 
7 6 791.47 1.30 F 14 720.30 0.30 4p, = 4D, 
6 6 787.22 7.09 F 14 729.51 9.53 sp, = 4D, 
10 6 783.90 3.75 F 14 736.72 6.70 Ap = 4D, 
5 6 780.61 0.27F 14 743.87 3.90 4p = 4p, 
8 6 779.93 9.74 F 14 745.34 5.32 4p, — 7Be 
3 6 755.16 4.75 F 14 799.42 9.41 3p’ 4D, — 3d’ 4D, 
8 6 750.55 0.22 F 14 809.52 9.55 4p, — 4D, 
3 6 742.43 2.05 F 14 827.37 7.36 4), = 4D, 
6 6 738.62 8.36 F 14 835.75 5.77 4D, = ‘D, 
2 C732. 00, oe 14 845.92 5.91 ‘D, — 4D, 
2 Cres Sse ee 14 846.84 6.84 2D aD. 
5 6 731.07 0.79 F 14 852.38 2.38 4D, — 4D, 
: 0.79 4D, - 4D, 
4 6 727.19 6.84 F 14 860.954 Of D “p: 
2 6 724.56 14 866.75 6.75 4D, — 4D, 
lh 6 723.65 14 868.77 8.78 4d °D,—6p 2P, 
1 very h 6 622.05 15 096.90 6.60 4f 2F,,,— 6d 2D,,3 
15 6 582.88 2.85 F 15 186.72 6.72 35 #8, —3p *P, 
18 6 578.05 8.03 F 15 197.88 7.87 23, - 2P, 
5 very hul 6 461.95 15 470.93 0.93 4f 2F;,,— 69 ?G,,, 
l very hus 6 454.77 15 488.1 8.1 4f °F —6h 2H 
ish 6 385.72 15 655.61 5.7 4p’ 4D,— 5d’ 4F, 
0 6 295.20 15 880.73 0.90 3d’ *P, — 4p’ 4D, 
1 6 290.01 15 893.83 3.83 4p, - 4D, 
0 6 284.56 15 907.61 7.59 4p, — 4D, 
1 6 275.79 15 929.84 | 30.02 4p, — 4D, 
4h 6 259.59 15 971.07 1.08 4p ®P, —5d *Dy,g 
2h 6 257.18 15 977.22 ep 2p, — 2D, 
2 6 256.54 15 978.85 8.90 3d’ 2D, — 4p’ 2P, 
2 6 253.84 15 985.75 5.77 3d’ 4P, = 4p" D, 
4 6 250.74 15 993.68 3.64 3d’ 2D, — 4p’ ?P, 
1 bl Ne 6 246.57 16 004.36 4.52 2D, — 2P, 
4veryhul 6 151.43 16 251.89 1.89 4d *D,,,— 6f *F a. 
4 6 102.56 2.59 F 16 382.02 2.02 3p’ *P, — 3d’ *D; 
9 6 098.51 8.62 F 16 392.90 2.90 aD °Ds 
7 6 095.29 5.37 F 16 401.57 1.57 2p, — 2D, 


TL 


Ss. GLAD, The spectrum of singly-ionized carbon, CII 


(Table 1, cont.) 


i ———————————————————————— ees 


Previous p : 
Intensity Iypes Al measure- Vong, CE Des Combination 
en 
Oh 6 037.96 16 557.30 7.6 4d’ *D, = 6 “We 
3 5 919.45 9.60 F 16 888.77 8.76 3d’ 4*P, —4p’ 48, 
4 5 914.64 4.92 F 16 902.50 2.52 4p, — 48, 
6 5 907.21 7.36 F 16 923.78 3.77 4p, — aS 
12 5 891.59 1.65 F 16 968.65 8.62 3d °D,—4p 2P, 
15 5 889.77 |\ 9 o7F 16 973.88 3.87 2D, — *P; 
6 618892 70a ae 16 975.33 5.30 2D, - 2P, 
5 5 856.04 6.09 F 17 071.66 1.59 3p’ 4D, —3d’ 4P, 
v3 5 843.61 217 E 17 107.98 7.95 4D, — 4p, 
4 5 836.35 6.31 F 17 129.24 9.20 1D; = 4p, 
2 5 827.85 7.80 F 17 154.23 4.22 4D, - 4p, 
{| 7.98 ‘4D, — 4p, 
9 9 y 
2 5 823.14 3.13 F 17 168.10) maa ‘:D, - 1p, 
2 5 818.30 7.87 F 17 182.39 2.35 ‘4D, - 4p, 
1 very h 5 791.77 17 261.09 1:3 4d’ 4‘¥, = 6f 4G; 
0 5 713.56 17 497.36 7.59 3d’ 4P, — 4p’ ‘P, 
1 5 712.51 17 500.60 0.58 4p, — 4p, 
0 5 708.03 17 514.32 4.34 ip. = ap, 
F of) 32 Py = ee 
w 5 701.16 17 535.42) Eo 7S 1p, 
2 5 694.30 17 556.54 6.57 4p, — 4p, 
12 5 662.47 2.51 F 17 655.24 5.27 3s’ *P, — 8p’ 48, 
10 5 648.07 8.08 F 17 700.24 0.25 4p, — 41S, 
8 5 640.55 0.50 F 17 723.83 3.85 7p = 4S, 
3 5 537.61 |\ gon 18 053.32 a3) 4s %S, —5p 2P, 
5 5 535.35 | f 18 060.69 0.68 28, — 2p, 
1 5 490.16 18 209.36 9.43 3d’ 4D, — 4p’ 4D, 
1 5 488.95 18 213.38 3.31 4D, — ‘dD, 
2 5 485.90 18 223.50 3.45 4D, — Dye | 
1 5 483.35 18 231.95 1.86 41D.= De 7] 
4 5 478.59 8.6 F 18 247.79 7.81 4D, -— 4D, 
lwh 5 368.58 18 621.74 a 4d *Dy,,— 7p °P, 
lh 5 367.67 18 624.88 4.65 4s’ 4P, —5p’ 4D, 
2veryhul 5 342.40 18 713.0 3.0 4, 2g — 1g Ga 
lveryhus ) 339.85 18 721.9 2 cp Ya, PSL 
| 6ul 5 334.79 | \ 18 739.67 9.67 4p 2P, — 28 
;  6.7E se Pee 
dul 5332.89 |f %7E 18 746.35 | 6.35 ee S, 
Oh 5 290.09 issgs.o1/) 8-9 4p’ *D; — 6s’ *P, 
Le \ 8.0 4D, — 4p, 
Lh 5 286.47 18 910.95 0.9 nee 4p, 


Fe en alle 


(Table 1, cont.) 


ARKIV FOR FYSIK. Bd 7 nr 2 


—_—_—_—_—_—_—_—_—_—————————— 
‘ Previous 
Intensity Aaiyy A measure- ye Cae Vente Combination 
ments* 
ESS Sep ae eee ee OR re ee ie 

5 5 259.71 5/| 8.99 3d’ 4F, — 4p’ 4D, 
\ oboe 19 007.154 7.33 1 ip, 
5 5 259.06 J 19 009.50 9.53 ADA <= 4D, 
7 5 257.24 7.36 F 19 016.11 6.11 <i 4D, 
2 5 256.09 19 020.26 0.26 AN = AID), 
4 bl C IIT 5 253.57 3.55 F 19 029.37 9.42 At = AD), 
2 5 249.51 9.43 F 19 044.09 4.03 AMA = AD) 
13 5 151.09 1.08 F 19 407.98 7.98 Shy EE = ayo APs 
15 5 145.16 5.16 F 19 430.33 0.31 AD = ale 
12 5 143.49 3.49 F 19 436.64 6.62 AP = alee 
) OL SOeL 9.21 F 19 452.96 2.96 AB = ae 
7 5 137.26 7.26 F 19 460.21 0.22 AO = AP 
12 5 133.28 3.29 F 19 475.30 5.29 ee = Bs 
12 5 132.94 2.96 F 19 476.58 6.56 AR = Es 
2 5 126.93 19 499.40 9.29 Lye NE 1 Byar 1ee, 
+ 5 125.20 19 506.01 5.97 SP 2B 

2 very hul 5 122.15 19 517.6 7.4 Ah AD ey Tj ts 95 
5 5 121.82 1.69 F 19 518.88 8.84 4p *P, — 3p" 72, 
: if 5.17 Sh FE = AN iD) 
3ul 5 120.10 19 525.439 5.52 pete, = 3p" AB 
4h 5 119.45 9.55 F 19 527.92 7.86 Byer IE ah 2D) 
2h 5 116.75. 19 538.20 8.27 Ae = ID), 
4h 5 114.26 4.07 F 19 547.72 7.74 Ae 2D, 
f 9.84 Pes 21D5 
4h 5 113.69 19 549.89) 50.07 2p, = ‘D, 
1h bl band 5 107.91 19 572.04 2.41 Ae = 2Ds 
2 5 049.24 19 799.43 9.43 300) 4D tp | bs 
3 5 047.11 7.2 E 19 807.79 fori! 4D — 4 
1 5 044.98 19 816.14 6.18 Da 2h 
5 5 044.35 4.8 E 19 818.63 8.61 AD = AZ 
2b1 CI 5 041.76 19 828.80 8.75 Dy = «Pp, 
2hul 5 040.74 19 832.83 2.95 Pye Clas aya °D2 
5bhul 5 035.91 7.0 E 19 851.87 1.72 Ae = "De 
a Jobe! 5 032.07 3.2 E 19 866.99 6.77 AR = AD). 
4 4 964.73 4.90 F 20 136.45 6.44 Byer HIP = Bel’ "Pa 
1 4959.92 | \ oE 20 156.00 5.99 2 ae *P 2 
1 4958.67 | f Ube 20 161.08 He Ith AIP = 2p, 
3 4953.85 | 4.16E 20 180.67 0.66 2p, — 2P, 
2 4 867.07 20 540.52 0.52 ah IS) — Gh "Py 
4 4 862.57 20 559.52 9.47 Sly = NP), 

1 very h 4 802.70 20 815.8 5.8 4f PF 5,4 — 8g Gas 
2 4747.28 21 058.80 8.81 2p’ *P, — 3p *P, 
5 4 744.77 4.90 E 21 069.95 9.96 ea = "Ps 
3 4 737.97 8.11 E 21 100.19 0.20 "Py = *Py 
2 4 735.46 21111.36 | 1.35 ee ee 
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s. GLAD, The spectrum of singly-ionized carbon, CII 


(Table 1, cont.) 
Le 


Previous : : 
Intensity Tee measure- Ye CM ae asta Combination 
ments* 
2h bl band 4734.60 4.75 EB 21 115.19 4.68 3d’ 2B, — 4/’ 3F, 
2h 4727.41 7.31 B 21 147.34 7.47 2F, — 2, 
2hul 4 638.91 21 550.75 0.71 4p ®P, —6d °D, 
lhul 4 637.63 21 556.70 6.70 2p, — 2D, 
2h 4 629.98 30.52 E 21 592.32 2.37 3d’ 26, =4f" 4Ge 
lh 4 627.44 21 604.15 3.88 2F, — 2G, 
3h 4 625.56 5.71 E 21 612.95 2.58 2F, — 4G, 
Sh : 4 619.23 eae 21 642.57 2.48 1. = 2G, 
Cue | 4 618.40 21 646.46 5.71 1 2G, 
1 4 413.255 22 652.65 2.57 3d’ °D, — 4’ °F, 
7 4 411.506 1.52 F 22 661.63 1.61 2D, — 2B, 
6 4 411.163 1.20 F 22 663.39 3.45 2D, — 2, 
5 4 409.979} 10.06 F 22 669.48 9.42 2D, — 4F, 
2 4 409.161 22 673.69 3.68 2D, — 4B, 
5h 4 376.562 6.78 E 22 842.57 2.46 3d’ 4P, — 4f’ 2D, 
4 4 375.009 22 850.68 0.68 ‘p= 4D, 
9 4 374.272 4,28 F 22 854.53 4.48 7P, = 4D, 
4 = 2 
7 4.372.487 | 22 363.85// 3-71 pa as 
Wo e3c78 P, - D, 
unr 2.49 F “cae ‘ip. = ‘D 
6 4 372.350 f 22 864.57 a ‘p, . ‘p; 
lh 4 370.661 22 873.41 3.25 4p, — 2D, 
2 4 369.857 22 877.62 7.54 Pp, = 4D, 
5.69 4p, — 4D 
4 4 368.2 22 885. 3 2 
Nee 368.263 | | en 22 885 964 592 1p. ‘Dp, 
Lhf 4 368.047 | J 22 887.09 7.01 ‘p= aie 
5 4 326.156 \ Pith 23 108.71 8.67 3p’ 4P, — 4s’ 4P, 
4 4 325.827 : 23 110.47 0.44 ‘Po 4p, 
3 4 323.102 23 125.03 5.01 ‘p= 4p, 
3 4 321.647 1.95 E 23 132.82 2.77 p= 4p, 
5 4 318.600 8.92 B 23 149.14 9.11 4p - 4p, 
8 4 317.260 7.42 E 23 156.33 6.30 ‘P, — 4p, 
6 4 313.100 3.50 E 23 178.66 8.63 {Pp = 4p, 
2hul 4 307.59 23 208.32 8.36 4p ?P, —7s 28, 
lhul 4 306.33 23 215.10 5.04 2p, — 2S, 
4h 4 295.920 6.11 E 23 271.35 1.40 3d’ 2D, — 4f’ 2D, 
3h 4291.819| 2.00E 23.293.59/| 3-38 “De Dy 
3293.59) a 2p D 
2h 4 289.876 23 304.144 or *D,'= 4D; 
4.49 2D, = 4D 
3h 4 285.704 5.96 B 23 326.83 6.83 2p, -- 2D, 
20 4 267.258 7.27 F 23 427.66 7.64 3d *D,—4f 2 
18 4 267.003 7.02 F 23 429.06 9.07 7p, = 2 : 
4 17.77 24 BIG < Pind, ; nee 
| on 4 077.778 24 516.24 5.96 3d’ ‘D,—4/' °F, 
2 J 4 077.625 24517.16/| 7-06 ‘D,= 2, 
UL iis ‘D,- 4F, 


(Table 1, cont.) 


ARKIV FOR FYSIK. Bd 7 nr 2 


eer, 


: Previous 
Intensity Anion A measure- are Oia Veale Combination 
ments* 
0 4 076.83 24 521.95 2.13 3d’ 4D, — 4/’ 4F 
4 4 076.526 24 523.77 3.77 Spe ae 
3 \ ee 4 076.251 24 525.42 5.47 4D, — 2), 
5 4 076.142 24 526.08 6.10 1p, = A, 
121 4075.851| 6.00E 24 527.83) Ae cs 7 pe 
4 4 075.395 24 530.57 0.54 ‘(D,— 4F, 
8 4074.845| 4.89F 24 533.89 3.91 ‘1D,- 4, 
10 4074.518| 4.53F 24 535.86) he ae 7 Ae 
: ies 2 
3 4021.167| 1.13F 24 861.37 1.38 3p’ 4S, — 4s’ 4P, 
5 4017.278| 7.27F 24 885.45 5.48 aS =, ape 
7 4.009.884} 9.90 F 24 931.33 1.34 ise) APs 
1 4 001.717 24 982.21 \ eee 
2 3 999.890 24 993.62 gpk Stade 
8 3 980.323) 0.35 F 25 116.48 6.52 3d’ 4D, — 4f’ 4D, 
5.75 ‘1D, = ae. 
4h 3978.759| 8.87E 25 126.36 hea (a ane 
: 3 4 
5h 3977.269| 7.30E 25 135.77 5.89 Gop Vibe 
lh 3 975.953 25 144.09 4.30 ee: 
2h 3 975.341 25 147.96 7.96 ree 9 ADE 
4 = 4 
Th 3973.760| 3.84E 25 157.974 ea is ¥ fe 
4 == 4 
6h 3.972.439) 244E 25 166.33{ eas Ste ent 
r 2 3 
2 3 971.574 25 171.81 1.82 4D, =)... 42Ds 
38 4:D,- 4D 
4us 3970.386| 0.20E 25 179.354 ay i Ds 
3 3.969.520! 9.38E 25 184.84 4.92 :D,- !D, 
Oh 3 968.92 8.63 E 25 188.65 8.85 p,— “=D, 
0 3 953.95 25 283.99 4.26 3d’ 4F, —4/' °F, 
1 3 952.679 25 292.14 2.07 Sue nh 
9 3.952.058} 2.08F 25 296.12 6.12 Fo 4, 
4 3 949.5301 9 ys 25 312.30 2.18 a 
et. 3 949.373 25 313.31 3.37 “= AP, 
6 3 948.333) 8.15 E 25 319.97 9.99 oe = Ee 
. 3.03 T= ee 
61 3947.715| 7.60E 25 323.94 ion sce ene 
2 3 947.079 25 328.02 8.10 a Ah 
1) 3 946.429 6.35 E 25 332.19 2.07 4e, — 2B, 
i 3 946.278 ; 25 333.16 3.26 a an 
4 oGamgn) \ 5a 25 340.10 | 39.88 AW ick sits 
5 3 945.003 25 341.35 1.37 AP a) Bale 
3 3 944.193 25 346.56 6.53 AD ase 
18 3 920.693| 0.677 F 25 498.48 8.55 3p *P, —4s 2S, 
15 3.918.978) 8.977F 25 509.63 9.70 ey 
1 3 883.824 25 740.52 0.33 3d’ 4F, —4/’ 4G, 
ane = 25 759 9.07 ay, =) 4G, 
7 3 880.588| 0.59 EB 25 761.99 1.95 ee 


s. GLAD, The spectrum of singly-ionized carbon, CII 


(Table 1, cont.) 
ee 


Previous 
Intensity | Astrea measure- Dynes em7} Veale Combination 
oe oe 
7 3 879.640; 9.60 E 25 768.28 8.25 3d’ 4F, —4f’ 4G, 
7 3 878.028 8.22 E 25 779.00 8.96 ‘we-. «, 
12 3 876.664| 6.670 F 25 788.06 8.14 we— 4G 
12 3876.408| 6.409 F 25 789.77 9.87 ‘F. SitCe 
12 3 876.187| 6.188 F 25 791.24 1.24 ‘Fe - 86 4G, 
9 3 876.055| 6.051 F 25 792.11 2.23 ‘7, = aes 
2h 3 874.666 25 801.36 1.38 ip. = eG: 
Oh 3 873.067 25 812.01 2.06 .— "2@: 
Th 3 871.669| 1.62E 25 821.34 1.27 +F- %G, 
6h 3 868.874| 8.84E 25 839.99 9.98 1 eee 
2 3 862.181 25 884.77 4.82 3d’ 4F, — 4’ 4D, 
Oh 3 856.62 25 922.09 1.97 pi = (aps 
2hul 3 836.683 26 056.79 6.68 4p *P, — 3p’ 2D, 
6hul 3 835.730| 6.10E 26 063.26 3.36 ip = 4D, 
Shul 3 831.743| 2.12E 26 090.38 0.50 p= 6 ap, 
8 w 3 590.862) 0.87 2 Bot) ee ee 
87 F 7840.52\| 73 me ae 
9 3589.657| 9.67F 27 849.88 9.91 :D,-  4P, 
5 3588.915| 8.92F 27 855.63 5.70 Dp, = 
6 3 587.657| 7.68F 27 865.39 5.43 = ABE 
3 3 585.809| 5.83 F 27 879.76 9.80 | 4D, =  <Pt 
7 3584.977| 4.98F 27 886.22 6.27 :D,- !P, 
3 3 581.763| 1.80E 27 911.25 1.29 ‘D,=  *Par 
2 very h 3 406.361 29 348.41 8.54 3d’ 2P, — 5f’ 2D, 
lveryh\ | 3 404.33 29 365.90 5.8 1 AD 
ean 3 403.66 2 : : 
y 29 371.68 1.3 2P—- 4D 
0 very h 3 401.53 29 390.07 | 0.5 tp oN eat a 
lh 3 393.946 29 455.78 5.78 3d’ 2D , 
2 ‘ 78 | — 5p’ 2P 
2h 3 392.146 29 471.40 1.40 {D, — ; 2p, 
3 361.721 1.75 F 29 738.12 | 8.12 $d *D,—5p 2P 
8 3 361.051 1.09 F 29 744.05 4.05 Ap 
3 3 360.891 29 745.47 5.48 ‘Do ae 
Oh 3 357.19 29 778.26 7.83 , 

2 2 3d’ *P, — 5p’ 4 
lh 3 355.690 29 791.57 1.59 ‘a me 
2h 3 353.302 | 29 812.78 2.84 cpa 

S 3 2 
0 very h 3 174.58 31 491.1 0.2 ns 

3d’ °F, — 5’ 4G 

1 very h 3 172.62 31510.55 | 09.9 2, : 1G, 
2 very h \ ie 3 170.03 31 536.3 5.9 lay = 2G, 
1 very hf 3 169.66 31 539.9 9.3 2 - 1G, 

hy 3 4 
8 3 167.931| 7.95F | 31557.21 717 | gp r 2 
4 3 165.974| 5.99B 31 576.72 673 7 ae vy ae 
9 3165.467| 5.51 F 31 581.78 1.83 2D. ap. 

: ' 
Oh 3 157.13 31 665.19 5.01 3d’ 4D, — 5p’ 4D, 
Oh 3 142.04 ‘ 7 
lh 3 137.92 _ ea a 4d *D, — 3d’ ?B, 
| ST) Uw il. 59.00 8.79 2=D,—  4F, 


ARKIV FOR FYSIK. Bd 7 nr 2 


(Table 1, cont.) 
rr SS 


Previous 
Intensity Aran ok measure- en esa ete Combination 
ee ee a eee 

2hus 3 124.133 31 999.60 9.44 yo IDs = cal” SID). 
hess 3 122.086 32 020.59 0.28 ADE = 215 
2 3 100.570 32 242.78 2.84 aie) UDP aly Ae 
Oh 3 087.90 32 375.1 5.1 3d’ 4D, — 5p’ 4P, 
lh 3 086.903 32 385.53 5.53 AD) = Ne, 
{ 6.0 3d’ 4F, — 5p’ 4D, 
2wh 3 083.052 32 425.98 6.0 a = AD), 
6.0 = 4D: 
2h 3 082.381 32 433.04 3.31 ate = AID) 
lh 3 060.64 32 663.39 3.14 Stel S12 = Gy EID). 
Oh 3 059.83 32 672.05 2.2 Alek = ADs 
3h 3 059.091 9.24 E 32 679.95 9.87 AL 3D), 
f 5.9 4p, — 4D, 
2wh 3 058.45 32 686.79 5.9 CAR = AD), 
| 7.8 ‘Ps 4D; 
| 691.3 ee = 2p) 
1 very wh 3 056.85 32 703.91 107.2 AE ADs 
72 2p, =) aD; 
3 3 049.671 } 9.445 32 780.89 0.89 Sel AID), = lay” SIN, 
3 3 049.398 ‘ 32 783.82 3.82 AD = ANT 
2 3 048.933 32 788.82 8.82 Aly = aia 
0 3 048.69 32 791.44 i) AD = “Ds 
2h 3 040.512 \ Coney 32 879.63 9.63 3p’ 2D, — 4d’ 2F, 
3h 3 039.714 a 32 888.26 8.26 ADs = By 

18h 2 992.618 2.63 F 33 405.81 5.81 Beh Dio sy) SID 
0 2 969.59 33 664.91 4.84 ayo” AB, the’ ID), 
2 2 968.836 8.83 E 33 673.40 3.39 Ae = “Dis 
7 2 967.868 He OlGky 33 684.38 4.47 Ag = “DY, 
3 2 967.629 33 687.09 Doll ey = “AD 
5 2 966.871 6.88 E 33 695.71 5.72 ‘pS “IDs 
3 2 966.655 33 698.16 8.16 4p, — 4D, 
3 2 966.187 6.25 E 33 703.48 3.51 eta DY, 
3 2 910.729 0.82 E 34 345.60 5.67 Bye By alii CA, 
: 5 6.13 ey = aes 
2Ww 2 908.957 9.03 E 34 366.524 8.00 ia 4p, 
“fl 2 907.09 34 388.59 8.46 AP = ee 
2 2 906.011 \ 5.97E 34 401.36 1.38 AR ser 
2 2 905.715 : 34 404.86 4.80 ARE AP 
| 5.38 Byol SID = tay AN 
6 Ww 2 885.469 5.50 E 34 646.25 5.84 Dy = AW 
| 6.71 <n 
( 3.21 1D) = 4B, 
4w 2 884.808 4.93 HE 34 654.19 3.31 ADs — Dn 
| 52 ‘ee 
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(Table 1, cont.) 


Previous 
Intensity cen Zl measure- Vops? Cm * Viaale Combination 
cents’ en eee 
2h 2 861.060 34 941.82 1.91 3d’ 4D, —5f’ 4D, 
lh 2 858.00 34 979.20 9.4 ,= sh 
18 2 837.603| 7.602 F 35 230.66 0.63 2p’ 8, —3p 2P, 
20 2 836.710; 6.710 F 35 241.74 1.78 aot Gee 
2 2 §22.812 35 415.24 5.01 3d’ *F, —5f’ 4B, 
{| 0.88 CT nS 
lw 2 821.54 35 431.17) 1.46 ‘F, _ oF. 
lw 2 820.70 35 441.834 ee = = aa 
: eg “l3 
1 2 820.00 35 450.51 0.77 .F,- 8 864F, 
(| 59.28 v=. Vee 
lw 2 819.13 35 aa 60.5 ‘.F,- 48, 
64.04 ‘1F,— 4, 
Oh 2 803.45 35 659.8 9.8 3d’ 4F, —5f’ 4G, 
Oh 2 802.95 35 666.2 5.5 e- 4G, 
Oh 2 802.39 35 673.3 1.8 ‘F,- 4G, 
3w 2 801.43 35.685.57/| 5-1 val age ot 
| 1318 iy 384 B- 1G 
de = 
5 w 2 801.21 35 688.355) 6'g ix ag: 
lh 2 799.15 35 714.7 4.8 F- %, 
in 2797.70 35 733.1 3.4 ie  BOy 
3 2 767.673 | 7.75 F 36 120.77 0.71 3p’ 4S, —4d’ 4P, 
2 2766.118| 6.18F 36 141.07 1.17 ‘6s. - 4P 
1 2765.120| 5.27F 36 154.11 4.09 iS AEA 
12ul 2747.282| 7.31F 36 388.86 8.86 | 3p 3Pp—dd 3s 
10 2746.488| 6.50 F 36 399.37 9.37 2p. sant 
1 2 730.61 36 610.99 0.79 3s’ 2=P, — 4p’ 2P 
2 2 729.213 36 629.75 9.74 po) ap 
4 2728.707| 8.72E 36 636.55 6.41 2p.) ap 
2 w 2 727.36 36654.61 | 5.36 ipo Wee 
0 very w h 2712.32 36 857.9 9.9 Bele a yi 
1 very wh 2 710.59 36 881.4 1.9 ‘ 2p. = i 
M 3 4 
l very Wh 2 708.4 36 912 J 06.4 ois Gs 
| \ 15.2 2h, — 2G, 
Zul 2.669.960 37 442.61 2.53 3d °D,—6p °P, 
3 2 643.427; 3.42 E 37 818.42 8.35 , 
42 42 3p’ 4D, — 4d’ 4F 
3 2 642.331| 232K 37 834.10 4.10 : ee ” at 
3 
8 w 2641.425| 1.44 F 37 847.08} ee i Ze oe 
5 2 640.894| 0.93 F 37 854.68 4.71 ‘1D, 4, 
6 2 640.560| 0.58 F 37859.47/| 9-12 “D,~ ABS 
| \ 9.88 1D, = 4B, 
1 > Ww 9 62 
verywh | 2628.46 x 38 033.8 3.8 3d’ 4P, — 6f’ 4D, 
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ee 


Previous | 
Intensity Asie measure- Dara ida venice Combination 
ments* 
=. cae (fa. La ae ee ee ey 
2hu 1 2 622.90 38 114.3 4.56 Tie’ AMY, =e jae END). 
s$hul 2 620.20 38 153.6 3.49 AIDE == AD) 
Deru i 2 612. SE OG: Beh IDs (iy B18, 
very wh 612.45 38 266.9 \l 67. a, = OF, 
1 2 605.62 38 367.1 7.00 3p) 4D, — 407 4D) 
4 2 604.863 4.89 E 38 378.27 8.08 AD. = “Dp 
1 2 603.72 38 395.1 4.81 Da = 1D), 
3 2 603.161 3.18 E 38 403.36 3.36 “1D, = Dy, 
4.44 AD, = AID) 
9 9 9 99 3 4 
2 2 602.39 2.32 E 38 414.7 { 4.48 ie ‘D, 
2 2 602.02 38 420.2 19.83 AD, = 4D, 
8.38 AD) = SD) 
2 ? 2 D 2 3 
2 601.4 1.49 E 38 429.0 { 8.85 ‘D, - ‘Dp, 
1 2 601.05 38 434.5 4.20 AID) = “1D 
1 2 592.71 38 558.2 8.12 ayo Ae, = diel’ OD), 
+ 2 591.845 1.96 E 38 571.02 1.10 AIP, == IDs 
2 2 591.410 1.53 E 38 577.49 7.67 At ADs 
lhul 2 574.826 4.86 F 38 825.95 5.93 30) AD nag Of OD, 
ie) 2 571.76 38 872.2 2.2 Bal AD, = Gyo” AP. 
2wh 2 570.57 38 890.2 
0 2 556.12 39 110.0 09.58 op )2Pa = 4p =P) 
1 2 555.66 39 117.1 6.94 AB ze 
a 2 554.478 | 39 135.21 5.20 AP = AP) 
| 45. Be 8a = aye SID), 
lh 2 547.35 39 244.7 45. “Dey = 1D) 
| 45. Ans = AD, 
2h 2 546.81 39 253.1 3.1 AN = AD); 
4.3 ayo UP = ne AIP 
2 2 543.45 3.5 E 39 304.9 { 5.8 ‘p= 1p, 
v1 2 540.88 0.6E 39 344.6 4.4 AIP = ABS 
3 2 540.39 : 39 352.2 1.8 AD = AIP 
2 2 538.98 39 374.0 4.1 AP = Be 
12 2 512.065 2.03 F 39 795.91 6.02 Mio Ne — Bye AD) 
5 2 511.734 Wegele aet 39 801.15 1.13 ae = AD); 
10 2 509.121 9.11 F 39 842.59 2.52 AR = =D), 
2wh 2 491.37 40 126.4 6.1 3 AD, = (Oj Ane 
| 34. AID) == ‘Hs 
2wh 2 490.87 40 134.5 {| 35. aD se mea 
| 35. AD = *F, 
{ 57.4 Bd: Si — 67 Gy 
lwh 2 434.81 41 058.5 57.4 “Rs = 4G, 
Ce \| 60. ‘F,- 4G, 
2wh 2 434.24 41 068.1 67.5 ole 4G, 


ee 
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’ 0.018 
0 10000 20000 30000 
Fig. 1. The series nf *F. 


in the same way. The procedure was repeated until no further change in the values 
occurred. To the level system thus obtained the remaining levels were then attached 
individually. 

For the determination of the series limit an unperturbed series must be selected. 
All series with the limit 2s 18, may be perturbed by doublet terms in the (?P) system. 
For the series nf2F and ng 2G, however, the perturbing levels 3d’?F and 4f’ 2G 
are situated so far above the series limit that only very small perturbations can be 
expected. Since nf 2F is known with much greater accuracy than ng ?G the former 
was chosen as the basis of the limit determination. This has been done in the usual 
way, employing a Ritz formula n —n* =a +/T,. The effective quantum numbers, 


n* =V4RiT,,, have been calculated using the Rydberg constant for carbon, R= 
= 109732.34 cm-!. Fig. 1 shows the plot of n —n* against the term values for the 
series nf 2F. The old determination proved to be correct within +3 cm-!. 

Fig. 2 shows the two series ns 2S, and nd 2D;, which deviate considerably from the 
Ritz formula. The beginning of the series ns 2S is perturbed by 2p’ 28, situated about 
20000 cm- below 3s 2S. At the end of the series a second perturbation in the reverse 
direction appears, which is undoubtedly due to the term 3p’ 28S. This has earlier 
been determined from the lines 4A 6115.21, 3871.62 and 3868.84. However, the first 
one of these lines has not been found in the present spectrograms and therefore 
certainly cannot be assigned to CII, and the two other lines are now otherwise 
identified. Therefore, the previous identification of the level 3p’ 2S, must be discarded. 
The position of this level may be estimated from its perturbing effect on ns 2S. 
According to SHENSTONE and Russet (12) a series perturbed by a foreign term 
can be represented by the formula 


T, = RZq(n*)" = RZp[n -~a — BT, —y (Te —2o) 7, 


where 7’) is the value of the foreign level and y is a perturbing parameter. Since 
2p’ *S lies far below the first member of the series ns 28 it may be expected to cause 
only small displacements of the higher series members. The appearance of the 
series for n >4 should, therefore, be influenced chiefly by 3p’ 2S. A value of this 
perturbing term together with values of the other constants «, 6 and y in the above 
formula have been calculated from the four observed terms ns 28, (n = 4, 5, 6, and 7) 
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Fig. 2. The perturbation of the series ns *S, and nd 2D, by the levels 3p’ 2S, and 3p’ 2D,. The 
straight, solid lines represent the “‘unperturbed”’ series. 


using the formulae given by EpLEN (13). The following values have been obtained: 
a = 0.6543, 8 =2.08-10-*, y = 27.8, T,=5500. The straight line (a) in Fig. 2 
represents « +/T', and the crosses show the remainders after the subtraction of 
y(T,,—T >)! from the observed »—n*, thus representing the ‘‘unperturbed”’ 
series. The calculated position of the perturbing term 3p’ 28, is indicated by a vertical 
‘dashed line. Of course, this value is very uncertain, owing to the approximations 
made. All attempts to locate 3p’ 2S, experimentally have been fruitless. This may 
possibly be due to the fact that 3p’ ?S,, through strong interaction with the high 
members of ns ?8,, has partly adopted the character of these levels, thus giving 
rise only to combinations of very low intensity. 

The series nd 2D is perturbed by the term 3p’ 2D. With the values of 3d ?D,, 
4d2D,, and 5d?D, given in Table 3 and with 7, = 3p’ 7D, = 8044, the following 
values have been obtained: « = 0.0840, 6 = — 3.11 - 10-7, y = 58.7. Again, the line (b) 
in Fig. 2 indicates the “unperturbed”’ series. 

The series np 2P, is plotted in Fig. 3 on the same scale as the one used for ns 2S 
and nd 2D. The strong perturbation of this series is mainly caused by the terms 
2p" 2P and 3s’ 2P marked by two vertical lines in Fig. 3. Being perturbed by two 
terms the series np 2P must be represented by a formula containing two y’s. An 
approximate calculation suggests the order of magnitude of the y’s to be: y,= 
=10 (7, = 2p” 2P, = 27910), and y, = 200 (1) = 3s’ 2P, = 18865). 

For 3s’ 2P a new value has been adopted. After the rejection of the term 3p’ *S 
the old identification of 3s’ 2P is based upon 3 lines, A 1223.99, A 1223.59 (2p’ 28, — 
— 3s’ 2P,,,) and 1968.16 (2p’ 2D, — 3s’ 2P,). The intensity ratio of the two first- 
mentioned lines requires the term 3s’ 2P to be inverted and at the same time / 968.16 
should represent the weaker component 2p’ 2D, — 3s’ ?P,, which is improbable. A 
new value of 3s’ 2P which is about 425 cm-! greater than the old one has now been 
found from combinations with 4s 28, 3d 2D and 4p’ 2P. The lines AA 1223.99, 1223.59, 
and 968.16, for which no new identification has been found, are probably not be- 


longing to C II. 
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Fig. 3. The perturbation of the series np ?P, by the levels 2p’’ *P, and 3s’ ?P,. 


The 4f' levels. In the (?P) system it is particularly interesting to study the 4/’ levels- 
They deviate considerably from the LS-coupling and give fairly strong intercombina- 
tion lines of the type 3d’ — 4f’ which make an exact linking up of the doublet and 
quartet systems possible. The analysis of the 4/’ terms is rather difficult because of 
their anomalous structure and small intervals. According to the analysis of the transi- 
tions 3d’ 4#P — 4f’ 4D suggested here, the two levels 4/’ 4D, and 4/’ 4D, will have nearly 
the same value, 25071 cm-!. This may be due to perturbation from the doublet 
levels 4f’ 2D, and 4f’ 2D, which lie at 25049 and 25093 cm—!, respectively, and thus 
tend to reduce the distance between 4D, and 4D,. The anomalous level separations 
in 4f’ 4F can be explained analogously. The difficulty of separating the multiplet 
components increases with increasing value of . The analysis of 3d’ —5f’ and 
3d’ — 6f’ has been possible only on the assumption that the 5/’ and 6f’ levels have 
the same general structure as the 4/’ levels. 


The quartet system. The quartet levels were calculated in the same way as the doub- 
let levels using KpLEN’s value of 3s’ 4P, as a starting point. The quartet system was 
then connected with the doublet system through the intercombination lines of the 
type 3d’ — 4f’. A determination of the limit 2p 3P is of interest since no intercombina- 
tion lines have been observed in C III, and, therefore, the distance 2s 18, — 2p ®P, is 
known only approximately. In Fig. 4 n — n* has been plotted against the term values 
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Fig. 4. The series ns’ *P;, np’ 4P3, nd’ 4D, and nf’ 4F,;. The vertical lines show the deviation of 
n—n* caused by a change of +4 cm in the limit. 


(7) for the series ns’ 4P;, np’ 4P3, nd’ *D,, and nf’ 4F;. The vertical lines show An* 
corresponding to A7 = +4cm~—. The quartet levels with the highest J value are 
the most suitable for a determination of the limit, as they are in general the best 
established, especially for high » values, and are essentially unperturbed. The 
present determinations of the series limits of the doublet terms built on 2s 18, and 
the quartets built on 2p °P fix the distance 2s 18, —2p °P, to 52423 cm with 
an uncertainty of + 7 cm-1. 


The term table. The deepest terms 2 2P, 2p’ 4P, 2p’ 2D, and 2p” 48 do not give 
any combinations in the region now investigated. They have been tied up with the 
remaining term system through lines in the vacuum ultraviolet, measured by 
Epiin (10) and by Boyce, More and Ripxe (14, 15). The values for 4p’ Ds, 
4d’ ?P,,,, 6d’ 4D, and 6d’ 4P, were derived from combinations with the deep 
terms only. 

Table 3 contains the complete term system of CII. An asterisk (*) marks the 
newly identified levels. The effective quantum number has been calculated for the 
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Table 3 


The term system of C II. 


2p *P, 196 .595.2 5, | 2p’ 4P, 153 605.2 Se 2p" 48, 54 631.7 
2p, 196659.2 °° | || 4p, 153 633.5 ° 
1 ie Wietere D, 4619719 oe 
| 1 ; 2D, 4619208 ” 
| ®D, 1217286 _9 5 2p, 27 910.47 
| 2p, 121 726.1 | sp? 27 929.24 1877 
2p, 85 993.21 
| 9p, seosaeo 4299 | 
| 28, 100 165.03 
Dee ee 
Tae Term value, em! n* | ES | Term value, em! n* 
symbol | symbol | 
a 
Limit: 2s 18, (=0) 
3s 2S, 80 121.12 2.34058 || 3d 2D, 51108.07 5 4s 2.93057 
43 8, 39 424.70 3.33667 | 2D, 51109.50 ~* 
5s Sy 23 310.93 4.33928 | 4d ?D, 28 534.32 9 3.92205 
6s 2S, 15 394.53 5.3397 || 2D, 28 535.03 °° 
7s 8, *10 925.84 6.3383 | 5d 2D, 18 163.06 gp 4.91589 
| 2D, *18 163.66 
3p 2P, 64923.25 57 75 2.60014 | 6d 2D, 12 583.49 5 po 5.9061 
2P, 64934.40 “°°? 2D, *19584.18 °° 
4p 2P, 34134.20 po | 3.58594 
2P, 34140.88 ”" 4f 2Fy, 27 680.43 3.98209 
Bp 2P, 21 364.02 » 5, 4.53269 Bf *Fas 17 702.83 4.97939 
2P, o1371.38 GP Sie 12 282.71 5.9779 
6p 2P, *13 665.54 5.6674 7f 3F,,, | * 9017.2 6.9769 
Tp 2P, * 9912.9 6.6542 
5g Gs | *17 585.72 4.99594 
6g °G5.4 | *12 209.50 5.9958 
7g *Gs4 | * 8967.4 6.9962 
8g °G;,4 | * 6864.6 7.9963 
6h *H,,; | *12 192.3 6.0001 
Th *H,,, | * 8958 7.000 
Limits: 2p *P, (—52 422.8); °P, (—52366.0): 3P, (—52 343.0) 
3s’ 4P, 29 623.06 ,, oo | 2.3130 (8P,) || 3p’ 48, 11 967.79 2.6120 (8P,) 
: 44.98 : 2 1 
P, 29 668.04 53 'nn 
4p, OX) PON (are OR? | os 10 192.75 ,, 33 2.6476 (°P,) 
2B *18 865.23 5. 9, | 2.4814 (*P,) | *P, 10 215.08 FA °34 
2P, AIS SSdipeneee. | 4p, 10238123 
2P, 14615.36 ,, -- | 2.5603 (°P,) 
rar oe = 19 3.55 a/% | 2 ies . 
ORS SRS Py | | aROS4 GIRO as ; 
2 aa US 94 
ap, 7 ie.393.59 72° ‘D, 14 886.36 2.5536 (2P,) 
Ko ¢ 4D 14.922.72 26-36 4 
5s’ 4P, —29 159.0 4.3437 (8P,) | 3 ne, 25.02 
4p, vegonia.o 4°? : au ee ate ay 
p, | *-29089.2 7-5 | ‘D, 1496211 
2 8 043.70 2.6943 (3 
6s’ 4P, | 4237 0819n~,,, 5.3490 (8P,) | 2D, g 33.82 satis 
47 4 2 2 8 077.52 
‘P, | *-37084.5" 55°4 | 
*P, |. %37. O10 ee: 4p’ 48, ~19 109.00 3.6329 (3P,) 
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eee 


One Term value, cm~! n™ Term Term value, em~! n* 
symbol symbol 
a a a ee ee ae 
4p 4P, —19741.80 5) 99 | 3.6645 (*P,) | 4d’ 4D, | -23 491.72 11.08 | 38951 (?Ps) 
4p, -19'720.82 Feo. ‘D, | -23 480.64 “5 ",. 
ape $19 704,07 7° | ‘D, | -23472.00 
2p, -17 771.18 4, go | 3.5632 ®P,) 4D, | *=23-466.74 902° 
2P, E17 748,50 “" *D; | —23955.74 15 90 | 3.9306 (°P,) 
| JO) || Paya © 
412, |) 18 171.00 3.5798 (P,) || ; a ae 
D, | -18136.50 35-00 No ro a sae ee 
perry = 18 114.0787 an 4) Sooo eee ee 
‘D, 18 101.1406? er | Peper apaire pig Od 
2D, | —20268 3.6947 (§P,) | 2F =24 844.56 yo yx | 3.9895 (*P,) 
| | af, | *24802.11 47 
| 5p’4S, | *-31 998.07 4.6422 (3P,) 
| bd’ 4 = a 4.9342 (@P, 
Be 2808.72 ee ie et OA CP) | ee ee ares Naa 
apo) | *232-288.9 oe po ee ee 
2P, ~81 248.94 5, ., | 4.5616 (*Po) | 1 ae 
SE) pte sl222.44 |e: I “D; | =34116.1 55, | 4.8966 (°P,) 
iN | 41), 8 34108.8) 20 
‘D, | *-31588.20 ,,. | 4.5899 (°P,) || He leeians ee 
aU | *=31 55307 0. | 2 f 
SD peje t=31.533.1 05 $B pk 33,820. Tienyp 4.8583 (2P,) 
BD k= 31519.8 70°" ef aaa 199 oe 
| } 4m | *=33 774 y, 
6p’ 4P, | *—38 795.4 5.6753 (3P,) | 4R, | *-33 760 
4D, | *-38 408.0 36 5.5963 (?P,) | eq’ 4p, —39 948 5.9317 (3P,) 
4 i ee 9 
es Aes AS oa 4p, | —39 787 5.8938 (2P,) 
4 1 Res x 
Pe | ar, | 4f" ‘Dy =25 ee Day | 2008? CEs) 
3d’ 4P, — 2185.23 9, 9, | 2.9559 (*P,) | ae ee ae 0.23 
Ae — 2206.48 “7°. | oe leds a eee SLO) 
‘gp. Siow el | 41), | *-25 084.02 
Lf ea OSD) | 2D —25 048.94 4.0043 (°P,) 
2P, — 5521.08 4, 2, | 3.0592 (@P,) || eens 4888 
2P, =1§545.75 =" } 2 25 093.44 ee 
| 4p —24 451.01 5. oak 2 
Jaen 76.81 19 14 | 2.8915 (°P,) || - Bee le 
De DEES | 4F, | -2eagog4 6-07 
a: poe es ey | 4B, | *-24435.18 * 
‘D, 100.90" | °F, | -24439.15 9», | 3.9605 (*P2) 
Dea W754 Be) 2.9406 (FB) me | oaazoll & 
[Dea == 1766.66. 
| | 4G, | -24946.13 99 94 | 9.9968 (°P,) | 
| spare B4b Eg, | 2.8700 FR,)\) ‘Gs | -24 916.84 97 59 | | 
‘Fy 873.03 oi65 | *Gy | —24895.22 “9 79 | 
4p 892008 | 4g, | —24 886.04 
‘F, 06, 108e } 2G, | -24966.95 2, ¢, | 3.9983 (°Py) 
op, | — 3324.47 41.93 | 2:9900 GPs) | °Gy | —24 928.35 
2R 398064" | . 
: | 5f sD, | -84 865.10 97 5 4.9999 (°P,) 
4d’ 4P, —~24 152.92 46 | 3:9404 Ps) 4D, | *-34892.4 ") 
ap y= 24:178.98 ee ap, | #348024 _ 7p 
sp. a i86.c0meo 4D, | *-34 908 
Fs a i 3 2D, | *-34 869.62 5.0006 (3P,) 
2p, -25 600.0 _oe9 | 4.0453 (Ps) | ae ee aay 
2P, —25 626.9 ; eee eee 
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Term =i * Term Term value, em~! n* 
penn Term value, em n symbol 
~ Symbol . |p eos esa av eo ieee Seale DO Se 
5f 4F; —34 569.90 3.54 4.9584 (8P,) 6f *D, *_40 219.0 5.9972 (°P.) 
F, | %-34566.36 955 “FP, | #40 049.3 5.9560 (°P,) 
‘F, | *-34557.85 5’, ae | *40048 I 
a 4 9 
AN ¥*_34 554.3 4p *_40 039 
2, -34 558.43 4 9, | 4.9568 (*P,) || 1F, | *40034 5 
2B, *_ 34 550.48 2B, *_40 044 10 5.9547 (8P,) 
2F, | +40 034 
eG —34 843.5 28.8 4.9969 (P,) 
2G. *_34 814.7 29.9 Ga *_40 222.4 38.0 5.9981 (3P,) 
hn ¥*_34 792.5 13.6 “Ge *_40 184.4 19.9 ° 
ACh *_34 778.9 = 4G, *_40 164.5 11 
2G, | *-34860.4 4. | 4.9993 (SP) | 4G, | *-40154 
aq, | *=34.8291.9s°°" | °G, | *-40230.9 4, ,. | 6.0001 (Ps) 
2G, | *540.197.8 
Table 4 
C II wavelengths in the vacuum ultraviolet. 
Combination Poe eras ede A AE (10) A BMR (14,15) | Remarks 
2p’*D, — 3p °P, 56791.7 | 1760.821 | 0.81 (3) 0.818* weight 12 
ID), = ae 56802.8 1760 477 
AD = APs 56805.3 1760.399 | 0.40 (4) 0.412* weight 12 
2p’ 2P, — 2p’ 2P, 58063.97 | 1722.238 | 2.21 (0) 
12 = AIP. 58082.74 | 1721.682 | 1.66 (2) 
2p | MAP, 58105.36 | 1721.012 | 0.99 (1) 
IP ‘Pe 58124,13 | 1720.456 | 0.44 (0) 
2p ®P, — 2p’ *D, 74866.6 | 1335.709 | 5.684 (14) 5.703* weight 4 
A °D, 74869.1 1335.665 
apa |) 2D, 74933.1 | 1334.524 | 4.515 (13) 4.534* weight 4 
2p’ 2D, — 2p” 2D, 75528.9 | 1323.997 
2D, =) 3D, 75531.4 | 1323.953 || 
2D. ep. 75534.0 | 1323.907 (eer (8) 3.94 
aT), =a: 75536.5 | 1323.863 
2p 2D, — 4p *P, 87585.2 1141.745 | 1.746 (2) 1.745* weight 2 
‘Das "=P, 87591.9 | 1141.658 
END a— Mer 87594.4 1141.625 | 1.630 (3) 1.623* weight 6 
2p? PS Sdmee LS 87759.87 | 1139.473 | 9.49 (0) 
Aes = AIDS 87770.75 | 1139.332 | 9.330 (3) 9.343 
EE 218 87801.26 | 1138.936 | 8.936 (2) 
PMO Ney = oh Ne. 91514.29 | 1092.726 | 2.740 (2) 
2p, 2P, 91538.96 | 1092.431 | 2.422 (0) 
Ne = Ale 91555.68 | 1092.232 | 2.240 (0) 
"Py = lea 91580.35 | 1091.937 | 1.930 (Cu) 
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: Combination Mega cin 4 Ager A AE (10) 2 BMR (14,15)| Remarks 
——— |... EE 
2p’ 2D, — 2p’ 2P, 93796.9 | 1066.133 | 6.121 (6) 6.138* weight 4 
aD= 8p, 93815.6 | 1065.921 
*Da= = =P, 93818.1 | 1065.892 | 5.883 (7) 5.895* weight 6 
9. 2 =x 2 
2p'*D, —4f 2F, 94045.7 | 1063.313 
2D,— Fy, | 94048.2 | 1063.285 }3:30 i) 
2p *P, — 2p’ 28, 96430.2 | 1037.020 | 7.017 (13) 7.020* weight 4 
=P — 48, 96494.2 | 1036.332 | 6.330 (12) 6.332* weight 2 
weight: 
2p’ 4P, — 2p’ 48, 98973.5 | 1010.371 | 0.369 (10 +)* 0.374* E:2; BMR:2 
pea ms 99001.8 | 1010.083 | 0.074 (10)* 0.092* E:2; BMR:2 
Te ES 99023.8 | 1009.858 | 9.854 (9) 9.862* B:2; BMR:2 
2p’ 28, — 3d’ 2P, 105686.11 | 946.198 | 6.208 (2) 
2s 7 2p, 105710.78 | 945.977 | 5.981 (1) 
2p *P, — 2p’ 2P, 110560.6 | 904.481 | 4.468 (10) 4.482* weight 2 
ape BP, 110602.0 | 904.143 | 4.134 (12) 4,144* weight 2 
= a 110624.6 | 903.958 | 3.950 (11) 3.952* weight 2 
ian (SEP 110666.0 | 903.620 | 3.609 (10) 3.614* weight 2 
2p *P, —3s 38, 116474.1 | 858.560 | 8.561 (9) 8.559* weight 1 
Sey SF ae 116538.1 | 858.088 | 8.094 (8) 8.091% weight 1 
2p’ 2D, — 3d’ 2D, 123492.8 | 809.764 |\ 
P 2 2 
Dee sD. -1ss4953°) eoo7anif ee 
2D, — 21D; 123503.6 809.693 I\q goo 
2D, — 2D, 123506.1 809.677 |f2-o8 (4) 
2p’ *P, — 3s’ 4P 123937.2 | 806.860 
P 3 2 
4p,—  4P, | 123941.9 | 806.830 j6.846 68) 
Spee! | AAP, 123963.9 | 806.686 \ 
[eee Pw (9122065.6 | s066c61s 
1p, = «ss *P, 123982.1 | 806.568 |\ 
4p, — ee 123987.5 806.533 [foro (7) 
pee 1p, 124010.4 | 806.384 | 6.384 (5)* weight 1 
“Op 2D, — 3d’ 2F, 125008.7 | 799.944 | 9.947 (4) 
Di aw). 2h, 125011.2 | 799.928 
De ek, 125053.1 | 799.660 | 9.664 (5 —) 
2p 2P, —3d 2D, 145485.7 | 687.353 
Pee) 21), 145487.1 | 687.346 | 7.355 (11) 
a ED, 145549.7 | 687.051 | 7.059 (10) 
2p’ 2D, — 4d’ 2D 145668.9 | 686.488 |\ 
=p 2 2 2 
2D,-  D, | 1456843 | 686.416 |fo*e> (22) 
2p’ 4P, — 3d’ 4D, 153518.2 | 651.389 
ee | *D, 153528.4 | 651.345 | 1.342 (8) 
‘Pie @D, 153538.1 | 651.304 
1p wD, 153546.5 | 651.269 | 1.262 (7) 
Pe {D, 153554.6 | 651.234 |\, , * 
pee) a) 169560.10 | ost elu fo? Ks 
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es 


Combination Yow Cem he Assia A AE (10) A BMR (14, 15)| Remarks 
NS aa er eae 
2p’ 4P, — 3d’ 4P, | 155790.4 | 641.888 | 1.875 (6 +) 
sp,— 4p, | 155811.7 | 641.800 \ 
— «, ioests.7 | 641971 ieee 
sp,— 4p, | 155853.7 | 641.627 
‘Pp, 4p, | 155862.0 | 641.593 |f1->9! (©) 
Op TPs = 4g, 157170.5 | 636.252 | 6.247 (4) 
gD S, 157234.5 | 635.993 | 5.988 (3) 
2p’ *P, — 4s’ *P, | 166522.9 | 600.518 )\y 599 (a) 
4p, — 4p, 166527.1 600.503 |J 
sp,— 4p, | 166568.8 | 600.353 | 0.369 (3) 
4P,-  4P, | 166573.2 | 600.337 
“p,— 4p, | 166597.1 | 600.251 | 0.266 (1) 
2p 2P, —4d *D, | 168060.2 | 595.025 
2P,— 2D, | 168060.9 | 595.022 | 5.032 (7d) 
2P,— %D, | 168124.2 | 594.798 | 4.808 (6d) 
Dp AR, bs 204 173284.3 | 577.086 | 7.108 (2) Stark eff 
2P,— 28, | 173348.3 | 576.873 | 6.900 (1) Stark eff 
2p’ *P, — 4d’ 4D, | 177085.8 | 564.698 
1P,- ‘4D, | 177096.9 | 564.663 
‘P,— ‘D, | 177105.6 | 564.635 
2p. = A, iif we eek os te 
*Pi— 4D, | 1771292.2 | 564.582 
‘~P,— 4D, | 177127.6 | 564.565 
2p’ 4P, —4d’ *P, | 177758.1 | 562.562 | 2.577 (3 +) 
1p,— ‘Pp, | 177778.6 | 562.497 |) 
1p, -— «Pp, | 177786.4 | 562.473 |f7-298 @) 
P,— 4p, | 177819.8 | 562.367 
1P,-— 4p, | 177828.9 | 562.338 \2.355 (3) 
2p *P, —5d *D, | 178431.5 | 560.439 
2P,-— %D, | 178432.1 | 560.437 | 0.443 (5d) 
7Pi- 'D, | 178495.5 | 560.238 | 0.244 (4d) 
2p *P, —6s 38, 181200.7 | 551.874 | 1.894 (0) Stark eff 
2p *P, —3p’ 2P, | 181960.3 | 549.570 | 9.568 (3) 
2P,— =P, | 181979.8 | 549.512 | 9.507 (5) 
2P,— 2p, | 1899094.3 | 549.377 8. 375 (4) 
2P,— 2p, | 182043.8 | 549.318 17 (3) 
2p’ 4P, — 58’ *P, | 182718.2 | 547.291 |, , 
“1p, — 4p, | 189799.7 | 547.277 |f 7-288 (0) 
‘P,- 4P, | 182764.2 | 547.153 | 7.169 (0 +) 
‘*P,.- 4p, | 182768.5 | 547.140 
2p *P,-6d *D, | 184011.0 | 543.446 
2P,- 'D, | 184011.7 | 543.444 | 3.475 (3a) Stark eff 
2P,- *D, | 184075.0 | 543.257 | 3.291 (2a) Stark eff 
2p’ 4P, — 5d’ 4D, | 187721.3 | 532.705 
‘P,—- _*D,_| -187737.3 | 532.659 \o 716 (3d) 
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(Table 4, cont.) 
—_—_—_—_—_—_—_—_—_—_—_—_—_—_—_————————————————— 


Combination Venio GHy 1) Aca 1 EF (10) 2 BMR (14,15)| Remarks 
ee een eee ee en eye eee eR EN 


Qp’*P, — 5d’ *P, | 187999.3 | 531.917] 1.917 (1a) 
SEP, | 1880618 | 831.742 11 one oa 
‘P,— 4p, | 188068.4 | 531.721 |f1-775 (Od) 
2p 2P,— 3p’ 2D, | 188517.7 | 530.454 
7P,— 2D, | 188551.5 | 530.359 | 0.386 (4d) Searle cit 
2P,—  %D, | 188581.7 | 530.274 | 0.290 (3a) _| Siarivett 
2p *P, —4p’ *P, | 214340.8 | 466.547 | 6.536 (0) 
2P,— =P, | 214366.4 | 466.491 | 6.492 (2) 
2P,—  p, | 214404.8 | 466.407 | 6.404 (1) 
2P,—  P, | 214430.4 | 466.352 | 6.358 (0) 
2p 2P, —5p’ *P, | 227844.1 | 438.897 | 8.910 (1d) 
2p,— =p, | 227881.6 | 438.824 


level with the highest J value in every term. In the (3P) system the limit used in 
the calculation is indicated in the table. In those cases where less than three members 
of a series are known and, consequently, the limit cannot be decided from the trend 
of the series, the rule that levels with the same J value do not cross each other has 
been used for the assignment of limit component. 


Vacuum ultraviolet wavelengths 


Table 4 contains the C II lines observed by Epiin (10) below 1760 A, for which 
either the initial level or both the initial and final levels are established from lines 
in the long wavelength region. The wave-numbers and wavelengths calculated from 
the level values given in Table 3 are inserted in columns 2 and 3 of Table 4. The 
lines used to calculate the values of the low terms 2p 2P, 2p’ 4P, 2p’ 2D and 2p” 48 
are marked with (*), and the weight assigned to each one of them is given in the 
last column. The notation ‘Stark eff.’’ in this column indicates the lines whose 
initial level is sensitive to Stark effect. The wavelengths of these lines will be sensitive 
to the properties of the light source. 
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Added in proof 


After the manuscript had been sent to the press some C II lines above 8 800 A 
were found and measured on plates taken by Bockasten using a modified vacuum 
spark and the stigmatic grating spectograph mentioned above. The result is 
given in the following supplement to Table 1: 


Intensity Paar A Ph erree ema! Voale Combination 
4wh 9 903.46 10 094.71 4.71 4f 2F,,,—-59 °Gy,5 
2 9 882.71 10 115.91 5.94 3p 4P, —3d 4D, 
1 9 870.86 10 128.05 8.13 4p, — 4D, 
2h 9 236.40 10 823.75 3.27 4p ?P, —5s 2S, 

{ 29.95 2 28, 
4 very wh 9 229.95 10 831.33 « 31.49 4d *D, —5f 2F, 
| 32.20 2D, — °F, 


The value of the new term 5g 2G;,,, 17585.72 cm-!, has been incorporated 
in Table 3. The series ng 2G, thus completed, seems to indicate a slightly higher 
value for the series limit, corresponding to an increase in all values in Table 3, 
including the °P,,,,)-values, by 2 or 3 cm-. 


Description of Plates I—II 
Spectrograms obtained with a condensed hollow cathode discharge using a graphite tub | 
the cathode. (Magnification 2.6 times.) i a career = 


I a, b: 21-foot concave grating spectrograph, Ist order; exposure 60 min. | 
c: Large glass prism spectrograph; exposure 90 min. ; 


i Fe oF 21-foot concave grating spectrograph, 2nd order; exposure 60 min. 
c: Hilger E478 quartz spectrograph; exposure 30 min. 


Tryckt den 5 maj 1953 | 
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Communicated 11 March 1953 by Erik Hutruin and G. Borgnius 


A nuclear spectrometer for heavy particles 
Part I. Performance and focusing properties 
By Curt MILEIKowsky 


With 15 figures in the text 


1. Introduction. Data of the pole pieces 


The design and construction of a nuclear spectrometer of a versatile and general 
type has been described in Part I (1). In this paper the performance of the instrument 
is discussed. The focusing properties of the spectrometer have been investigated 
using a pair of pole pieces with conical surfaces. The cone angles were such that the 


field very closely approximated a 1/ Vr field to obtain the two-directional focusing 
introduced by SvaRTHOLM and SrecBaHN (2) in 6-spectroscopy. The important 
advantage of such a field is the large solid angle of acceptance for a given resolution. 
’ A radial section of the pole pieces is shown in Fig. 1. If we assume the per- 
meability of the iron in the pole pieces to be infinite, the field obtained in the gap 
is, neglecting fringing effects and terms of second or higher order: 


Hz (r) = Hz (79) [: = no (1) 
where 
Mae “eee (2) 


To a very good approximation we obtain a field which varies as 1 Vr, if n=1/, 
and if bis much smaller than 75. 

In the actual case the pole pieces are made for a mean radius, 79, of 400 mm and 
with a gap width of 52 mm at the mean radius. To obtain n =1/,, « was made 1°86. 


2. The sector angle 


To allow both source (i.e. target) and image to be placed outside the field in a fairly 
field-free space, the sector angle of the magnet is made smaller than a V2, namely I. 
Because of the fringing fields at the entrance and exit the effective sector angle is, 
however, somewhat larger than z. 

Figure 2 shows the Hz-component of the fringing field in the plane z = 0, approxi- 
mately along the central path of particles from the target. 
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Fig. 2. Axial component of fringing 


field at magnet entrance in the central plane, z=0. 
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Pole surface 


Source 


Central beom poth 


Fig. 3. Definition of source and image coordinates. The z-direction is perpendicular to the plane 
of the figure. The figure also shows the central beam trajectory. 


The curve in Fig. 2 was used to calculate by a graphical method the path and 
final direction of a particle emerging from the field and having traveled along the 
circle r = 7, inside the spectrometer. 

The path obtained is given in Fig. 3. Along the first few centimeters the path still 
curves; it very soon becomes straight. This line forms an angle of about 5°7 to the 
direction the particle would have followed if there had been no stray field. The same 
argument is true about the entrance field; here the particle will travel in the opposite 
direction. 

The sector angle of the magnet is 180°, and according to the preceding discussion 
we can conclude that the effective sector angle of the magnetic field is 180° + 2 x 
x 5°7 =191°4. This conclusion was tested and verified in experimental investiga- 
tions of the widths, described in later sections. 


3. Stray field in the space of the bombarding beam 


It is important for the successful use of the spectrometer that the stray field from 
she magnet be weak in the space of the bombarding beam, so weak that its influence 
mn the bombarding particles is entirely negligible. The vertical component of this 
stray field was measured at spectrometer angle 90° with H, = 2200 gauss inside 
she magnet at mean radius. The result is given in Fig. 4. It is evident that the field 
strength everywhere along the bombarding beam is very small. It would be even 
more reduced by screening with an iron tube. This has not hitherto been considered 
necessary. The increased field strength in the vicinity of the analyzing magnet is 
jue to that latter magnet. 
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Nuclear spectrometer 


Analyzing magnet 


50 100 cm 


Fig. 4. Stray field (v-component) along the path of a bombarding proton beam at spectrometer 
field H, =2200 gauss and spectrometer angle 6 = 90°. 


4. The stabilization and measurement of the spectrometer current 


The spectrometer is equipped with an automatically current stabilizing electronic 
device which keeps the current constant to + 0.1 %, as described in Part I. 
The line width, on the other hand, due to aberrations and source dimensions, 


is 0.1-0.2 % in Ho. Therefore it was considered worthwhile to improve the current 
stabilization further. 


Fig. 5. Cireuit diagram of the compensator for stabilizing and measuring the spectrometer cur- 
rent. B = battery, SC = standard cell, Ry = variable resistor, R = precision resistor, Re = preci- 
sion resistor, 200 2, variable in steps of 0.1 Q. 
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The final stabilization is done by manually operating the fine control of the stabi- 
lizer, watching the light spot of a galvanometer in a compensator circuit and keeping 
the light spot at zero position at all times. The circuit diagram of the arrangement is 
given in Fig. 5. 

The compensator, to go into more detail, consists of a battery cell, a variable 
resistor Ry, a precision resistor R of the order of 4000 ohms and a precision resistor 
R, of a few hundred ohms variable in steps of 0.1 ohms, i.e. 1 in 2000, all coupled in 
series, as drawn in Fig. 5. The voltage drop over a precisely known part of the 4000 
ohms is compared to the EMF of a standard cell via a light spot galvanometer. 
The variable resistor is changed till the galvanometer shows zero. The voltage drop 
over a shunt (ERMI, 60 mV) in the magnet current circuit, is compared to the 
voltage drop over R by means of the galvanometer. 

The manual stabilizing, using the galvanometer spot as an indicator, allows the 
magnet current to be kept constant to+0.01 %. By varying the value of R, in 
small, precisely known amounts and adjusting the magnet current to zero indica- 
tion of the galvanometer, one varies the spectrometer current by small, precisely 
known amounts in an easy, practical way. 


5. The electrical method for investigation of spectra 


The electrical method for investigation of spectra uses a detector consisting of a 
slit in the image plane and an electric counter behind the slit. The field is varied and 
the spectrum is plotted as the number of counts per some unit of the source strength 
as a function of the field. 

The «-counter used for the investigations described in this paper was a G.M.-tube 
‘operated in the proportional region. It was of the bell type with a thin end window. 
The field was varied in small steps by varying the magnet current as mentioned 
in sec. 4. This method is justified only to the extent that the field strength is pro- 
portional to the magnet current. 

There are mainly four factors which might cause deviation from linear propor- 
tionality between current and field. 

a) The permeability may not be constant over a large current range. This may be 
concluded from a consideration of the permeability curve Fig. 6. 

b) Temperature variations may cause changes in gap dimensions or in the shunt 
used for measuring the current. 

c) Saturation may cause changes in the field gradients. 

d) Hysteresis may cause a non-unique dependence on field-current. 

All these effects are small in our magnet and they are completely negligible in 
the narrow energy regions covered in the present investigation and in all Q-value 
measurements that have been done hitherto with this spectrometer. Long extra- 
polations are, of course, not allowed. For instance, Table I gives an idea of the 


Table I 
BL R [a 
Calibration method | ae | ee | / B/Re 
A NE) eae eee 855 76.1 0.384(2) 
ay ree RS ae eee 3 940 162.8 0.385(6) 
EIN ONG En en ee cae ocean 6 058 199.9 0.389(4) 
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15 


10 


0 Field strength 
0) 100 200 300 At/cm 


Fig. 6. Magnetic field in kilogauss as a function of ampére-turns per cm for the iron used in the 
magnet. (By courtesy of Surahammars Bruks AB.) 


deviation from exact proportionality between magnet current and field strength 
over a large region. 

In table I the first point was obtained by scattering protons calibrated with 
the fluorine resonance; the second point was obtained from the reaction N1®°(p, «)C!? 
with E,, = 873.5 keV; the third point was taken from the ThC «-spectrum in Fig. 14. 


6. Experimentally obtained line widths of radial and axial images for one 
source position 


Fig. 7 shows the spectrum of the two «-lines from ThC at #,=6.044 MeV and 
EH, = 6.084 MeV. The abscissa is the resistor value R, of the compensator and the 
ordinate is the number of «-counts per unit time. The figure gives the line width as 
0.14 % in Ho. 

In this work Th-sources having a diameter of 1.5 mm were used. They were pro- 
duced in the common way, i.e. put on a positive electrode in a vessel containing 
Th-salts. The radioactive ions in the gas were collected by the electrode potential. 

The source was always put at a distance x, = 330 mm from the entrance of the 
magnet. This is a convenient distance from the center of the target chamber to the 
magnet to be used in work on nuclear reactions. The source could be moved in the 
vertical direction, along the y,-axis, to find optimum focusing conditions. The co- 
ordinate y, was measured from the horizontal line which would be the outside path 
corresponding to the internal path r = ro; z = 0, i.e. the case of sector angle z and no 
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per min. 


Counts Th Cc 


40 
30 
20 


10 


? Ohm. 
163.0 SF 164 0 s 1650 ° 


Fig. 7. Spectrum of ThC «-particles, electrically detected. Ha = 6084 and 6044 MeV. Aa is known 
to be 40.0 keV. Source diameter = 1.5 mm, detector slit = 1.5 mm. Along abscissa compensator 
resistor, f,. 
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fig. 8. Arrangement for the study of line shapes with the electrical method. The slit is movable 
a under vacuum in the w-, y- and z-directions. 


tray field. The coordinates of the detector slit are given in a similar way, as @» and 
Jo, a8 marked in Fig. 3. 

To facilitate the search for the radial and axial images, the detector slit was also 
novable, as is shown in Fig. 8. Here the slit and window is mounted in a plate which 
:an be moved vertically in a frame without breaking the vacuum. This frame can be 
noved horizontally in the z-direction in another frame. This second frame is con- 
iected to the vacuum chamber via a bellow and is steered and kept in position by a 
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Line width 
Yoo 
5} 
2 Pw |) Oe 
1 
Distance from 
field exit 
180 200 220 240 260 


Fig. 9. The line width in parts per thousand as a function of the slit distance 2, from the field 
exit. Source position: #, = 330 mm, y, = 29 mm. 


Counts 
per min. 


0 12 13 14 15 16 175 1659979: 


Fig. 10. Cross-section of the ThC «-spectrum at 2, = 220 mm, i.e. number of particles as a func- 
tion of z). Zero point of the z-scale along abscissa is arbitrary. 


threaded tube that fits into a groove in the frame. Turning the threaded tube changes 
the distance 25. 

With fixed values of x, and y, (x, = 220 mm, Y, =29 mm) Th-spectra of the type 
shown in fig. 7 were taken for different values of x, and the line width was plotted as 
a function of x, (Fig. 9). Each half width is taken from a complete curve of the same 
statistics as the one in Fig. 7. It is clear that the narrowest line is obtained at Lo = 
= 210 mm, which is thus the place of the radial image. 
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Line width mm 


Distance from 


180 200 220 240 260 field exit 


Fig. 11. Spectrum width in mm as a function of distance slit-field exit in mm. 
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Fig. 12. Line width in parts per thousand as a function of source position y, at x, = 330 mm 
and #2, = 210 mm for y, = 11 mm and y, = 21 mm. 


The lines were also studied as to their dimensions in the z-direction. That is, the 
two-directional focusing was tested by moving a 1 mm hole as slit in the z-direc- 
tion. The result for one value of z, appears in Fig. 10. The width of the line at half 
maximum is here 1.6 mm. Such curves were taken at various x-values. The half- 
width as a function of z, is plotted in Fig. 11. The minimum occurs near 210 mm, 
corresponding to the axial image. Radial and axial images thus coincide fairly well. 

The dependence of the line width on the source position in the vertical direction 
was studied for two vertically different positions of the slit. In Fig. 12 the line width is 
plotted as a function of source position y, with x, = 330 at two values of y,, namely 
y, =11 mm and y, = 21 mm. The result shows that the line broadens if the vertical 
distance between the source and the detector slit is made larger or smaller than a 
distance which may be called the optimum distance. The line width is, however, less 
sensitive to an equal vertical displacement of both source and slit, i.e. when the opti- 
mum distance is kept. 
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7. The photographic method combined with a double-focusing field for 


investigating spectra 


The photographic method for investigating spectra uses nuclear track plates for 
detecting the individual tracks. The magnetic field is kept constant, and the spectrum 
is obtained by reading in a microscope the number of tracks per strip of unit width 
along the plate. The plate holder used is drawn in Fig. 13. It can easily be taken out 
for changing the plate. The plate is mounted such that the particles strike at 45° 
to the surface, thus facilitating the reading of the tracks. 


Photographic plate 


Yj 


Fig. 13. Photographic plate holder. 


Number of 
ol —- tracks 


100 


50 


30 35 40 45 


Fig. 14. Spectrum of ThC «-particles, detected in nuclear track emulsion. Source 0.3 x 3 mm2 
Distance between peaks = 7.4 mm in the plate. 
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The photographic method has several advantages over the electric method under 
certain conditions. There is no line broadening due to a slit width; the spectrum is 
obtained independently of intensity fluctuations of the source. The magnet current 
is kept constant and no consideration needs to be paid to permeability or hysteresis. 
The main point, however, is that the parts of the spectrum are obtained simulta- 
neously, so that the exposure time required is much shorter than in the electrical 
method. Consequently, in work on low intensities the photographic method is often 
the only possible way. 

As an example of the photographic method the Th-«-spectrum is given in Fig. 14. 
Ilford Nuclear Plates were used, 1’ x 3’, with an emulsion thickness of 100 UL. 


8. Comparison with the ideal conical sector field 


In the preceding sections experimentally obtained values were given for image 
position, line width, etc. It may be interesting to compare these empirical quantities 
with the corresponding quantities to be expected from an ideal conical sector field. 
The formulae for such a field have been given by SvarTHOLM (3) and by Jupp (4). 
Let us consider a field of sector angle 191°4 with no fringing effects. 


Pole surface 


Source 


Jmage 


Fig. 15. Notations used in section 8 concerning the ideal conical sector field. 


a. Position of radial image. 
We use the following notation, also explained in Fig. 15. 


d, = distance from source to field limit 
d, = distance from field limit to radial image 
6 = sector angle. 


Three angles, ®,, ®; and 0,, are defined as follows 
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tan Bovis (3) 
19 
, eae) 

tan ©, =V1 One (4) 
0 


6,=V1—n0 (5) 
When d, and 6 are given, d; is determined by the equation: 
@, + ©, + 0,=2. (6) 


Our values are: dy = 330 — 0.1 « 400 = 290 mm 
6 =191°%4. 


From the expressions (3)-(5) and equation (6) we get d, = 179 mm. In the experi- 
ments we obtained d, =210 —0.1 x 400 =170 mm. The accuracy of the empirical 
value is about 10 mm. Thus the spectrometer performance in this respect is close 
to the ideal case. 


b. First order radial aberration. 


SvaRTHOLM (5) gives the first order aberration in the radial direction 
( 71) 
where 0 = ‘ as 


0 


. 


2 2 
gh = — 5 (8m—l) vit 5 (8m—3) 5. (7) 


Here m is the coefficient for the 9? term in the expansion of the field: 


H (1)=H (rg) | 107? 4m (2). (8) 


19 9 


y, 18 the maximum initial inclination from the central path in the plane z = 0. It 
is determined by 


(9) 


where fh is half the maximum beam width in the radial direction. Thus, 2, is the 
radial aperture angle. In a similar way, 2 y, is the axial aperture angle. 

In the present investigation we used a slit in the middle of the sector having the 
radial width 2 =60 mm and the axial width 2 g=40 mm. The axial width cor- 
responds to a y, = 2°. 


In the ideal conical case m= 0.25, As we use only the central part of the 140 mm | 


broad field, the condition m = 0.25 is very closely fulfilled. Thus we get from formula (7) 


) 6 


the maximum aberration width 


og an 
2 


g vit 3” 


in momentum at the base of the line. 


= 2.7107, corresponding to 0.7 %o 
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We can compare this with the actual line width at half height of 1.0 op aLomn 
Hig. 14, which was obtained with a very narrow source of size 0.3 X 3mm2. We must 
remember, however, that in a sector field the field entrance and field exit also 
contribute to the aberration. Formula (7) is not derived for a sector field and does 
not take these aberrations into account. 


c. Dispersion. 


The dispersion is defined as 


bs [6 
Da [°2 (10) 
Ton aee. 


where 6s/79 18 the relative displacement perpendicular to the optic axis for the rel- 
ative change of momentum 6 p/p. The dispersion is given by 


1+ WM, 
D => 
l= (y) 
where MV, is the radial magnification, which, according to Jupp, is given by 
il 
M, (12) 


tan @, sin 6,—cos 6, 


®, and 6, are defined by expressions (3) and (4). 
We now introduce the numerical values of our spectrometer given above and we 
find from (13) and (12) 
M, = 0.933 


and the calculated dispersion 
D=3.87. 


Let us now look at the ThC spectrum in Fig. 14. The distance between the two 
peaks, which is known to be 40.0 keV in energy, is 7.4 + 0.3 mm in the plate, cor- 
responding to 5.2+0.2 mm perpendicular to the optic axis. Thus, according to 
the definition (11), the dispersion obtained is 


D=3.94 + 0.15. 


Another feature is also important, namely the fact that the dispersion is very 
nearly constant over the energy region of about 6 %, which is covered by one plate in 
the arrangement of Fig. 13. This conclusion was obtained from a study of similar 
[h-« spectra at such fields, that the lines appeared near to the upper or lower end 
of the plate. Thus the whole region of the plate can be used for precision measure- 
ments. 

It is evident, however, that a double-focusing spectrometer, used with photo- 
sraphic plates, has a relatively small energy region that can be covered at one 
“xposure. 
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d. Solid angle. 


The formula for the solid angle is approximately 


Qe ee sterad (13) 


if Arz is defined as the maximum available cross-sectional area. The calculated 
value of Q for a slit of 60 x 40 mm? is then Q ~ 0.59 x 10-2 sterad. Experimentally 
Q =0.43 x 10-2? sterad was obtained. 


9. Concluding remarks 


The degree to which a spectrometer of the present type approximates the ideal 
field depends on such factors as dimensioning, materials, machining precision, 
cooling system etc., which were discussed in part I (1) of the description of the 
spectrometer. The experimental investigation, described in this paper, covering 
image position, line width, dispersion and solid angle, has shown that the instrument 
functions to a fairly good approximation as a conical sector field. 
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Communicated 11 March 1953 by Axe E. Linpu and Gunnar Hice 


A determination of the Avogadro number 


By Goésta BrocREeN 


If we know the atomic weights of certain elements, the density of some crystal 
composed of these elements, the wavelengths of a certain X-ray line, and the Bragg 
angle at which this line is reflected from particular atomic planes in the crystal, 
the structure of the crystal and the dimensions of the unit cell can be determined. 
The Avogadro number is then given by the expression 


n:-M 
e°v 


N= 


where /» is the number of molecules in the unit cell 
M is the molecular weight? 
o is the density 
v is the volume of the unit cell. 


The most suitable crystals are those of the perfect type in which the crystallites 
are of rather large dimensions, so that a crystal used in an investigation consists 
of only a few crystallites. In such a case the density of the whole crystal should be 
the same as that of a single crystallite. As it has been shown that the calcite and the 
quartz crystals fulfil the above requirements (2, 3), we used these two crystals for 
our redetermination. 


Calcite: Calcite belongs to the rhombohedral system. If the lattice constant d of 
the cleavage plane is known the volume v of the unit cell is obtained from the relation 


v= @, 
| 
where @ is a geometric crystal factor that depends of the form of the unit cell. In 
earlier investigations a unit cell with its sides parallel to the cleavage surfaces and 
containing half a molecule of calcium carbonate has been used, and we use the 
ame cell in order to simplify a comparison. For this we have 


(1+ cos B)? 
(1 +2 cos B) sin p 


PD 


1 The atomic and the molecular weights in this communication are given in the chemical seale, 
hich means that the atomic weight of the natural mixture of the oxygen isotopes Os, OF” and 
18 is put equal to 16.0000. In the physical scale the mass of the isotope OF is equal to 16.0000. 
he mean atomic mass of the natural oxygen mixture is in physical scale 16.0043, which gives the 
onversion ratio 1.000272 between the physical and the chemical scale (1). 
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B being the angle between the edges of the rhombohedron. B is obtained from the 
angle « between two cleavage surfaces by the relation 


B 


Pees oe 
1 7 
SHS 


The f-values can be corrected to the desired temperature from the expression 


dB _y ig 5 (1-5 sin?) (x, — %/1) 


dt 2 3 


by inserting a, = —5.2 - 10-* degree! C 
%,; = 25.3 - 10-§ degree“! C, (4) 


which gives 


Q 
> 


= —3.03 - 10-®. 


| 


Qi 


t 


As we found it difficult and uncertain to determine the angle between the cleay- 
age surfaces by the common optical methods, we used an X-ray method. Two 
calcite crystals with the surfaces parallel to cleavage faces were mounted in a two- 
crystal spectrometer. The analyser crystal was 0.4mm thick and aligned so that 
both the face and an internal cleavage direction were parallel to the spectrometer 
axis. The adjustments were controlled so that rocking curves of minimum width 
were obtained for external as well as internal reflection. Between the two peaks 
the analyser crystal had to be rotated through the angle «. This angle had to be cor- 
rected for the difference between the glancing angles in external and internal re- 
flection. 

Using this method, we obtained as mean value of five determinations 


Bop = 101° 54’ 8” 
and 
®,. = 1.09596. 


All £-values deviated less than 2’’ from the mean value. 
In Table 1 we give some earlier determinations of angle £. 


Table 1. The rhombohedral angle f of calcite. 


toaC | Be | A Bt | Bao 
BrARDENE(O) ....0+ oar eee 20° 101° 54’ 4” 0 101° 54’ 4” 
T's, (Oar ss coc ome lee eee 23°5 0.4” | +10.6” a 
Du Monp and Botiman (7)...... ie Si — 6.1” 127 
Imvins and SrrauMANIS (8]...... 25° Dad +15.2” 20” 


Mean IO? BEY 11k 
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From the mean value we obtain 


Dy = 1.09598. 


As appears from the Table 1, it is very difficult to make an accurate determina- 
ion of angle f, so that the geometric crystal factor ® is hable to have a considerable 
rror, which in this case is due to the difficulty of aligning two lattice planes parallel 
0 the spectrometer axis. If optical methods are employed, large crystals must be 
ised, and there is a greater risk that the two cleavage faces used do not belong to 
she same crystallite. In order to eliminate this uncertainty, we used another method 
yf determining the volume of the unit cell. A rhombohedral crystal can always be 
eferred to a hexagonal system of axes. In the rhombohedral system the true unit cell 
contains two molecules of calcium carbonate and the cleavage face has the index 
211). In the corresponding hexagonal system the same surface is designated (1014). 
The hexagonal “unit cell’? contains 18 molecules and has the volume 

3a2cV3 
v= 


a and c can be determined with a tube spectrometer with the same accuracy as the 
spacing d of the cleavage planes used in the previous expression. This means that 
the uncertainty arising from the geometric crystal factor ® is completely eliminated. 

The density of calcite has been determined by Dz For and Compron (9), Brar- 
DEN (5), and at the National Bureau of Standards (10). The mean of these measure- 
ments is 
@ = 2.71029 g/cm? at 20° C. 


The crystals used were all checked by means of X-rays. The spacing d agreed within 
the limits of error with the Siegbahn value d,, = 3029.45 X.U. for all specimens. 
All molecular weights are computed from the mass spectrograph values of the 
atomic masses combined with the abundances of the isotopes. The chemical atomic 
weights were then obtained by dividing with the above conversion factor 1.000272. 
This method was used because the international chemical atomic weights are less 
accurate than the mass spectrograph values. Carbon consists of two isotopes, C!? 
(98.9 %) and C13 (1.1%) (11). From the mass number 12.003842 (12) of Cl? we 
obtain the chemical atomic weight 12.012. The international atomic weight is 12.010. 
Calcium consists of six isotopes, viz. Ca*® (96.92 %), Ca** (0.64 %), Ca% (0.132 %), 
Ca44 (2.13 %), Ca4® (0.0032 %), and Ca4® (0.179 %) (13). From the isotopic zeae 
May = 39.9755, May = 41.9722, mqz = 42.9725, May = 43.9692, Mygg = 47.9678 (12), we 
obtain the atomic weight 40.080 which is the same value as the international atomic 
eight 40.08, except that it contains one more figure. 
“The molecular weight of CaCO, is then M = 100.092. e 
It is well known that calcite always contains small amounts of impurities. Brar- 
EN (5) made a careful chemical analysis of all the crystal specimens he used for his 
ensity determination. Srraumants (14) also determined the perventage of im- 
urities found in perfect calcite crystals. Their results are given in Table 2. 
The agreement between the two analyses is good. The only significant difference 
is the abundance of SrCO, in STRAUMANIS’S results. BEARDEN does not say anything 
bout this impurity, so it is possible that its presence was not taken into account. 
xcept for SiO, all impurities involve bivalent metal ions, which replace calcium 
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Table 2. The percentage of impurities in calcite. 


_ =e 


Bearden Straumanis 
EEE — — ee 
OC Oh obnop.cheandticn ome 99.98 % CaCOe pores cieasisiin titer ek 99.95 % 
WENO! 4 Gomordas coon doce OMNIA I MENCOH -bscdcen ado diodes cot 0.011 % 
TOE @ he cre, eeu ineeecentencunits ocd o.6 0.006 % IYOOs Gaenn ss ogee aoOeSeDe 0.005 % 
INO}. cirstcctrotapiorn oot otc absent VANC OY ods Hieber eieii0 Bie cK c 0.001 % 
WEOY Coeds oongoncaoccoe absent SrC Ope eee ete 0.01 % 
SHON: Gookcnea once coos 0:000 7.955 Mic CO trey ree ten traces 

IBYNOO ais Seow SoaconcuCD 5 traces 


? Only in one specimen. 


ions in the crystal lattice. As the replacing ions have about the same radii as the 
calcium ion, the substitution causes a very small change in the lattice spacing. No 
such ions will be placed between the ordinary lattice points and no holes will occour. 
The density, however, will not be the same as that for a crystal without impurities 
but will be directly proportional to the ‘effective’ molecular weight of the crystal. 
The impurities in Table 2 are all heavier atoms than the original ones, so the molecular 
weight must be increased by 5 in the last figure to 


Mere = 100.097. 


The axes lengths a and ¢ in the hexagonal cell, as well as the spacing d for the cleav- 
age plane, were determined by means of a tube spectrometer. We obtained at 18° C 


a = 4980.02 X.U. + 0.03 X.U. 
e= 17025.12 X.U. + 010°X2U; 
d = 3029.45 X.U.+ 0.01 X.U. 


As conversion factor to the centimetre scale we used the relation established by 
The X-Ray Analysis Group of the American Institute of Physics and The American 
Society for X-Ray and Electron Diffraction (15, 16) 


1 X.U. = 1.00202-10-3 A =1,00202- 10-11 cm. 


The Avogadro number may now be obtained from both the rhombohedral unit 
cell, using the geometric crystal factor ®, and from the hexagonal cell. We get 


from the rhombohedral unit cell .......... N = 6.02329 - 1028 
from the hexagonal unit cell ............. N = 6.02327 - 1023, 
If we calculate N from the mean value of £ in Table 1 we get 
N = 6.02316 - 1028. 


As mentioned above, the value obtained from the hexagonal cell is the most _ 
accurate, since no geometric crystal factor is involved. The agreement is better than | 
was to be expected. The uncertainty in the adjustments of the crystal is such that _ 
an error of several seconds of are may be introduced into the angle p. | 
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Table 3. Abundance and masses of the silicitum isotopes. 
ere ee ee By a retard) ee) Pelee hier Ye oeen ON et hile es ope 


Abundance in per cents 


see Isotopi 
William and| Ney and | White and Loe 
Yuster McQueen Cameron Ingram cam 
a 92.27 92.24 92.16 92.28 92.24 27.98581 
oe 4.68 4.69 4.71 4.67 4.69 28.98567 
Si 3.05 3.07 Dele 3.05 3.07 29.98290 


Quartz. Quartz is a hexagonal crystal and the volume of the unit cell is determined 
in the same way as that of the hexagonal calcite cell. It contains 9 molecules SiO,. 
We have examined several different quartz crystals with a tube spectrometer to see 
if we could find any variation in the axis length but found non in spite of the fact 
ees of different origin were investigated. For the axes lengths at 18° C we 
obtaine 


a = 4902.88 + 0.02 X.U. 
c = 9393.62 + 0.02 X.U. 


The molecular weight is more difficult to determine. It is well known that the 
international chemical atomic weight of silicon is not determined with satisfying 
accuracy. The value, given in the atomic weight tables is 28.06. During recent years 
mass spectrograph investigations of the abundance (13, 17-19) and of the mass 
numbers (20-21) of the silicon isotopes have been carried out so it is possible to 
obtain a more reliable value. 

The value of the chemical atomic weight calculated from the figures in Table 3, 
is 28.086, which is 0.026 higher than the international chemical value. The accuracy 
in the mass spectrograph determination is high, and as newer chemical determina- 
tions indicate a higher value than 28.06, we have accepted the above value, which 
gives the molecular weight 60.086. 

The density has recently been determined by Barurcas (29) as 2.65068 + 0.00023 
g/cm® at 0° C. Using Brenort’s (23) values of the linear expansion coefficients «); = 
= (7.161 +0.0160 ¢) - 10-® degree“! and a, = (13.255 + 0.0223 ¢) - 10-® degree, we 
obtain at 18° C 

01g = 2.64905 g/cm. 


A calculation of the Avogadro number from these data gives 


N = 6.02368 - 102°. 


This value is not as accurate as those obtained from calcite. No chemical analysis 
of the abundance of impurities has been carried out. From the optical data and from 
the fact that no variation in the lattice constant could be observed we can draw the 
conclusion that the percentage of impurities must be very low. As quartz is a very 
nearly perfect crystal, it would be desirable to determine the lengths of the axes, the 
density and the percentages of impurities for the same crystal, but at present we 


have not the apparatus necessary. 
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In earlier calculations of the Avogadro number (24-25) — besides calcite — dia- 
mond, sodium chloride, potassium chloride and lithium fluoride have also been used. 
However, the results obtained from these crystals seem to be less reliable, for 
reasons reported below. ' ‘ 

Diamond is a cubic crystal. Because of its hardness, and its flawlessness in good 
specimens, it seems most likely that diamond is a perfect crystal. Experiments do 
in fact show that good specimens reflect X-rays very nearly as perfect crystals 
should do (26-27). It has also been shown, however, that although some specimens 
are nearly perfect in their structure, others can be considered nearly mosaic (28). 

The unit cell of diamond contains 8 carbon atoms. In the calculation referred to 
the following experimental data were used. 


The length of the cube side at 18°C =a = 3559.67 X.U. (6) 
the density at 23.5°C 9 =3.51536 g/cm? (10) 


and the linear expansion coefficient of diamond « = 1.18 - 10-* degree C (29). 
With the atomic weight of carbon 12.012, we get 


N = 6.02363 - 1073, 


which is in good agreement with the calcite and the quartz values. 

The spacing and the density were determined from different specimens, which 
seems to be especially incorrect in the case of diamond. The spacing has been de- 
termined by both Tu and Lonspate (30) for 2 and 4 diamonds respectively. They 
obtained the values: 


Tu no. | 3999.12 0.05 4 0: 
Tu 1Oi2 3009.62: 0.08 XU: 


LONSDALE C3T 3560.00 + 0.05 X.U. 
GSI 3559.84 + 0.05 X.U. 
27 3559.58 + 0.05 X.U. 
C3U 3959.42 + 0.10 X.U, 


The value of the spacing varies far more than the experimental limits of error. The 
variation does not seem to be due to a variation in the percentage of impurities, 
since this is less than 0.01 by weight for clear diamonds.! It is most likely that the 
variation of the length of the edge line of the unit cell is accompanied by a variation 
of the density. For this reason it seems to be necessary to investigate the degree of 
perfection, the density and the spacing, and furthermore, to make a chemical ana- 
lysis, of one and the same crystal in order to get an accurate value of the Avogadro 

13 
number. It is also desirable to examine the isotopic ratio oa for the diamond, since 
this can vary about five per cent (11). 

The other crystals used, NaCl, LiF and KCl, are all cubic and of NaCl-type. 

NaCl has been investigated by RENNINGER (31) with a two-crystal spectrometer. 
He found that it is a mosaic crystal built up from small crystallites. The crystallites 
themselves are perfect. Between the crystallites there must be empty space, which 
makes the density of the whole crystal smaller than that of a single crystallite. An 


' Private communication from Professor F. Wickman, Naturhistoriska Riksmuseet, Stock- 
holm. 
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accurate determination of the lattice constant uses reflections from one single 
crystallite. When the Avogadro number is calculated from the data for mosaic crystals 
we therefore obtain values that must be too high. 

The mosaic structure makes a determination of the spacing very uncertain as it 
is very difficult to judge whether two different reflections are from the same crystal- 
lite. Siegbahn’s value for the rock salt normal which was used in establishing the 
lattice constant of calcite, was at 18° C 


2d =a = 5628.50 X.U. 


Tu (6) obtained for rock salt at the same temperature 5627.79 X.U., Invins and 
STRAUMANIS (32) got for rock salt a = 5627.68 X.U., and for chemically pure sodium 
chloride a = 5627.37 X.U., vAN BERGEN (33) obtained for sodium chloride, which 
contained about 0.02 per cent impurities, a = 5628.23 X.U. Brraz combined Tu’s value 
of the spacing of rock salt with Hutchison’s value of the density of chemically pure 
sodium chloride (34), when he calculated the Avogadro number. The above results 
show that this method is unreliable. Until further, more accurate measurements are 
carried out (where spacing, density and impurity analysis are determined for the 
same crystal, and its degree of perfection is checked with a two-crystal spectro- 
meter), it is better not to use this crystal. The above objections are valid for the other 
mosaic crystals of NaCl-type. 

In our own determinations, the accuracy of the calcite determinations is higher. 
If the quartz value is given half the weight, we get as mean 


N = 6.02336 - 10?8, 


In the physical scale we have Npnys = 6.02500 - 107°. 
If now the value of the faraday is known, we can determine the value of the 
electronic charge, since 


The faraday is defined as the quantity of electricity carried by the ions of one 
gram-equivalent of any atom or molecule. It was determined with precision by two 
different methods, using the silver voltameter and the iodine voltameter (35-36). 
Unfortunately, the results disagreed by an amount about four times the probable 
error. In order to obtain a more precise value, redeterminations have been carried 
out at the National Bureau of Standards, U.S.A. (37-41). The ratio of the cyclotron 
resonant frequency v- for the acceleration of protons to the nuclear resonance fre- 
quence y, in the same magnetic field has been measured using a new method (the 
omegatron method). The faraday is obtained form the relation 


Ve 
Poy My 


n 


where y is the proton gyromagnetic ratio, and M, is the proton isotopic weight. The 
result for M, = 1.007580 was 


F = 9652.03 + 0.3 e.m.u./g (physical scale) (38, 40). 


G. BROGREN, A determination of the Avogadro number 


Another independent determination (39) used the method of anodically oxidizing — 
sodium oxalate in sulphuric acid solution. As a preliminary mean from eleven de- 
terminations was obtained F = 9651.93 + 0.26 e.m.u./g (physical scale). 

It was later pointed out (41) that when mass spectroscopic values reported since 
the publication of the above results are used, the omegatron result is raised 18 part 
pr million and the sodium oxalate result lowered by a still greater amount. The 
resultant disagreement of approximately one part in 10000 far exceeds the estimated 
probable errors of the two determinations. The atomic or isotopic weights are not 
given, so it is impossible to discuss the correct value.t 

In order to determine the charge of the electron, we take as the mean faraday the 


value. 
F = 9652.0 e.m.u./g. (physical scale), 


which seems to be reliable within + 0.5 e.m.u. We then obtain, using c = 2.9979 - 101° 
cm/sek (43, 46) and 1 int.coulomb = 0.999835 absolute coulomb (44), 


e == = 1.6029 - 10-2° e.m.u. 


= 1.6029 - 10-9 abs. coulomb 
= 4.8027 - 101° e.s.e. 


As appears from the above, it seems to be necessary to determine the mass and 
abundance of the isotopes of the elements, that appear in the crystals and in the 
determinations of the faraday before more accurate values can be obtained. The in- 
vestigations on the relative abundance of the isotopes of some light elements have 
shown that this varies. Hence the conversion factor between the physical and the 
chemical scale is no longer a constant. For this reason, it would be better to express 
all determinations in the physical scale. If precise values are to be obtained, every 
measurement using elements with more than one natural isotope should be combined 
with a determination of the relative abundance. 


Institute of Physics, University of Uppsala, Sweden, December 1952. 
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Communicated 8 April 1953 by Arne WeEsrGREN and G. BorELtus 


Astigmatic two-directional focusing in a nuclear spectrometer 
is a means of eliminating line broadening due to angular 
energy spread of transmutation particles 


A nuclear spectrometer for heavy particles. Part. III 
By Curt MILEIKowskKy 


With 7 figures in the text 


1. Introduction 


When high resolution and precision is desired in the measurement of nuclear reac- 
ion energies by means of magnetic analysis strict conditions have to be chosen, 
vhich considerably decrease the number of particles available for the measurement. 
- For good resolution in the spectrometer the target spot has to be restricted to 
mall dimensions, especially in the radial direction. As the current density of the 
ombarding beam is necessarily limited by several factors, among others the focusing 
ystem of the acceleration tube, the dimension restrictions npose a limitation on the 
umber of primary particles per unit time which can take part in the experiment. 

The number of target nuclei available for a precision experiment 1s thus determined 
y the mentioned target spot area and the target thickness. The maximal allowed tar- 
et thickness depends on the resolution required; very often, however, other factors 
etermine the actual thickness. For these reasons it is in many cases important 
r necessary to have a spectrometer with a large solid angle of acceptance. With 
large solid angle, however, aberrations etc. do follow which influence the reso- 
ition. 

In an actual case where a solid angle of 4 x 10~® sterad is used, the double focusing 
pectrometer for heavy particles (ref. 1) at the Nobel Institute the line width at half 
he peak is about 0.1 % as a result of aberrations and the source dimensions (1 x 5mm?) 
sed in practice. This was found experimentally by means of the a-particles from 
‘HC and ThC' (ref. 2). 

In the study of particle groups from nuclear transmutations, however, the line 
ridths are generally many times as large. This line broadening 1s sometimes due to 
urget thickness but sometimes entirely due to the energy spread of the particles 
aused by the motion of the center of mass during the reaction. 

It is the purpose of this paper to present a focusing method for the study of Q-values 
f nuclear transmutation, for simplicity called Q-focusing, such that the large solid 
ngle of anastigmatic double focusing is preserved, but a line broadening due to the 


ngular energy spread is avoided. 
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Fig. 1. Definition of angles @ and 2 46. 0 is the angle between the direction of the bombarding 
beam and the emitted particles, 2 46 is the angle of acceptance of the spectrometer. 
2. The angular energy spread 
The expression for the angular energy spread is 
GH, 2VM, M, B,/E, 
06 M,+M,—VM,M, E,/E, cos 0 


-sin 0, (1) 


Here M,, M, and M, are the masses of the bombarding particle, of the observed 
particle, and of the residual nucleus. 
E, and E, are the energies of the bombarding particle and the observed particle. 
6 is the angle between bombarding and observed particles, as shown in fig. 1. 


‘ ro 
The expression for —* shows that the angular energy spread is zero in the 


00 
forward and backward directions, 1.e. at 9 = 0° and 180°. 

The forward direction may possibly be used but requires very thin target backings. 
This leads to several difficulties as to target cooling etc. The 180°-direction can hardly 
be used without severe influence from the spectrometer magnet upon the bombarding 
beam itself and its entrance angle. Besides, a straight backward direction presents 
many problems from the practical point of view. The main point, however, is that 


one wants to be able to use all values of 6 for the purpose of identification of reactions 
and energy calibration. 
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er 6=90 
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Fig. 2. Energy dependence of emitting angle for (d, «)-reactions. 36 HL expressed in % per de- 
2 


gree and given for H,/H,=1, 3, 5 and 7 at 6 = 90°. 


ob; 
oo 


considerable effect. At 90° we can write the expression (1) in the following form: 


has a maximum in the neighbourhood of @ = 90°, and may here represent a 


OF, 1 2VM,M, E/E, x 
06 E, M,+M; 180 


(in % per degree). (2) 


The relative energy spread per degree given by formula (2) is shown in fig. 2 with 
some characteristic values of the parameters M, and #,/H, for the reaction type 
d; a). 
| Thea fig. 2 one easily gets the energy spread in per cent per degree also for (p, «)- 
eactions or (d, p)-reactions by dividing the ordinates by the factor /2 or the factor 
; M,+1 
M; + = . . . . 

Now, returning to the actual spectrometer mentioned in the introduction, the 
olid angle there is 4 x 10~° sterad. In the direction of the angular energy spread 
he aperture is 4°, i.e. 24 6 =4°, fig. 1. This means that the energy spread in the 
ypectrometer is four times the numbers given as ordinates in fig. 2. It is clear that 
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the lines are considerably broadened due to the energy spread, as compared to the 
line width of 0.1 % from other effects. 

For instance, let us consider the reaction 01% (d, «)N™“, where M, = 14 and suppose 
H,/E,~ 3. Fig. 2 gives an angular energy spread of 0.3 % per degree, i.e. 1.2 % in the 
spectrometer at 9 = 90°. One can work in the region 9 = 45° —135°. At 45° and 135° 
the energy spread is 0.9 %. At = 30°, of course the spread is less, 0.6 %; here, how- 
ever, target layers will be passed obliquely so that the effective layer thickness will 
be four times the actual layer thickness. 


3. The principle of astigmatic two-directional focusing or Q-focusing 


Whereas a homogeneous field has radial focusing only, a field which varies as 1/ Vr 
does focus in the radial direction and also in the axial direction. Such a field gives the 
famous double-focusing, which was introduced by StrcBaHN and SvARTHOLM in 
f-spectroscopy (ref. 3, 4). By double-focusing we mean here the anastigmatic case, 
i.e. radial and axial foci coincide. This case is extremely convenient for radioactive 
sources, where no energy dependence on emitting angle occurs. When such a depend- 
ence is present, as in trasmutation work on light nuclei, a line broadening appears 
(section 2 of this paper) if a large solid angle is used. 

To be able to use the large solid angle without the disadvantage of the line broaden- 
ing, it is here proposed to introduce an astigmatism of convenient amount by choosing 
a somewhat different field gradient. Thus the radial and axial images will not coincide. 
Let us now imagine that we put a photographic plate in the radial image perpendic- 
ular to the optic axis, and let us study the picture we get of a point shaped source. 

If the particles emitted by the source had the same energy in all directions, we 
would get a line in the plate parallel to the axis of the field, which we call the 


Bae ; OE 
z-direction. That is the case ori = 0. If however, a 
ted particles depends on the emitting angle, we get a line sloping by an angle p to 
ob, 
00 


~ 0, 1.e. the energy of the emit- 


the z-direction in the plate (fig. 3). This angle y depends on the numerical value of 


and on the dispersion of the system or the gradient eu . 
r 


Suppose now that the source (= target) emits two particle groups due to the same 
nuclear reaction, the two groups being very close in energy. These particle groups will 
appear in the plate, both sloping by the angle y to the z-direction (fig. 3). The 
width of each line will be determined by the resolution of the field and not by the 
value of 0#,/06 as in the anastigmatic case. The solid angle and resolving power 
of the field is still very nearly the same as in the anastigmatic case, the resolving 
power even slightly better for a certain range of field gradients. 

For the practical application with a counter as detector one would use a slit, tilted 
by the angle y. In the practical application of the photographic detection method 
the plate would be mounted at an angle y to the optic axis, where y+ 90°. The 
actual slope of the line to the z-direction in the plate would be w, where 


tgp 
sin y 


tg y= 
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Although the desire to eliminate the line broadening due to d#,/@0 is the main 
reason for considering the astigmatic case, it has some other advantages. One comes 
from the fact that y depends on 0F,/06, thus on the mass of the target nucleus. yp 
will therefore give some information about the target nucleus and hence help in the 
identification of the reaction that emitted that particular particle group. It is another 
advantage that the interpretation of the position of the line is independent of the 


angular distribution of intensity. That is not the case for the anastigmatic double 
focusing. 


4. Choice of an appropriate field gradient 


In the following quantitative discussion we will consider a sector field of sector 


angle 0<z V2. We assume that source and image are outside the field, this being 
a practical case used in spectrometers for nuclear transmutation work, We restrict 


|z- direction 


Fig. 3. Images of a point source as expected in a photographic plate mounted perpendicular 
0H ‘ ng On, | 
to the optic axis. a is the case ae = 0, 6 defines the tilting angle y when vt ~ 0, ¢ shows 
Oo 
two resolved lines, d defines 4s and Az, discussed in the text. If 21 is the length of a line, 
the line width in the anastigmatic case is 2/- sin y. 


T=75 


ourselves to a field which has only the first order term in . Thisis quite sufficient 


4 


0 . . . 
for most practical purposes. A more general discussion would follow similar lines. 
We write the field as 
r—To 


A, (r) © Hz (79) E me, “a (3) 


Yo 


where H. is the magnetic field in the z-direction (axial direction) and ro is the mean 
z 


radius. For n =} expression (3) approximates a | / Vr-field. 

We now want to choose a value of 7, a little different from n = 0.50, such that an 
appropriate distance is obtained between the radial focus and the axial focus. aoe 
distance, d,—d,, should be such that for instance the length of a oe 1 the 
photographic plate turns out conveniently, say about half the gap, that is 20-25 mm 


for the spectrometer of ref. 1. In the same spectrometer 2A 6 is about 4°, thus 


20 
— == = 300 mm or 27. 
d.—d, should be about a 410 
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: 


To get an idea of how much we must change n we use a formula given by Jupp | 


(5) for the first order astigmatism 


, | 
1 
gdm Gncd/ ot ney eee 4) 
Ee 275 To 40 
276 
The quantities appearing in (4) are defined in fig. 4. 
For d, ~d, ~ dy this expression simplifies to 
d, a d. 
—— w5(2n-1). (5) — 
To ; 


Expression (5) shows that d,—d,= 0.7 ro is obtained when n= 0.57 or n = 0.43. 


5. The tilting angle w 


We now proceed to compute an approximate expression for the angle y. We define 
As and Az as is done in fig. 3 and get 


St (6) 


An expression for As 1s obtained in the following way. Recalling that the dispersion 
D is defined as 


_ 4 [on ; 
ae les at 
and noting, that dp/p=46E/E we get 

21S ee AE 

eae ® 


We denote the emitting angle at the source which corresponds to the displacement 
in the plane of the radial image as J 0 (fig. 1). Then 


Ak, _ Cue ! 
ie A! 56 +i (9) 
and thus 
Wome Of, 1 is oe ail 
some 19) pees LA ese een Za paien Bs 7 
2 Ae 06 EH, 2 1l-n ae 06 &E, Ce 
Now turning to 42/7» we have 
pal eK dy — de 
ro ae rT) tg (A 0).* aid (49). (11) 


where (A 0), is the aperture in axial direction. We note that t 
z : . g A 7) maw AQ mi 
and that 4 0/(4 0),=1/M, where M, is the axial magnification. a Ie 
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— 


Source 


ig. 4. The sector angle ®, the distance d, from source to field limit, and the distance d, from field 
nit to radial image are shown in the fig. The distance from field limit to axial image is called d,. 


Thus 
11+M, 1 1% @& 1 


eens ied ds uobe he 


(12) 


For calculation of M,, M,, d, and d, one may use the formulae given in ref. 5, - 


umely: 
1 


Ua a (13) 
V1 —n-*- sin V1—n ®—cosV1—-n@® 
0 
i 
Wise - - (14) 
Vn—-sin Vn ®—cos Vn ® 
To 
he — 4), yo 
arctg (V1—n—} +arctg V a t+ Vl-n@®=x (15) 
ui) 0 
=a, — dz) VES a 
arctg Vn- + aretg yn=) +\Vn =a. (16) 
0 0 


Here @ is the sector angle of the field and d, is the distance from the source to 
e field limit (fig. 4). 
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Fig. 5. Tilting angle y for (d, «), (p, «) and (d, p) reactions as a function of mass of target nucleus 
at H,/E, = 3, 6 = 90°. y is calculated from the approximate expression. 


To get an easier form of tg y we use, however, the following approximations: 


d, —d: 

pee (5). 
AG 1 
(Ab i M,~1 (17, 18) 


Gh 1. 92M, en hee 4 
06 Hy Moti ee (2) 


We obtain 


SS) 


(19) 


Pai |: 1 VM, M, 2, /E, 
5 (1—n) (2%—1) M,.+M, 


For example, choosing n = 0.57, we get for the reactions O01 (d, «) N*4 Ber. 
E/E, =3 and 6 = 90°, a value of y = 31°. Fig. 5 shows y for (d, «), (p, x) and (d, p)- 
reactions as calculated by means of formula 19, 
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It would be of interest to know the accuracy of approximation (5). In fig. 6 d,/r 
and d,/ry are given as calculated from Jupp’s formulae for n =0.50—0.62. The 
lifference of these two curves is the dot-dashed curve, whereas the dotted curve 
orresponds to the approximation (d,,— d,) /r) =5 (2n— 1). It is clear that the approxi- 
mation in good to less than 5 % in the considered region of n. 


6. The length of the line image 


Assume that the length of the line image is 2/ and the available gap clearance is 
2g. The component of 1 in the z-direction is 1, so that lL. =l-cosy. 
We see that 


= (20) 


To V/1 a ey 
Un 


Example: For n = 0.57, g/rp = 1/20 and d,/r) = 0.72 formula 20 gives 1, = 19.6 mm 
when 7, =400 mm. 


g M 
n 


7. Solid angle and resolution 


Let us consider the expression for solid angle 2 and resolving power R (ref. 5) 


Q/A= —, (21) 
mae 
4 Yo 
o ' n(1—n) 
_ 1L+1/M, | (22) 
as(l—) 


ere A is defined from Ar? = maximum available cross-sectional area, s is source 
- and « is a factor somewhat greater than unity depending on the aberrations. 
It is clear that Q changes very little with a small change of n from n = 0.50. The 
solving power, on the other hand, is more sensitive to a change of and increases 
ith larger n. The case n = 0.60 has in fact been considered by Jupp from the pure 
oint of view of optimum compromise between solid angle and resolving power 


equirements. 
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15 


lo 


0.50 


O50 O's5 0.60 n 


Fig. 6. d,/7) and d,/r) calculated with Judd’s formulae. The dot-dashed curve shows the difference, 
d,—d, did 
ae , and the dashed straight line gives the approximation =5 (2n-1). 
0 f) 
8. Shape of pole pieces 
The field 
H (1) =H (m) 1-2 (3) 
0 


can be obtained by means of pole pieces which have conical surfaces. The shape 
of conical pole pieces may be determined by the three parameters mean radius 79, 
gap height 26, and angle of surface to symmetry plane « (fig. 7). If the iron has very 
high permeability, the field obtained between the pole surfaces is 


H (7) =H (vp)|1— 82.7] (23) 
"9 
m is thus determined by the choice of 79, 6 and «, obeying 
ro: t 
roger: (24) 
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ig. 7. Radial section through pole-pieces with conical surfaces. The parameters are mean radius 
To, gap height 26 and cone angle «. 


The spectrometer described in ref. 1 and ref. 2 was made for anastigmatic double- 
cusing i.e. n =0.50. The simplest way to adapt such an instument for the astig- 
atic Y-focusing would be not to change « or 7, but just to insert between each pole 
iece and the yoke a thin plane sheet of iron. To obtain n = 0.57, for example, the 
1eet thickness should be 3.6 mm as the original gap was 52 mm. 


9. Summary. Features of the proposed Q-focusing method 


By means of a slightly astigmatic two-directional focusing system, particles 
in be focused through a large solid angle to a tilted line image of definite length. 
he line is not broadened by the variation of energy with emitting angle that is 
used by the motion of the center of mass. The solid angle is very nearly the same 
: the solid angle of the anastigmatic case. If n is chosen larger than 0.50, the resolu- 
on is somewhat more favourable than the anastigmatic resolution. 

The line slope to the axial direction may facilitate to some extent the identification 
‘the reaction that caused the particular particle group. 

Also, the determination of the Q-value is independent of any assumption or 
easurement on the angular distribution of intensity of the reaction. 


D OP 08 
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The angular correlation of Ni 


By T. WIEDLING 


With 1 figure in the text 


I. Introduction 


The angular correlation of Ni® has been measured by a number of investigators 
1-7). The first successful experiments were performed by Brapy and Drutscr with 
xeiger-Miiller counters and repeated later by them with scintillation-counters. After 
hat the correlation of Ni®® has been frequently measured and has been used when 
esting angular correlation apparatuses. Some time ago the Ziirich group (8) has 
einvestigated the Ni®°-correlation in the light of their discovery of the influence 


W (2) 
W(>) 


9) of the electron shell on the angular correlation. The value of —]1 was, 


2 
wccording to their experiment 0.148 + 0.003 for different Co®-sources. The difference 
petween the expected theoretical value 0.167 for an E2,EK2 transition and the 
nisotropy found they explained in the following way: Either the assignment 4 
E2)2(E2)0 is wrong or the directional correlation is influenced by the electron 
hell. The angular correlation was also found to be unchanged for magnetic field 
trengths up to 8000 Oersted. 


II. Apparatus 


The apparatus used in our experiment was the same as the one earlier (10) described 
vith the exception of replacing the scintillation counters consisting of 1P21 multipliers 
nd NaI(Tl)-crystals with E.M.I. 5311 multipliers and sodium-iodide crystals with 
| diameter of 2.5 cm and a thickness of 1.2 cm. 


Iil. Experimental ’ 


The Co%-source used in this experiment consisted of solid CoCl, of high specific 
ctivity. The source-holder was made of aluminum with thin walls (<0.01 em). 

The energy-discriminating property of the scintillation counter was used in such 
-manner that quantum-energies less than 0.51 MeV were discriminated. In this 
vay internal and external pair-creation with accompanied annihilation radiation 
n the source and source-holder were eliminated as were also Coinpton scattered 
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170° 180° 190° Angle 


Fig. 1. Angular distribution of coincidences from annihilation radiation, experimental points, 
theoretical Gaussian distribution curve. 


quanta. This was tested with the positron-emitter Na®?. According to these tests 
the calculated ratio between the number of real coincidences and the number of 
coincidences because of annihilation radiation or Compton-scattering between the 
counters was larger than 6000:1. The discrimination just mentioned was electron- 
ically made by a conventional discriminator stage. 


Because of the finite angular resolution of the counters it is necessary to apply — 


a correction to the anisotropy found. To get the value of this correction the angular 
resolution has been determined using annihilation radiation. From the halfwidth of 
the resolution-curve obtained the correction mentioned can be calculated (11) (12). 
The experimental points have been found to fit a Gaussian distribution quite well. 
(Fig. 1.) 

Data were collected with the movable counter in the positions 90° and 180°. 

The anisotropy found, after application of all corrections necessary except for 
the correction of the finite angular resolution of the counters, was 


W (2) 
W (5) 


Using CourcH and KrausHaar’s or WALTER’s correction formulas it is possible 
to calculate an expected experimental correlation coefficient from the angular 
resolution curve. Then we get 


—1=0.147+ 0.007. 


Hae i ea 
and 
W 
a —1= 0.162 
W (5) 
respectively. 


70 


ARKIV FOR FYSIK. Bd 7 nr 6 


IV. Discussion 


The Ni’ nucleus is of the even-even type and is thus expected to have zero angular 
momentum in its ground-state. Other (13) measurements indicate that the spins of 
the first and second excited states are 2 and 4. From Hami.ron’s (14) correlation 


formulas the anisotropy is then MG) —] =0.167. 


(5) 

The discrepancies between the values given above are too great to draw any 
definite conclusions concerning the states of Ni®. One of the more accurate measure- 
ments earlier published with the exception of AmpPLt’s is that of Darpy (7) who got 
an uncorrected value of 0.147. He performed his measurements on metallic cobalt. 
The angular correction given by him was + 0.006. 


At present it seems necessary to make new and even more accurate investigation, 
especially concerning the angular resolution problem. 


January 1953. Physical Institute, University of Stockholm, Sweden. 
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Reports from the Conference of the Swedish National 
Committee for Physics in 1952 


By GupMUND Bore.ius and Erik RupDBERG 


The Swedish National Committee for Physics held its sixth general physics con- 
erence in Stockholm on September 25-27, 1952. About 150 physicists from different 
esearch institutions in Sweden attended this meeting and enjoyed the hospitality of 
he Royal Institute of Technology, were all the different sessions were held. It was 
ortunate that, as regards time and place, this physics meeting could be planned to join 
p with the International Instruments and Measurements Conference and Exhibition 
952. By agreement it was arranged that the members of the physics conference 
ould participate in the discussions of the instruments conference, whose members 
rere in their turn invited to two of the physics sessions, which were therefore con- 
ucted in the international languages adopted for the instruments conference. 
‘hrough this cooperation the physics conference also had the pleasure to welcome 
s Scandinavian guest lecturers Prof. EK. Bak and Mr. J. R. ANDERSEN of Copen- 
agen, who spoke on microwave spectroscopy and special microwave measurements, 
rof. EK. Lauriza of Helsingfors, who gave a paper on measuring instruments em- 
loying feed-back and Prof. S. WEsTIN of Trondheim, who reported on a new electric 
alculating machine and discussed geotechnical measurements with strain gauges. 
— A number of other guest physicists from abroad also honoured the meeting by 
heir presence. Dr. SVEN BennER, of the Radiophysics Laboratory at the King 
lustaf V Jubilee Clinic in Gothenburg, once again placed his valuable experience at 
isposal by accepting to serve as Secretary of the conference. 

Short summaries of the papers presented at the physics conference in Stockholm 
952 are published in the rest of this report. 


eNcT ANDERSSON, Department of Physics, Chalmers Institute of Technology, 
Gothenburg. 


A curyed-crystal focusing y-ray spectrometer with scintillation detector 


A y-ray spectrometer of the Cauchois-Du Mond type has been constructed and 
1s just been completed at Fysiska institutionen, Chalmers tekniska hégskola, Gote- 
org. The spectrometer utilizes the (310) planes of quartz in a crystal plate of dimen- 
ons 10 x 20 x 1 mm effective volume, the plate having been bent into a cylinder of 
dius 1020 mm. The directly transmitted beam is absorbed by a 400mm long, 20-shit 
on collimator with tapering partitions. This collimator transmits about 30 % of 
e diffracted beam. As a detector of y-rays a Nal (Tl)-crystal is used together with 
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an EMI 5311-photomultiplier tube, connected to a cathode follower, an amplifier, a 
single channel discriminator and either a scaler or a counting rate meter. In th , 
present form the spectrometer covers a range down to about a 0.15 MeV. To give 
good stability, the moving instrument parts and the fixed collimator have been 
mounted on a rigid, U-shaped iron beam, 30 x 200 cm. 


G. Anransson, Department of Theoretical Chemistry, Royal Institute of Technology, 
Stockholm. 
A new method for the measurement of the q-particle range and straggling 
in liquids ; 

The alpha source is placed on a plane steel surface opposite a plane surface of a 
scintillation crystal. The liquid is placed between the two surfaces. A photomulti-_ 
plier with counting equipment registers the light pulses which are generated in the 
scintillation crystal when the distance between source and crystal is less than the 
range. The number of counts per unit time versus the distance between source and 
erystal will be a straight line intersecting the distance axis at the alpha particle 
range. The straggling of the alpha-particles will give a minor distortion of the straight 
line. 

If only the smallest light pulses up to a certain amplitude are counted, a number 
of counts per unit time N(a) versus distance curve is obtained from which the strag- 
_adN(z) 

dz 


gling curve (a Gaussian distribution) can be derived by computing N(x) — d 


(x = distance and N = counts per unit time.) 


EK. ArBMAN, The Gustaf Werner Institute for Nuclear Chemistry, Uppsala. 
A new double-focusing beta-ray spectrometer 


A beta-ray spectrometer of the double-focusing type has been constructed and 
its focusing properties studied. The magnet is designed for a maximum transmission 
of 6 %. A magnetic field of the desired form H(r) = H(r,)-27,/(r, +7) is obtained by 
using conical pole surfaces. The field is nearly proportional to the current through 
the coils of the spectrometer. The resolution, as the measured width at half height of 
the line, is 0.4 % for a solid angle of 0.5 % of a sphere. For a solid angle of about 4 %, 
width af sample = 20 mm and width of the GM-slit = 16 mm a “half value width” 
of 2,8 % has been obtained. 


SetH Berciunp, Department of Physics, University of Uppsala. 
Studies of secondary electron emission 


A high yield of secondary electron emission is obtained with certain alloys after an 
activation process, consisting in heat treatment in vacuum. It has been believed that 
changes of structure in the alloy are of importance in this process, but results with 
copper-beryllium alloys indicate that the rise in yield can be attributed to a surface 
layer containing the oxides of Cu and Be. 
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The stability of such surfaces has been studied in tubes, constructed for this 
urpose. A decay of the secondary emission coefficient with time seems to be inevi- 


uble. 


6sTA BrocREN, Department of Physics, University of Uppsala. 


Concerning the suitability of quartz as X-ray gratings 


In connection with an investigation of the possibilities of utilizing some atomic 
lanes in quartz with small spacings in X-ray spectroscopy, the qualities of these 
ratings have been investigated. The measurements were carried out by means of a 
ouble crystal spectrometer; the width of the rocking-curve, the integral reflection 
od the percent reflection were determined. These qualities were also calculated 
nder the assumption that quartz was a perfect crystal. After removal of the very 
irface-layer by etching, the experimental results show a very good agreement 
ith the theoretical calculations, which proves that quartz may be considered to 
e a perfect crystal. In connection with the etchings a study of the influence of the 
eformed surface layer has been made. 


.-A. BRUNBERG, Department of Electronics, Royal Institute of Technology, Stock- 
holm. 


xperimental determination of electron orbits in the field of a magnetic dipole 


The problem concerning the movement of charged particles in a magnetic dipole 
eld has been tackled mathematically by C. Stormer and others in connection with 
1e theories of the aurora and the cosmic radiation. However, the calculations are 
ther complicated, and could only be carried out by a tedious numerical integra- 
on process. Some years ago an experimental method was developed by K. G. 
‘ALMFORS in order to find the solution of the problem. It was a model scale experi- 
ent, which made it possible to measure the deflection of charged particles in a 
agnetic dipole field as a function of their energy. This method has been further 
aveloped and higher energies have been measured. The intention is to give a general 
irvey of particle orbits in the energy interval 10'°— co eV and thereby measure 
1e final direction of charged particles (electrons) far away from the dipole as a 
metion of the energy, the latitude and the direction, in which the electrons are 
nt out from the earth. There is some hope that the results of the experiment will 
slp to solve the problem of the origin of cosmic radiation. 


_v. DarDEL, Department of Physics, Atomic Energy Laboratory, Stockholm. 
Slowing down of neutrons in water 


A preliminary account is given of an experimental and theoretical study of the 
owing down of neutrons in water. The experiment consists of a measurement of 
e mean energy of the neutrons emitted from a water moderator, as a function of 
e delay after the pulses of the pulsed neutron source. The energy determination is 
stained from the absorption in a boron absorber. The theoretical part is limited to 
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the study of the slowing down process for certain simple models, each of which 
approximates the actual conditions in a limited energy region. The models studie ‘ 
are 1) free atoms at rest, 2) free atoms in a Maxwellian velocity distribution, 3) atoms 


bound to a plane by an elastic force. 


G. v. Darpet, Department of Physics, Atomic Energy Laboratory, Stockholm. 


A 40-channel time analyzer 


A 40-channel time analyzer has been constructed according to the principles of 
a previously described 20-channel version. The shortest resolving time is 2 wsec. A 
scale of 4 and a mechanical register are used in each channel, but an extension to a — 
scale of 16 is possible for half the channels. The apparatus is provided with 8 sepa- 
rate input circuits so that it may be used either as one 40-channel analyzer or as 
up to 8 synchronized analyzers, each having a fraction of the total number of chan- 
nels. 

Planned applications for the new analyzer were discussed. 


B. Epuén, Department of Physics, University of Lund. 


Report from the meeting of the Joint Commission for Spectroscopy 


GuNNAR ERLANDSSON, Department of Physics, University of Stockholm. : 
Microwave Spectrometry at Stockholms Hégskola i 


A Stark-effect modulation microwave spectrometer has been built at Stockholms 
Hogskola. The spectrometer, which is working in the region 16.3-25.7 kMc/s, has 
been tried on methyl alcohol and nitromethane. In methyl alcohol seven absorption 
lines have been found, which have not been reported previously. In nitromethane 
94 lines have been measured, 15 of which have been reported previously. Frequency 
measurements have been made with a cavity wave meter with an accuracy of about 
+5 Me/s. A short description of the apparatus was given in the lecture. . 


S. v. Friesen, Department of Physics, University of Lund. 


Observations with nuclear emulsions 


Tor Racnar GerHoim, Department of Physics, Royal Institute of Technology, 
Stockholm. 


Apparatus for measuring lifetimes of nuclear states in the region 
10—§—10-" see. 


Very fast detectors for radioactive radiation can be made by combining organic 
scintillation crystals (anthracene, stilbene, diphenylacetylene) with photomultipliers 
(RCA 931A, 1P21, 5819). During the time these detectors were being developed | 


| 
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oincidence circuits were also being designed with small time constants of the order 
£5 Oe ie 10s” sec., using as a non-linear element crystal diodes of the type 
eveloped during World War II for microwave radar detectors. 

From the detectors the electric signals are led by means of coaxial cables (or wave 
ides) to the coincidence circuit. If the length of one of these cables is increased by 


. . . . i 
\1, the corresponding signal will have a time delay At = Be where v is the signal 
v 


elocity in the cable. The coincidence counting rate plotted as a function of the 
‘ariation in cable length Al gives a curve similar to the gaussian distribution, the 
esolution curve. The half-width of this curve assuming that the radioactive source 
ives prompt coincidences, is a measure of the resolving time of the equipment. 

With such an apparatus, which was built mainly according to a scheme proposed 
yy R. EK. BELL, a resolving time of 2.0 -10-® sec. has been measured at the Department 
i: oe II, Royal Institute of Technology (stilbene crystals + selected 1P21 or 
: 

The apparatus is intended for measuring lifetimes of excited states. By analysis 
f the resolution curve, it is, within reasonable limits of error, possible to measure 
ifetimes, wich are much smaller than the resolving time of the apparatus. (Z. Bay, 
'. D. Newton and others). 

A simple method to measure the rise times of the electric signals from the photo- 
nultipliers has been developed. Thus it has been possible to study the rapidity of 
he scintillation-crystals and the photomultipliers directly, and this rapidity limits 
he use of the coincidence method. 


SVEN GLAD, Department of Physics, University of Lund. 
The spectrum of singly-ionized carbon, C II 


The C II spectrum in the region 8800-1987 A has been studied by means of a con- 
lensed hollow cathode discharge. The present wave-length material has been used 
o recalculate the term values of C II. From several intercombination-lines observed, 
n exact linking up of the doublet and quartet systems has been obtained. From the 
leterminations of the series limits of the doublet terms built on 2s 4S, and the quar- 
ets built on 2p 3P, the distance between 2s 1S, and 2p 3P, has been established to 
ye 52 4234+ 4 cm. 


}). HeLLSTRAND and R. Persson, Department of Physics, Atomic Energy Laboratory, 
Stockholm. 


‘ime-of-flight measurements of the neutron resonance absorption in uranium 


With the time-of-flight method the resonance absorption of neutrons in natural 
ranium has been studied. The 7 MeV cyclotron of the Nobel Institute in Stockholm 
as been modulated to give a pulsed neutron source. The detecting equipment 
onsisted of three BF,-chambers with amplifiers and a twenty-channel time-analyzer. 
‘he pulse length was 6 ys and the flight path 6.15 m. The samples were made of 


owdered UQ3. 


The transmission of neutrons as a function of the energy shows at least three 
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resonances, at 6, 6.20 and 38 eV. With the given resolution only the 6.6 eV resonanc 
could be more carefully analyzed. For this resonance we get the following values o 
the resonance parameters: 


+ 3500 
o9= 5400 _ 5999 barns 


I= 0.050 + 0.015 eV. 


As the natural width J’ is of the same order as the Doppler width A (A = 0.052 eV 
for this resonance) the Doppler effect cannot be neglected. Considering this effect we — 


get the following values: 
+2000 


— 1500 
I'= 0.050 + 0.010 eV. 


0) = 5000 barns 


B. Hotmpera, Department of Theoretical Physics, University of Lund. 


An attempt at a quantum-mechanical treatment of the three-body problem — 
in scattering hi 
4 


Erik Huttuén, Department of Physics, University of Stockholm. 


A Fabry-Perot etalon with reflecting films of wedge-shaped thicknesses 


A detailed analysis has been performed regarding the multiple beam interferences — 
in Fabry-Perot etalons, assuming a linear increase of reflection along the plates as 
produced by silver depositions of wedge-shaped thicknesses. The Haidinger fringes” 
observed when the wedges of the films are arranged oppositely indicate an increase 
of the contrast and the spectroscopic resolution, as compared with the fringes obtained — 
with etalons which were coated with uniform depositions. 


Erik IncEtstam, Department of Physics, Royal Institute of Technology, Stockholm. 


; 
: 


Use of mechanical Fourier analysis for the treatment of problems in 
quantitative optical phase contrast 


It is well possible to use the same methods and apparatus for harmonic analysis 
in physical optics as in mechanics and electricity thanks to the fact that the precision _ 
in some procedures (multiple-beam interferences, phase contrast devices combined 
with photoelectric intensity scanning) is of the same order as there, say of 1° of the 
period circle or less. The principle of the analysis is the fact that the object plane, 
with its possible amplitude and phase variations, (the x-plane) transfers to the 
Fraunhofer diffraction plane (u-plane), as a Fourier transform, and that a second 
Fourier transform transfers the latter to the phase contrast image plane (z’-plane), 
this transformation with change of phase and possibly amplitude at the borders’ 
of the phase plate or mirror. 
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These transformations are performed by means of a Mader Ott mechanical anal- 
er) with slight additions. Possible applications are the wave-front fine structure 
om. optical gratings and from non-ideal optical polish, but in the first place the phase 
ntrast imagery of phase gradients. Extending the calculations made by Lorp 
AYLEIGH® and Durrirux et al.* to the phase contrast case, and combining them with 
echanical Fourier analysis of typical shapes of gradients, the necessary basis is 
hieved for evaluating decrements and central gradient values in phase boundaries. 
11s should make it possible to measure e.g. diffusion constants in some cases with 
precision up to that of the phase contrast refractometer.4 


Jonsson, Department of Physics, Atomic Energy Laboratory, Stockholm. 
Neutron flux measurements with fission chambers 


A simple type of fission chamber, intended for strong neutron flux measurements, 
s been tested. The chamber is a cylindrical one with about 8 cm? volume. Its outer 
sctrode consists of a metal foil with a thin layer of U,O,. The total weight of that 
aterial is about 20 mg. Theoretically, it has a sensitivity of 7.5 x 10-§ x M counts: 
m?/neutr., M being the total weight in mg of the U,O, layer. The chamber is filled 
th argon to | at and is used at a tension of 300V. 


IK Karuson, Department of Mechanics and Mathematical Physics, University of 
ind. 


e‘-approximation of vacuum polarization 


Jost and Lurrincer® have calculated the e*-approximation of vacuum polariza- 
m under the assumption that a regularization making the expression finite can 
ways be done. As the expression is then also gauge invariant, it will suffice to 
lculate the gauge invariant terms. 
To see if such a regularization is possible, a complete calculation of the e+-approxi- 
ation has been started. Up to the present only one of the two Feynman diagrams, 
at give contributions, has been treated. The method of regularization used is 
differentiate » times with respect to m?, thus making the expression con- 
rgent for n>, say, and then letting n go to zero by analytic continuation. The 
sult is that the linearly divergent terms are transformed into logarithmically 
vergent terms by the regularization. As it is only the sum of the expressions for 
e two Feynman diagrams, that must be finite, there is still the possibility left 
at the logarithmic divergencies from the two expressions will compensate each 
her, as is actually the case in the paper by Jost and LUTTINGER. 


KEEN, Department of Physics, Royal Institute of Technology, Stockholm. 


micromanipulator for electrical investigations of semiconducting materials 


In studying the electrical properties of semiconducting materials, one often makes 
> of contacts between tiny metal points and the semiconductor. Since the location 


| Math.-mech. Institut A. Ott, Kempten, Germany, Pamphlet Nr Ad. 341. 


> Lorp Ray.LeiGH, Phil. Mag. (6) 33, 161 (1917). 
3 M. Durrizux, J. TirourLET, H. GUENOCHE and G. Lansraux, Annales de Physique 19, 


5, 1944. M. Durrizux, L’intégrale de Fourier et ses applications & ’Cptique. Rennes 1946. 
t ®. Incerstam, Arkiv for fysik 5, Nr 42, 1952 (in print). 
; Jost and Lurrincer, Helv. Phys. Acta 23, 201 (1950). 


79 


G. BORELIUS, E. RUDBERG, Conference of Physics in 1952 


of the points, as well as the contact pressure applied to them, usually are of impor 
tance, there is a need of operating them with the aid of a micromanipulator which 
of course, must be constructed on basis of other principles than the micromanipula- 
tors, commonly used in biological research. 

A micromanipulator was built, consisting of 5 operating units — one for each 
contact point — mounted on a common baseplate which also bears a supporting 
device for the semiconductor sample. Each operating unit makes possible independent 
displacement of a contact point in 3 perpendicular directions. Attention has been 
paid to the question of avoiding play. The location and displacements of the contact 
points are determined with the aid of a measuring microscope with horizontal axis. 
All parts of the apparatus are made of non-magnetic materials. q 

The micromanipulator was built at the Physical Institute, The Technical Uni- 
versity of Norway at Trondheim. 


it 
O. Kuery, Department of Theoretical Physics, University of Stockholm. j 


On the so-called cosmological problem i 


The ancient questions about the origin of the world and its structure at large 
have been the subject of much discussion in our days in connection with the enormous — 
enlargement of the known part of the universe produced by the phantastic progress — 
of astronomy. There is still a large gap, however, between the speculations concern: 
ing the mentioned cosmological questions and the more certain knowledge about 
the constitution and evolution of stars and stellar systems. 

The cosmological speculations obtained a strong impulse through Einstein’s gen- 
eral gravitation theory and soon afterwards, a more factual background through 
Hubble’s discovery and interpretation of the redshift of spiral nebulae. In en 


] 


years the strangely regular and largely universal abundance distribution of chemi- — 
cal elements has given rise to new attempts of limiting the ambiguity of the cosmo- 
logical problem. In this connection also the radioactive determinations of the age 
of the earths crust and of the chemical elements have come to play a significant role. — 
Still, the correlation of facts, in spite of a number of promising ideas, is not aoe 
ambiguous but even deficient. 

One of the most interesting attempts to create a complete cosmology in harmony — 
with the facts mentioned is that given by Gamow, ALPHER and HERMAN ina theory, 
in which the formation of elements (through successive neutron capture) is brought 
into connection with the expansion of the universe. A fundamental difficulty of this” 
theory, however, is the shortness of the time (<2-10® years) since the formation of 
elements in comparison with the age of the earth, which is connected with the extreme 
deviation of the beginning state in this theory from a state of equilibrium. | 

In the thermodynamical theory of the abundance distribution of chemical ele- 
ments it is assumed that the present state of the world has developed from an earlier 
state of approximate equilibrium. On this theory and some well-known numerical 
relations — which since the days of Eddington were usually taken as an indication. 
of a connection between macro- and microphysics outside the scope of our ordinary 
laws of nature — it seems to be possible to develop a program for the treatment of 
the cosmologigal problems without the introduction of new assumptions as to the 
laws of nature, whereby the problem would never comprise the universe as a whole 
but only stellar systems of increasing order. 


- 
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A. Kuemm, Physikalisches Institut, Chalmers Technische Hochschule, Gothenburg. 


Isotopieeffekte bei der electrolytischen Ionenwanderung in geschmolzenen 


Salzen 


| Unsere Messungen haben ergeben, dass die Tsotopieeffekte der Kationenwanderung 
mn bestimmter Weise vom Verhdltnis der Kationen zur Anionenmasse abhangen. Aus 
dieser Abhangigkeit lasst sich folgern, dass fiir die Wanderungsgeschwindigkeit der 
Kationen gekoppelte Schwingungen von Bedeutung sind, in deren Frequenz die 
reduzierte Masse aus einem Kation und 2,1 Anionen eingeht. Insbesondere wird 
dieser Befund durch eine neue Messung gestiitzt, nach der der Isotopieeffekt fiir 
Zinkionen im Bromid um den erwarteten Betrag grésser ist als im Chlorid. 


GUNNAR KALLEN, Department of Mechanics and Matematical Physics, University 
of Lund. 


On the magnitude of the renormalization constants in quantum 
electrodynamics 


In a paper which has recently appeared in the Helvetica Physica Acta the author 
has given an implicit definition of the renormalization constants in quantum electro- 
lynamics.! The mass- and charge-renormalizations are there described with the aid 
of two constants K and L which are expressed as integrals over finite functions 
TI (p?) and &(p?)) in momentum space. The question whether the renormalization 
method is consistent or not can then be formulated in terms of the behaviour of 
these functions for large, negative values of the argument — a formulation which is 
ndependent of perturbation theory. If the functions vanish for — p?->+0co, the whole 
sheory is consistent and the constants K and ZL (and a third constant N which is a 
10rmalization constant for the spinor-field) are finite. If this is not the case but if 
I (p*) nd iP 


3 > vanish for — p2—>co, the renormalized expressions 
=A) =e 


che expressions 


2 SS 2 
TH (p*) sd a?) 
. =—_ p" = p* 
lo not vanish for large values of — p2, the system of equations has no solution. 

If we make the assumption that every expression appearing in the theory is finite 
e.g. also K and L) we can make a formal argument with the result that the functions 
T and » are everywhere larger than a given function which does not tend to zero as 
— p2-+oo. This is in obvious contradiction to our assumption and would thus indi- 
‘ate that if a solution exists at all, the renormalization constants themselves are 
nfinite quantities. It must be stressed that this statement is here made without ref- 
rence to perturbation theory. The argument is, however, incomplete, because we 
lave not given proper consideration to states with longitudinal and scalar photons. 
\n investigation of this point has been started, but no definite result has been ob- 


ained. 


ire finite, but the renormalization constants themselves infinite. If 


1G. KAuiin, Helv. Phys. Acta 25, 417 (1952). 
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E. Kronevist and A. GransoLtpati, Department of Physics, Royal Institute of 
Technology, Stockholm. 


1 


The influence of cold-working on the magnetic susceptibility of some 
binary systems 


The recovery of cold-working has been studied by mesuring the paramagnetic 
susceptibility for some binary alloy systems. 

For the majority of the systems — Ag Mn, Au Mn, and Ag Pd as well as for Au Cr 
and Cu Mn, previously investigated — the magnetic susceptibility was diminished 
by cold-working. For the Au Fe alloys, however, cold-working produced an increase 
of the susceptibility. 


A closer analysis of the results shows that for some systems, the changes caused — 


by cold-working to a large extent originate from the electronic configurations of 
the transition-metal atoms in the alloys. The number of the 3d electrons (4d electrons 
for the Pd atoms) must be changed. For other systems, e.g. Ag Mn, cold-working 
does not seem to change the electronic configuration appreciably. 

Such an influence on the electronic configuration can explain that the electrical 
resistivity in some cases (Au Cr and Ag Cr) is decreased by cold-working. 


A recent theory for the magnetism by ZENER, which assumes that electrons are — 


moved between the atoms, is supported by the results of these measurements. 


B. LEHNERT, Department of Electronics, Royal Institute of Technology, Stockholm. 
Some experiments on magneto-hydrodynamic flow 


The state of motion of an electrically conducting liquid is strongly modified by 


a 


an external magnetic field. Thus the liquid becomes anisotropic in presence of the — 


field, which can be shown e.g. in the following simple cases: 


1. Laminar motion. 


In the laminar case stationary motion in a homogeneous magnetic field tends to — 
be two-dimensional with regard to the direction of the field. Thus the motion of a — 
circular, conducting disc at the bottom of a cylindrical vessel is projected along the — 


lines of an axially symmetric magnetic field. 


2. Turbulent motion. 


The turbulent state of motion may also be affected by an external magnetic field. 
Thus in the turbulent state the torque between an immovable outer cylinder and a 


rotating concentric inner cylinder in a conducting liquid is decreased by an axial — 


magnetic field. 


3. Transition between laminar and turbulent motion. 

HARTMANN (1935) studied the flow of mercury in rectangular channels placed in 
a magnetic field. The results show that the critical velocity is a linear function of the 
strength of the field. A transformation of the fundamental magneto-hydrodynamic 
equations to dimensionless form gives three characteristic parameters 


Ve 
R= p Vine R,= p,— Vel« 
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here Vx, Le and Bx are characteristic velocities, lengths and field-strengths, re- 
pectively (MKSA-units are used). For a given value of the quantity R,, Vx is pro- 
ortional to Bx, which may explain the dependence found by HarTmMann. 


.. Lipén and N. Srarrert, Department of Radiophysics, University of Lund. 
Scintillation-spectrometer studies of @-bremsstrahlung 


The spectral distibution of the bremsstrahlung emitted when the f-radiation from 
82 and 8* is completely absorbed in Pb, Sn, Fe, Al and C, has been studied by 
1eans of a scintillation spectrometer fitted with a single-channel differential dis- 
riminator and an Nal (Tl) crystal. The internal bremsstrahlung in P32 and 9835 
as been studied separately and in this way the external bremsstrahlung could 
iterwards be estimated. Corrections were applied for the efficiency of the crystal, 
he secondary photo-absorption and the resolving power of the apparatus. The total 
iternal and external bremsstrahlung-energy per f-decay was obtained as well as 
he Z-dependence of the external radiation. 

The experimentally observed spectral distribution of P%’s external radiation has 
een compared with data calculated from Bere and HeIrLER’s theory of bremsstrah- 
ang and good agreement was obtained. On the other hand, data for the internal 
adiation of P?? calculated from Knipp-UHLENBECK’s theory show greater discrepan- 
ies with the experimental results which yield appreciably higher values than theory 
specially at energies greater than 200 kV. 

The uncorrected experimental distribution for Pb has two maxima, one an ab- 
orption phenomenon and the other a K-radiation peak. A very intense K-peak 
obtained for Sn with f-radiation from S*. 


. Lunpquist, Department of Electronics, Royal Institute of Technology, Stock- 


holm. 
Magnetic-hydrodynamic turbulence 


In cosmic physics a knowledge of the properties of electrically conducting gases 
-most important. Due to the large dimensions it seems probable that the normal 
ate of motion is turbulent. The electro-magnetic phenomena caused by turbulence 
re highly interesting. They have been studied by BarcHELor who discusses the 
yontaneous growth of magnetic energy in a conducting liquid. Similar results have 
een reached by CHANDRASEKHAR. The arguments are mainly kinematic. However, 
is possible to develop the theory in a different way without this limitation, starting 
om a transformation of the equations of motion into a remarkably symmetric 


rm. 


ER-OLOv LOwp1Nn, Department of Mechanics and Mathematical Physics, University 
of Uppsala. 


Some actual problems in the theory of molecules and crystals 


In order to coordinate the various efforts to improve the molecular theory, an 
ternational conference on “Quantum Mechanical Methods im Valence Theory 
as held on Shelter Island, N.Y., U.S.A., in September 1951. One of the most 
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important results of the conference was the statement about the insufficiency of the 
previously often used semi-empirical approaches and the necessity of carrying through 
more exact investigations even in cases when those are associated with rather le 
borious numerical computations of, for instance, many-centre integrals. A summary 
is given of some investigations connected with the conference program, of which 
the following are of a principal nature: calculation of the cohesive energy of mole- 
cules and crystals?, investigation of the perturbing influence of heteroatoms or sub 
stitution groups in aromatic molecules, critical treatment of the basis of the molec- 
ular orbital theory and the corresponding band theory for crystals, modificatio 
of the molecular orbital theory in order to obtain a correct asymptotic behaviour of 
the binding energy for separated atoms, discussion of the connection between the 
molecular orbital theory and the valence bond theory, and renewed calculation o 
the expression for the van der Waals energy for small distances. The following in- 
vestigations are connected with problems concerning the numerical technique 
evaluation of two-, three-, or four-centre integrals‘ together with a discussion of the 
various methods of computing such integrals, numerical integration of ordinary 
differential equations®, and calculation of analytic atomic wave functions. The results 
are being published in a series of articles in Arkiv for Fysik and Journal of Chemical: 
Physics. 


K. G. Matmrors, Nobel Institute for Physics, Stockholm. 
Nuclear resonance scattering of y-rays 


Many attempts have been made to demonstrate the resonance exictation of nuclei — 
by y-rays. Due to the fact that the width of the energy levels is much smaller than” 
the energy shift due to the recoil, it was not until recently that such experiments 
gave a positive result. (Moon, 1950.) The energy shift was compensated by utilizing — 
a rotor, which moved the y-source (Au!®’) towards the scatterer (Hg!) with the — 
appropriate velocity. 

In the experiments reported at the conference, the resonance conditions are 
obtained by heating the y-source to such a high temperature (about 1000° C) tha 
the Doppler-broadening of the y-line is sufficiently large to cover the energy displace- 
ment associated with the recoil. 

The width of the 411 keV level in Hg!*8 was found to be about 4-10-5eV and the. 
mean life about 2-10~1! sec. in good agreement with the results obtained by Moon. | 


L. Minnuacen, Department of Physics, University of Lund. 


High-frequency excitation of the argon spectra A I, II and III 


The spectra of argon I, II and III have been excited by means of a transmitter 
of 1 kW average power, which has been operated — both continuously and pulsed —_ 


' Report of the Conference in Valence Theory on Shelter Island, 1951. 
f P. O. Lowoin, J. Chem. Phys. /9, 1570 and 1579 (1951). 
° P. O. Lownin, J. Chem. Phys. 19, 1323 and 1396 (1951), 20 (1952) in press. 
* 8S. O. Lunpaquist-P. O. Lowp1, Arkiv for Fysik 3, 147 (1951). 
* P. O. Lowpin-A. SJ6LANDER, Arkiv for Fysik 3, 155 (1951). P. O. Léwo1n, Quarterly 
of Applied Math, 10, 97 (1952). 
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i about 9 Mc/s. During pulse working it has been found possible to increase the anode 
oltage of the transmitting valve up to 9 kV which is three times its normal value. 
oth the length and the frequency of the pulses can be varied. The transmitter has 
een constructed by Dr. L. Stiamark. 

As the pulse power increases, the intensity of the argon II spectrum rises rela- 
ve to that of argon I, as does also the intensity of A III relative to that of A II. 
ecordings have been made with a grating in the region 1900-9900 A under dif- 
rent excitation conditions. Up to about 5000 A the recordings have been made in 
1e second order (dispersion 2.5 A/mm). 

Mr. K. B. Eriksson took part in the preliminary work, 


KE Nixsson, Department of Physics, University of Uppsala. 


The excitation potential of the Ka,-lines of 26 Fe-29 Cu and a precision 
determination of Planck’s constant 


The X-ray intensity of the Ka,-lines of 26 Fe-29Cu has been recorded in the neigh- 
orhood of the excitation potential with an X-ray spectrograph with bent crystal 
nd Geiger counter. The obtained isochromates were compared with the K-absorp- 
on edges of the same elements. These were determined with a double crystal spec- 
ometer and a Geiger counter in 1939 by BEEMAN and FrigpMan.! 

In our case the resolution is mainly determined by the voltage drop of the cathode 
od the Maxwell distribution of the emitted electrons and was observed to be about 
third of a volt. The isochromates show a more detailed structure than the absorp- 
on curves. Thus the main edge is very sharp and the elements Fe, Co and Ni have 
fine structure just in front of it. An almost horizontal level close to the main edge 
terminated by a sudden intensity increase, showing the position of the low-energy 
art of the 4s band. 

If the transitions are merely dipole the mixture of the necessary p states in the 3d 
nd 4s bands cannot increase gradually towards the 4p band and as the absorption 
irves seem to indicate. The fine structure in the main edge probably corresponds to 
ansitions into the empty part of the 3d band, and the constant intensity some volts 
oove the main edge must be the result of a constant admixture of p function over 
1e entire 4s band. 

Whether the reason for the different behaivour of the absorption edges and the 
ochromates merely is the difference in the resolving powers of the two methods of 
cording, must be the subject of further investigations. 

The exitation potential V and the frequency y of the K-absorption edge are con- 
scted by the relation hy =eV. To get the correct value of V we have to add the 
ork function of the cathode to the measured voltage difference between the elec- 
‘odes.? As a preliminary result of the determination of the constant h/e we get the 
lowing values: 

26 Ke: 1.3794-10-" e.s.u. 
DECO® 137196 
28Ni: 1.3796 
29 Cut 1.8795 


Mean: 1.3795- 10-1’ e.s.u. 


ve 


W. W. Beeman and H. FriepMAN, Phys. Rev. 56, 392 (1939). 
A. Nitsson, Arkiv for Fysik 5, 130 (1952). 
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Kar Srecpann, Department of Physics, Royal Institute of Technology, Stockholm. 
Precision measurements of gamma radiation 


The development of high precision instruments for measuring nuclear radiatio a 
and the availability of strong radioactive sources have recently resulted in a sub- 
stantial gain in accuracy in the field of nuclear spectroscopy. At present it is possible 
to measure internal conversion lines and photolines from secondary converters under 
certain conditions with an accuracy of about 1 or 2 parts in 104. A set of standard- 
lines for reference purpose in B-ray spectroscopy has been established extending 
from Ho = 1388 to He = 10000. Some of these have been measured in an absolute 
way; other lines have been directly related to these. A few further lines of somewhat 
less accuracy are also available for reference purposes. In order to increase the preci 
sion, an iron-free double focussing spectrometer has been designed. The spectrometer 
is equipped with an X-ray tube which will enable a detailed study of the binding 
energies of the different electron shells at various conditions. An elaborate high 
vacuum evaporation set up to form the appropriate thin films has been constructed. 


N. G. Ssdésrranp, Department of Physics, Atomic Energy Laboratory, Stockholm. 
The influence of a cadmium sheet on the distribution of neutrons in graphite 


A theoretical and experimental investigation has been made on the influence of 
a cadmium sheet on the distribution of neutrons in a rectangular block of graphite. 
Theoretically, the problem has been treated by ““The Spherical Harmonic Method”, 
and the experiments have been performed in a way similar to the diffusion length 
measurements reported by CarLBom at the conference last year.1 Good agreement 
was found between theory and experiment. 


Hitprine SiAtis, Nobel Institute for Physics, Stockholm. 


A semicircular permanent magnet beta-ray spectrometer for photographic 
recording of conversion lines 


The instrument was constructed in order to obtain a high resolving power for 
conversion lines in beta spectra from samples, where the specific activity is high 
enough to prevent broadening of the lines. The spectrometer consists of a rectangular 
iron yoke (80 x 42 x 40 cm), in the center of which the magnetic field is developed 
between two circular iron discs. The distance between these discs is 40 mm and the 
diameter 40 cm. The pole pieces are 30 mm in thickness and form the vertical walls” 
of the circular vacuum chamber, in which the frame containing the source and the 
film or plate (19 x 270 mm) can be inserted. The magnetic induction is maintained 
by 240 pieces of so called ‘Fama 700”, an aluminium-nickel-cobalt alloy from the 
Swedish firma Fagersta. The size of the pieces is 3 x 3 x 6 em. The pieces are arranged 
in two layers, each between two iron discs of 20 mm thickness and 60 mm apart. 
The permanent magnet layers are inside the magnetization coils, which are used 
only when the remanence is to be changed. The spectrometer is kept inside a box 
equipped with a thermostat, which keeps the temperature constant (the decrease 
in remanence is 2.2 parts in 10000 for an increase of 1° C temperature). The field is 


1 L. Cartsom, Arkiv for Fysik, 5, 122 (1952). 
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asured by reading the current im and weighing the force acting on a rectangular 
il, the lower part of which hangs in the field to be measured, the upper part being 
tside the yoke. The energy of the electrons belonging to a conversion line can be 
2asured with an accuracy of 0.1 %. The smallest half width of the conversion lines 
easured in the beta spectrum of ThB is so far 1.2 parts in 10000. In agreement with 
earlier observation by G. Linpstr6m the half width of the F-line was found to 
larger than that for the I-line. For this difference the present author found the 
lue 3 parts in 10000. As is known, the F-line belongs to the K-shell and the I-line 
the L, shell. 

For the G- and H-lines, which also are K-lines, the author found a half width 
uch was again 3 parts in 10000 larger than that for the I,-line, which belongs to the 
rShell. It therefore seems to be possible that for the ThB spectrum all K-con- 
rsion lines are by the same amount broader than the L-conversion lines. It may 
that a characteristic line width belongs to each shell, this line width being larger 
r the inner shells. 


Taytor, Department of Physics, Atomic Energy Laboratory, Stockholm. 
The purification of boron trifluoride for use in neutron counters 


Fractional condensation is used, the gas being streamed at a constant rate through 
train of cold traps held at well-defined temperatures. The effects of different flow 
tes and temperatures are described, and methods are given for holding these at 
e required values. Starting with commercial cylinder gas, the process delivers up 
‘1 liter (NTP) per hour of BF, having as low electron capture as the best produced 
r the Ca F, method. 


_ WESTERGAARD, Department of Physics, Atomic Energy Laboratory, Stockholm. 


eneral considerations on the design of control and measuring equipment for 
the Swedish nuclear reactor 


An outline of the entire control system is given, together with considerations 
. the reliability of different types of equipment. Also some considerations upon 
e problem: complexity of equipment versus performance and ease of maintenance. 


SRBJORN WESTERMARK, Department of Theoretical Chemistry, Royal Institute of 
Technology, Stockholm. 


Production and properties of P23 


P33 amounting to 1.4 + 0.2 % was found in P*? preparations from Harwell. It is 
ost probably formed by the reaction S** (7, p) P33 with a cross-section of 0,03 
rns. This is in accordance with the findings of JENSEN et al.’ and of SHELINE 
al.2 This reaction is exothermic, and irradiating with thermal neutrons should 
eld pure P33. Experiments have yielded 30 % P33 (the rest being P#?) after irradia- 
yn of sulphur near the reflector of the Harwell reactor. The cross-section for the 


1B. W. Jensen et. al., Phys. Rev. 85, 112 (1952). 
2 R. K. SHELINE ef. al., Phys. Rev. 83, 919 (1951). 
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mentioned reaction was found to be 2.3- 10-3 barns for thermal neutrons. Chemica! 
experiments strongly suggest that the activity is due to a P isotope and all physica! 
evidence favours P33, — The maximum beta energy was found to be 246 + 5 keV 
No gamma quanta were found, the experimental limit being that less than 3.5 4 
of the betas is present. The half-life of P33 has been found to be 25.4 + 0.2 day: 
and of P32 14.25 + 0.05 days, but these latter results are only preliminary. A mor 
detailed publication! appears in Physical Review. 


E. Astro, Department of Electronics, Royal Institute of Technology, Stockholm 
Electrodynamics in accelerated frames of reference 


If it were possible to find a finite volume in which the gravitational potential wer 
constant, the metric — according to current theory — would be flat in that region. 
It would then be possible to introduce orthogonal, Cartesian coordinates in a four 
dimensional space. If we wish to introduce a new frame of reference, only those ar 
of interest for which each point in the new frame corresponds to only one point 1 
the four-dimensional orthogonal frame. In particular the orthogonal transformations 
of which the Lorentz transformation is a special case, satisfy this condition. A fram: 
corresponding to that, classically known as a “‘rotating frame of reference’, is als 
of a certain interest. In that case we must require, in addition to the mentioned con 
dition, that the difference between the classical and the present treatment sha 
vanish with vanishing distance to the ‘“‘axis of rotation’’. 

The latter frame is Euclidean. It is necessary, however, to distinguish betwee 
covariant and contravariant quantities. Since the special theory of relativity i 
defined in the orthogonal frame, our transformation enables us to define the cor- 
responding quantities and equations in the new frame. . 


1 T. WESTERMARK, Phys. Rev. 88, 573 (1952). 
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Communicated 25 April 1953 by Errk Hurruin and Arnr WrsTtGREN 


Reaction energy of O*(p, «)N® and the atomic 


mass of oxygen 18 


By Curt MILerkowsky 


With 16 figures in the text 


1. Introduction 


In the present paper a measurement of the reaction energy of 018 (p,«) N15 by 
neans of magnetic analysis is described. The purpose of the measurement is not 
mly to obtain a nuclear transmutation value of the mass of oxygen 18, but also 
o get new information on the following nuclear cycle: 


Be (70). "(G0 ) Ne N19) N12, O88 (a) NY 
018 (p, n) F¥8, Ne20(d,x) F18, Ne2°(d,p) Ne®!, Ne®(d,«) F2® 


- This cycle is interesting for several reasons. It leads to the fundamental mass 
lifference 2H? — He‘ and presents the possibility of checking the consistency of dif- 
erent @-measurements. In particular, it may be noted that the cycle connects the 
luorine and neon isotopes in two ways, directly by means of the reaction Ne?! (d,«) F!9 
nd indirectly by means of the other seven reactions. 

The ‘‘gap”’ between neon and fluorine was recently closed by measurements of the 
eaction energy of Ne?!(d,a)F1® (ref. 1) and of F?°(6-) Ne” (ref. 2,3). Within the 
imits of error these measurements agree as to the mass differences between neon 
md fluorine isotopes. As a large number of atomic masses in modern mass tables 
ref. 4,5) depend on this mass difference any additional information on this subject 
s of interest. One way is to measure the reaction Ne??(d,«) F?°, which is now being 
lone in this laboratory, another way is to measure O1!8(p,«)N1 as part of the cycle 
onsidered above. . 

The reaction energy of O18(p,«)N has been measured earlier (ref. 6, 7) though 
nly with an accuracy of 40 keV. The Q-values corresponding to the ground state 
ransitions of the reactions forming the above mentioned cycle, except for O18 (p,«) N¥® 
nd Ne?°(d,«)F8, have been measured by different groups using magnetic analysis, 
he probable error being 10 keV or less (ref. 1, 8-10). The reaction Ne*®(d,«) F18 has 
een measured with the photographic range method with an accuracy of 20 keV. 
ref. 11). 


2. Experimental set-up 


The measurements of the present investigation were made with the double-focusing 
pectrometer for heavy particles described in ref. 12, 13. The beam was obtained 
rom the high voltage set with analyzing magnet described in ref. 14. The general 


rrangement is shown in Fig. 1. 
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Fig. 1. General view of analyzing magnet, target chamber and spectrometer. 


The spectrometer is mounted on a table, which can be rotated, such that particles 
emitted from the target can be accepted by the spectrometer at an arbitrary angle 
9 between beam and particle direction in the region O —135°. The vacuum chamber, 
however, allows values of 6 only in intervals of 15°. The table, which carries the 
spectrometer, was made horizontal to an accuracy of better than 1 part in 1 000. 
The axis of the cone supporting the targets was adjusted to vertical direction and 
brought to coincide very accurately (0.1 mm) with the vertical axis of rotation of 
the spectrometer table. 

The target surface was vertical and was always brought to coincide with the 
above mentioned cone axis. The target backing plates were circular, ©=14 mm, 
2 mm thick. Four targets were mounted on a cube at one time, as in Fig. 2. This cube 
was eccentrically mounted on the supporting cone and could be manoeuvred under 
vacuum, such that any of the four targets could be put into position without opening 
the system. For the target cube only four definite positions relative to the supporting 
cone were used, with intervals of 90 degrees. The angular position of the supporting ~ 
cone on the other hand, was always chosen such that the angle of the target surface 
to the incident beam direction was half the angle between the direction of the emitted 
particles studied and the incident beam in the horizontal plane. This is clarified by 
Fig. 2 where these two angles are denoted by 1/2 @ and . 

The incident beam itself was adjusted in such a way that it came in horizontally, 
hitting the target surface at optimum height for the spectrometer. 

The incident beam had to pass two slits, one before the analysing magnet and 
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Emitted particles 


Incident beam 


Target cone 


ig. 2. Target cube for four targets. The cube is rotatable and eccentrically mounted, such that 
any target can be turned into position without breaking the vacuum. 


ne after this magnet. These slits could be adjusted by micrometer screws to desired 
ositions and widths (ref. 15). 

The distance from the first slit to the entrance of the bending field in the analyser 
as 0.6 7) =24 cm, the distance from the field exit to the last slit was 1.75 77 =70 cm 
he ion optics of the incident beam was in principle such that the image of the ion 
yurce came in the first slit and the image of the first slit fell in the second slit. This, 
owever, was only approximately the case. The beam from the accelerator was not 
ways focused exactly in the plane of the first slit, and the distance analyzer—second 
it was not exactly chosen according to the above-mentioned principle. This distance 
as chosen such that the slit house with micrometers would allow the spectrometer 
» be turned to backward angles. It was found that these deviations, as expected, 
ad no detectable influence on beam direction or spot position at the target. It is 
aportant here that the second slit is rather close to the target (34 cm). 


3. Experimental procedure 


The measurement of nuclear reaction energies consists of four partial measurements 
cerning the energy of the incident beam, the energy of the studied particles, the 
rgle between incident beam direction and particle direction, and the surface layers. 

The analyzing magnet and the spectrometer both have to be calibrated and this 
stermines the general procedure adopted. Very convenient for the calibration of 
.e analyzer or incident proton beam is the 873.5 keV resonance of the reaction 
19(p,a,y), being an international standard in nuclear energy measurements (ref. 16). 
he fluorine resonance has a fairly narrow line, [’ = 5.2 keV, and a very good cross- 
etion. The 018(p,«)N1 reaction has a resonance close to the fluorine resonance. 

The calibration of the spectrometer is more difficult. The emitted a-particles from 
e O18 (p, x) N!°-reaction have an energy, which is less than 4 MeV ina useful region 
angles, if the bombarding energy is 873.5 keV. Consequently no radioactive o- 
nitting standards can be used. As energy extrapolations were not desired a well- 
own nuclear reaction was preferred for the spectrometer calibration, N15(p,«) C2. 
he Q-value of this reaction has been measured independently by the MIT-group 
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and the Pasadena-group (and the Wisconsin-group), both getting within one keV 
the same value, Q@ = 4.961 + 0.006 MeV (ref. 4, 8). Both the O'* and N” target 
were produced in the same way by means of electromagnetic separation, whic 
may be favourable for the measurement. 

At a proton energy of 873.5 keV the «-particles from the reaction Ne (p, a) C1 
have an energy at § = 135° which is about the same as the energy of the «-particles 
from 018(p,a) N15 at 6 = 60°. Therefore, the experimental procedure was chosen as 
follows. 

First, the analyzing magnet was calibrated with the fluorine resonance. The 
current of the analyzing magnet was then kept constant to better than 1 part in 
4000 during all the experiment. At the end of the experiment the fluorine resonance 
was taken again to obtain a check of the constancy of the analyzing field. 

Second, the scattering edges were investigated with the spectrometer at 6 = 60°. 
The scattering was made at the proton energy 873.5 keV on four targets (fig. 2), 2 
namely the clean target backing (silver or beryllium), the fluorine target, the 
oxygen target and the nitrogen target. In this way the layers on the surfaces were 
obtained from the energy positions of the scattering edges. This method is sensitive 
at this angle since the target surface was at 30° to the incident beam, which had to— 
penetrate twice the double thickness of the layer. Electrical detection was used for 
this phase of the work. : 

Third, the oxygen-18 target was bombarded at spectrometer angle 0 = 60° with 
the same proton beam, and the «-group detected in a photographic plate. The 
spectrometer current was kept constant to better than 1 part in 3000 during this 
exposure and also during the fourth phase, without interruption. J 

Fourth, the nitrogen target was bombarded with spectrometer angle @ = 135° 
without any change in spectrometer current from the preceding bombardment, as 
was mentioned above, the «-particle-group again being registered in a photographic 
plate. 

Fifth, the scattering was done again on the clean backing and on the oxygen, 
nitrogen and fluorine targets. This was done to check whether any carbon had_ 
been shot onto the targets during the bombardments. To keep the amount of carbon 
deposited at a minimum a liquid air cooling trap was used, mounted in the neigh- 
bourhood of the target, all through the experiment. 

Sixth, the magnetic field of the analyzer was again checked by means of the 
fluorine resonance. 


r 


4 


; 


4. Production of targets 


The oxygen-18 and nitrogen-15 targets were produced by electromagnetic separa- 
tion in the Institute’s separator (ref. 20,21). Two sets of targets were finally used, 
one set on silver as backing and one set on beryllium. For the N}-targets the ion 
source was run with ordinary nitrogen and the mass-15 beam was collected in one 
beryllium and one silver plate. For the production of one of the O18-targets the ion 
source was fed with ordinary water vapor and the mass 20 beam, partly consisting 
of H,01%, was collected in a silver plate. The other 018-target was produced by using 
in the ion source water vapor, which was already enriched in 018 by a factor of 25 
so that 5% of the oxygen was 018. In this case the mass-20 beam was collected 
in a beryllium plate. This beam probably entirely consisted of Oe. 

Both oxygen targets — and also the nitrogen targets — were run in the separator 
to what was judged to be saturation. With the ordinary water vapor the mass-20 
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ent was 0.3 uA and the separation was carried on for 3 hours, ie. 1 uA hour. 

he case of enriched water vapor the mass 20 current was 1.6 uA and the separation 

» 1.5 hours, corresponding to 2.4 uA hours. 

he number of O18-nuclei per mm? in the two targets differed considerably, 

g 18 times larger in the beryllium target, as obtained from the number of «- 

icles from the O18(p,«) N™ reaction. A discussion of the target properties will be 

n in a later section of this paper. 

he enriched oxygen (5% O18 and 0.2% O17) of the water used here was obtained 

1 Atomic Energy Research Establishment, Harwell, England. The electromagnetic 

rations were made by lic. 8. Thulin. 

he fluorine targets were produced by evaporation of CaF, in an ordinary evapora- 
chamber, and the clean beryllium surface was made by evaporating beryllium 

. beryllium plate. 

hus, to sum up, we had the following targets: 


\ clean machined plate of pure silver. 

\ thin fluorine target evaporated on silver. 

)18 in silver, separated, from ordinary water vapor. 

Y15 in silver, separated, from natural nitrogen. 

\ clean beryllium surface, beryllium evaporated on beryllium. 
\ thin fluorine target evaporated on beryllium. 

18 in beryllium, separated, from enriched water vapor. 

45 in beryllium, separated, from natural nitrogen. 


5. Measurement of the angles 


s 6Q/00 is 7.5 keV per degree for O18 (p,«) at 6 = 60°, according to the formulae 
2ction 12, the measurement of the angle 0, which is the angle between the emitted 
‘icle direction and the incident beam, has to be accurate to a few tenths of a 
ree. 

he angle 6 in the present arrangement is actually obtained by measuring two 
les, y and » defined as shown in Fig. 3. @ is the angle between the incident beam 


Path of emitted particle 


if > 
7 
7. iN 
/ Bombarding beam \ 
—— a re . 
\ / 
NS vA 
— a 


— =< 


3. Schematic representation defining the angles and y. y is the angle in the horizontal 
plane, v is the angle to the horisontal plane. 
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Fig. 4. Number of particles scattered into the spectrometer, per microcoulomb of incident beam 
as a function of angle y. The peak at 180°0 represents the incident beam direction, the two peaks: 


at 61°2 and 135°3 correspond to two positions of the spectrometer, which were used in the expe 
ments. 


and the projection on the horizontal plane of the central beam of the emitted particles _ 
accepted by the spectrometer. g is the angle that is varied when the table carrying 
the spectrometer is rotated. y is the angle between the horizontal plane and th 
central beam of the emitted particles accepted by the spectrometer (ref. 13). The 
angle v is always the same independently of the value of mw. A consideration of Fig. 3 
shows that 6 is related to m and y according to the expression 


cos 6 = cos y- COS ». (1) 


The measurements of the angles y and y were made with scattered protons. The 
cone supporting the target was mounted concentrically in a second cone and the 
axis of the cones coincided accurately with the vertical central axis of the spectro- 
meter table. The second cone carried an angular precision scale and a 20 cm lon 
arm, which could be rotated in the horizontal plane around the vertical axis of the 
cones. 

For the measurement of ~ a narrow vertical slit was mounted on the end of the 
above-mentioned arm. The beam center hit the target surface at the vertical symmetry 
axis. The sht arm was now turned such that the slit came in the beam path. The 
number of protons scattered into the spectrometer was counted for several angle 
readings of the slit position. The number of scattered protons per microcoulomb of 
current passing the sht after the analyzing magnet is plotted in Fig. 4 as a function 
of the angle readings. Next, the slit arm was turned to the region of 135°, which 
was also the position of the spectrometer. The number of particles scattered into 
the spectrometer per microcoulomb of current hitting the target was counted for 
several slit arm positions, and plotted in Fig. 4. The same was again done at 60° 
The mean angle values for the three directions are given in Fig. 4 as 180°0, 13593 
and 61°2. The two angle positions y, and ~, of the spectrometer are thus 135°3 + 0°2. 
and G1 !2a0 One, : 

The angle » was measured in a similar way. Instead of the vertical slit the arm 
carried a tilted slit (60° to vertical direction) and between that slit and the spectro- 
meter was a fixed, narrow vertical slit. Thus, turning the arm meant that the very 
small hole admitting particles to the spectrometer moved in the vertical direction, 

! 


o 
= 
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. 5. Number of particles scattered into the spectrometer, per microcoulomb of incident beam 
as a function of angle ». 


responding to a change of ». The scattered particles were counted for different 
sles y and the curve obtained as plotted in Fig. 5. The measurement gave a mean 
ue of y = 5.°7 + 0.°2. 

Now, finally, we obtain the values 6, and 6, corresponding to the two spectrometer 
itions w, and q, from expression 1, with the obtained value of »: 


§,=6194+0°2 6, =135°0 + 0°2. 


\ check of the difference between the measured angles y, and ~, was given by 

periferal distance between the two spectrometer positions. This distance was 
8 : : ‘ : 
3 of the total circle periphery, which corresponds to g,— 9, =74°4 +0°2 in 
eement with the measured value within the limits of errors. 


6. Investigation of the target layers by scattering 


ll the scattering curves were taken at a proton beam energy of 873.5 keV and 
§=61°4. The scattering on clean silver and on the fluorine, oxygen-18 and 
ogen-15 targets on silver is shown in Figs. 6 and 7; the scattering on clean 
yllium, and on the fluorine, oxygen-18 and nitrogen-15 targets on beryllium 
sre the Q-measurement is shown in Fig. 8; a similar scattering on the same targets 
r the Q-measurement is shown in Fig. 9 


95 


C. MILEIKOwsKy, Reaction energy of O18 (p, «) N!° and the atomic mass of oxygen 18 


Number of E,= 76,5 keV res. 
scattered protons & =61% 
240=]° 


Clean silver 
20000 


15000 


Fluorine 
on Silver 


10000 


5000 


Energy of 
scattered protons 


850 855 860 665 870 keV 


Fig. 6. Spectrum of protons scattered from clean silver and from the fluorine target on silver 
Incident proton energy = 874.5 keV. 
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Fig. 7. Spectrum of protons scattered from clean silver, from the O18-target on silver and from 
the N'-target on silver. Incident proton energy = 874.5 keV. 


The position of a scattering edge is taken as the energy where the intensity is 
half the maximum intensity, i.e. the midpoint of the edge. 

It is to be noted, that at 9 = 61°4 the angle between beam and target surface was 
always kept about 30° in accordance with Fig. 2. Therefore, a surface layer of thickness 
t keV will slow down the proton beam by 2¢ keV and the protons scattered in the 
direction # ~ 60° will again lose 2 tkeV before leaving the surface. Thus, the measured 
edge displacements in Figs. 6-9 are actually four times the corresponding true layer 
thicknesses for protons of 873.5 keV. 


Table I gives a summary of the observed edge displacements from Figs. 6-9 and 
the corresponding layer thicknesses. 


The layer thicknesses of table I are for protons of energy 873.5 keV; for alpha 
particles of energy 4000 keV the layers are 3.7 times thicker. It should be noticed 


96 


ARKIV FOR FYSIK. Bd 7 nr 8 


E, = 875,0 keV res, 
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g. 8. Spectrum of protons scattered from clean berylli 
yllium, from the O18-target, the N'5-target 
id the F1*-target, all on beryllium, before Q-measurement. Incident proton energy = 875.0 keV. 
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scattered protons 2aG=]° 
1000 
Clean Be 
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Energy of 
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750 760 


g. 9. Spectrum of protons, scattered from clean berylliurn, from the O'*-target, the N'°-target 
d the F1*-target, all on beryllium, after Q-measurement. Incident proton energy = 875.0 keV. 


at observing displacements of scattering edges of the backing material gives 
formation on the thickness of external layers, i.e. layers on the backing. 

These layers very probably consist of carbon which was deposited during the 
paration. They are kept down to a keV or two by the use of a water cooled baffle 
tween the oil pump and the vacuum system of the separator and would probably 
further reduced if a liquid air cooling trap were used near the collector, as was 
ne in the target chamber during the Q-experiment. One gets an idea of the quantities 
matter entering into this discussion from the fact that 1 keV of carbon corresponds 
~4 ug/cm? having a thickness of ~ 150 A. 

It should be pointed out here, that one should not try to draw conclusions from 
e height of the horizontal parts of the scattering curves; the efficiency of the 
unter was not constant enough for such conclusions to be valid. 
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Table I. Summary of edge displacements and external target thicknesses during 
Q-measurements of O18 (p, «) N1® 


Position of | Displacement 


j f stork Layer 
Target Beapeerts g |jof scattering) thickness 
edge edge yi 
keV keV 
A. Silver backing 
Clean silver 865 tv) 
O18-target 861 4 1 
N}-target , 859 6 1.5 
F!*-target 861 4 1 
B. Beryllium backing 
Before Q-measurement Clean Be 783 0 — 
O18-target 775 8 2 
N?5-target 774 9 2.2 
F!9 target 770 13.5 3.2 
After Q-measurement Clean Be 783 0 — 
O}8-target 774 9 2.2 
N}5-target 773 10 2.5 
F!® target 772 11.5 2.7 


7. Measurement of the bombarding energy 


The current of the analyzing magnet was electronically stabilized to about | part 
in 1000 (ref. 14) and was further manually stabilized to 1 part in 4000 and measured ~ 
by means of a compensator-galvanometer arrangement, similar to the one described. 
im Tefal s: 

The analyzing magnet with slits is primarily an energy selecting device. As the 
slit widths did not exceed 1 mm and the field was kept constant, the energy spread 
of the beam that had passed the second slit was necessarily within the maximum 
limits +3.5 keV. The edges of the second slit are insulated and serve as a part of 
the stabilizing system for the high voltage (ref. 15): If the beam hits one of the 
edges, this signal steers the high voltage back to a value, which sends the beam 
into the slit again. This stabilizing scheme serves two purposes: it maximizes the 
intensity of the beam reaching the target, the analyzer being regarded as a selector 
and furthermore it keeps the beam in the center of the second slit, thus diminishing 
the energy spread to considerably less than + 3.5 keV. 

The fluorine resonance, which was used for measuring the bombarding energy, 
was studied with a sodium iodide scintillation counter, mounted just above the 
target, outside the vacuum chamber. The number of y-counts per microcoulomb of 
incident beam current is plotted against analyzer current in Fig. 10 for the fluorine 
target on silver, which was used in one of the Q-runs. By taking the same resonance — 
also after the Q-run a check was obtained on the analyzer’s constancy over the 
total time, which was found to be within 3 keV for the Q-measurement on the silver 
targets, and within 2 keV for the Q-run on the beryllium targets. The natural width 
at half height of the 873.5 keV resonance is 5.2 keV; the width in Fig. 10 is a little 
over 6 keV, which is due to the fluorine layer thickness of 2 keV in this case (surface 
angle 30°). 
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Fig. 10. Fluorine resonance at 873.5 keV used for calibration of analyzing magnet. The curve 
shows number of ‘-counts per microcoulomb of incident beam plotted against current of magnetic 
analyzer, measured in terms of compensator resistance. 


For the final evaluation of the proton energies in the silver and beryllium Q-runs 
a correction has to be made for the fluorine layer thickness. We therefore get 


Ep 4, = 874.5 +2 keV Hp pe 8.0.0 a2 keV. 


8. The shape of the g-particle spectra 


The «-spectra obtained from the reactions O!(p,«)N' and N'(p,«)C™¥ at the 
same spectrometer field and at the same bombarding proton energy at the angles 
9 =61°4 and @ = 135°0 are given in Fig. 13 for the run on silver backings and in 
Fig. 14 for the run on beryllium backings. Fig. 15 shows the «-spectrum from 
D8 (7,«) N45 at 6 = 135°. 

_ As both reactions have a good yield at 873.5 keV it was not necessary to use the 
full solid angle of the spectrometer. A slit in the center of the gap reduced the total 
axial aperture 240 to 1°. For these reactions the angular energy spread of the 
smitted particles due to the center of mass motion, 0/,/0 9, is about 6 keV per degree. 
Thus the energy spread of the «-particle groups due to this effect is not more than 
3 keV in the figures 11-13. The line width at half height due to target spot size, 
mperfections in the stabilization etc. would be expected to be about 12 keV (ref. 13). 
[he actual line widths are larger than would be expected from these effects alone. 

We see, however, that the «-lines taken in the 135°-direction are much narrower 
han those taken in the 60°-direction. This indicates that the line width is due to 
ayers. The beam-surface angle is 67°5 for the 135°-direction and 30° for the 60°- 
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Fig. 11. Spectra of «-particles from the reaction O18(p,a)N1® at 6 = 61°4 and the reaction 
N} (p, «) C12 at @ = 135°0. The spectrometer field and the incident proton energy, 874.5 keV, 
were the same for both spectra. Photographic detection. 10 mm of the photographic plate 

corresponds to 35.5 keV. Both targets on silver backing. 
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Fig. 12. Spectra of «-particles from the reaction O18(p,~)N' at 6 =61°4 and the reaction 

N(p,a)C¥ at @ = 135°0. The spectrometer field and the incident proton energy, 875.0 keV, were 

the same for both spectra. Photographic detection. 10 mm of the photographic plate corresponds 
to 35.5 keV. Both targets on beryllium backing. 


direction of the spectrometer (fig. 2). Thus, «-particles emitted in the 60°-direction 


will be slowed down by a certain layer twice as much as a-particles, emitted in the 
135°-direction, by the same layer. 


The widths at half height obtained for O!8(p,a)N15 and the two N15 (p,«) C2 
peaks at 135° are 17 keV, 26 keV and 35 keV, and for O18 (p,«) N15 at 60° 41 keV in 
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ig. 13. Spectrum of «-particles from the reaction O18(p,«)N! at § = 135°0. Incident proton 
nergy = 873.5 keV. Photographic detection. 10mm of the photographic plate corresponds to 
22.3 keV. Target on beryllium backing. 
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ig. 14. Spectrum of protons scattered from machined beryllium plate before separation. 6 = 135°0. 
ncident proton energy 873.5 keV. Bombardement 80 uC. Total aperture in 9-direction 246 = 4°. 
No cooling trap was used. Photographic detection. 


he case of beryllium backing and 60 keV in the case of silver backing. As the stopping 
ower of a layer is 3.7 times larger for «-particles of 4000 keV than for protons of 
73.5 keV the line widths due to layers are almost entirely caused by the slowing 
own of the «-particles. 

Now, considering the 41 keV «-line in Be, this layer would slow down protons of 
73.5 keV in the 60° direction by about 8 keV for one passage. At the same target 
,0t the slowing down of 873.5 keV protons along the same direction due to the 
<ternal layer on the beryllium was found to be 4 keV. We must therefore conclude 
iat the oxygen 18 is, in the target considered, extended to a depth, in keV, which 
mounts to more than the external layer. It seems reasonable to assume that the 
xygen 18 is distributed in the external layer and to a certain depth in the berylium 
acking, as the external layer was built up during the production of the target. 
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Fig. 15. Spectrum of protons scattered form separated O18-target in beryllium. 6 = 135°0. Incident 
proton energy 873.5 keV. Bombardment 80 uC. Total aperture in -direction, 240 =1°. Photos 
graphic detection. 


9. Scattering picture of the oxygen 18 target 


One would desire to get a picture of the target nuclei inside the backing material 
also from another approach. This is possible with scattering if the nuclei of the 
backing material are lighter than the target nuclei. It was actually for this reason 
that beryllium was chosen as a target backing. Protons scattered from beryllium 
will have lower energy than protons scattered from layers of heavier elements. 
Thus carbon and oxygen layers will cause proton peaks in an energy region where 
there is no background from the Be target backing. 

The scattering picture was taken for two cases, from a clean, machined beryllium 
plate before separation and from the beryllium plate containing the separated 
O18-target. The beam hits exactly the same spot that had been used in the measure- 
ment of the Q-value of O18(p,«)N*. The proton spectra obtained with the photo 
graphic method are shown in Figs. 14 and 15. The total apertures in 6-direction 
were 246 =4° and 246 =1°, and the incident proton energy 873.5 keV. In each 
spectrum we see the beryllium edge, the carbon-12 peak, the oxygen-16 peak and for 
the separated target also the oxygen-18 peak. 

We will not try here to go into a very detailed interpretation of these scattering 
spectra but some main conclusions can be drawn. Although the oxygen-18 peak is 
not quite resolved from the oxygen-16 peak its width at half height is seen to be 
roughly 12-14 keV. This is definitely broader than the carbon peak which is about 
7 keV broad. The width of the Be edge is about 5 keV. These lines are formed by 
protons passing the layers twice, thus the width of the O18 for one passage of 700 
keV protons would be about 6-7 keV. This corresponds to a layer of 20 keV for a 
particles of 4000 keV (ref. 19) still at 6 = 135° and to 40 keV at 6 = 60° (surface | 
angle 30°). This is in agreement with the obtained line widths in the preceding — 
section, 17 keV and 41 keV. 

One curious thing may be mentioned here. In the scattering peak of oxygen 18 
there is a small bump about 5 keV below the main peak, denoted by a dashed line — 
in Fig. 15. The same structure is found in the «-peak of Fig. 13, where there is a 
bump 8 keV below the main peak. Taking into account the relative stopping cross 
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ctions for protons and alphas of these energies and the twofold proton passage in 
le scattering we find that the bumps and their positions both are explained, if we 
ssume the target to be a double layer with a layer spacing of 2.5 keV for Srorone 
| 700 keV. 

The scattering picture also gives a rough estimation of the number of nuclei 
rming the layers. From the number of tracks in the carbon peak (75 000) of Fig. 15 
om the number of microcoulombs (80) in the bombardment, from the solid angle 
nd the experimental cross section for proton scattering on carbon (ref. 20) the 
umber of carbon nuclei in the surface layer is calculated to 2.6 x 1017 C!2 nuclei 
er cem?. This corresponds to a stopping thickness of 2.5 keV for protons of 700 keV, 
hich is in agreement with the thickness of the external layer, discussed in section 6. 
As to the number of O!8-nuclei in the target we can proceed in the same way. 
ere, however, we do not have any experimental value of the scattering cross 
ction, so we have to use the Rutherford scattering formula, which may be wrong 
y a factor of 2 or 3 because we are in the neighbourhood of a resonance. We obtain 
x 1027 O18 nuclei per cm?. 

From the total of «-tracks of the O18(p,«)N1 reaction (Fig. 12), 16 000 tracks at 
30 uC bombardment, and from the number of protons in the scattering peak (Fig. 
»), 27 000 tracks at 80 uC bombardment, we obtain the ratio of the reaction cross 
ction at 60° to the scattering cross section at 135° as 0.049. 

The number of tracks in the «-peak of Fig. 13 indicates a smaller cross section 
yr the O18(p,«)N?* reaction in the 135° direction, by a factor of 5, which might 
2 due to a strong angular distribution. 


10. Evaluation of the ¢-spectra 


In the evaluation of «-spectra from nuclear reactions there is a choice between 
fferent methods of reading the peaks. One may take the energy values from the 
sitions of the peak maxima or from some part of the high energy edge. What 
ethod to choose in a given case depends on which are the most important of the 
any factors contributing to the peak shape, such as source size, layer stopping, 
gular energy spread due to the motion of the center of mass, aberrations etc. 
Then the predominant factor determining the line width (say for instance the 
iular energy spread at full solid angle) is symmetric with respect to the correspond- 
g experimental parameter determining the line position (in this example @) one 
ould prefer to use the peak maxima for defining the line positions, and make 
scessary corrections for other parameters (for instance layer corrections.). 

In the present case the predominant cause for the line width is the target layer. 
ere we do not have the symmetry conditions and prefer to use the high energy 
ize of the lines, extrapolated as a straight line to zero. This seems to be justified 
> the fact that we are interested in the difference of the position of two reaction 
groups. The angular energy spread is small in the present case, because we have 
stricted the axial aperture angle to 1°, and it is very nearly the same for both 
actions, namely 6.1 keV and 5.5 keV. The aberration width 1s also small and the 
me for the «-groups from both reactions. The layer thicknesses are about the 
me but cause different stopping because of the different angles of emission. Thus 
e important thing is to get rid of the layer effects; this 1s best done by a straight 
1e extrapolation to zero. The statistics of the peaks in Figs. 11 and 12 is thought 


be sufficient for applying this method. 
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The position differences as measured in this way from the two independent run 
on silver backings and beryllium backings in Figs. 11 and 12 are 8.0 +2 mm an 
8.5-+1.5 mm, corresponding to the energy differences 27 +7 keV and 30+5 keV 
Here we have used the dispersion from ref. 13, which gives 10.0 mm in the plate = 


= 35.5+2 keV at 3980 keV. 


11. Calculation of the Q-value from the measured quantities 


The Q-value of O18(p,«)N is calculated in the following way: the energy of the 
a-particles from N15(p,«)C!2 is calculated; the energy difference obtained from the 
spectra is subtracted; the Q-value is calculated. This is done with the appropriate 
experimental corrections and with relativity corrections. 

If M,, M,, M, and M, are the masses of the target nucleus, the bombarding 
particle, the emitted particle and the residual nucleus, respectively, if H, and EF, 
are the energies of the bombarding particle and the emitted particle, and if 0 is the 
angle between the directions of the incident particle and the emitted particle, non- 


relativistic expressions for HZ, and Q can be written as (ref. 21) 


an MMe M M,—M M,M 
E peahie 1 Py E : 3 3 1 1 2 2 ; 
VB, M,+M, PEt ,+M,°'M,+M, (+o 
M,+ M, MoM 

= E,— -H,—26 cos 0 3) 
?" Uiaee Slt ae Oe (3) 

where 

/M,M,E,E 

c= 7 ; 1 2 (4) 


In these expressions the nuclear masses are to be used, not integer mass numbers. 

Three different relativistic effects enter into an experiment of the present type, 
namely in the determination of the incident particle energy, in the determination 
of the observed emitted particle energy, and in the dynamics of the reaction. In 
the present investigation the first two effects do not appear in the calculations 
because of the calibration methods used. The third effect is taken into account by 
replacing the masses M by effective masses M¢; according to (ref. 21). 


E 
Men=M+>3° (5) 


In this way we obtain from the two independent runs the Q-value of the reaction ' 
O18 (p, a) N15 
Q = 3.963 + 0.011 MeV Q =3.959 +0.009 MeV. 


We adopt the mean value - 
Q =3.961 + 0.009 MeV. 
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12. Probable errors. 


‘he probable errors of the different measurements have been discussed in the 
ceding sections and are summarized in table LT: 


Table II 
ee ee ee ee ee 


Probable errcr 
Source of error 


Silver run | Beryllium run 


ELOUOMSONere Viet een ine ee 2 keV 2 keV 
Statistical error of H, ..... 7 keV 5 keV 
Angle of observation ..... 0°22 0°22 

Q-value of N15(p,%)C#2 . . . . 6 keV 6 keV 


‘o et the probable error in £, we reduce the errors to BE, by means of the 
nulae 


0B, M,—M,+(Mye/E,) cos 0 


0H, M,+M;—(Mye/E,) cos rye for N¥*(p, a) C (6) 
OH, _ 2 Mge sin 0 - 
06 M,+M,>(M,s/#) cos 0 5.6 keV for N (p, a) C12 (7) 
OF, M, 

0Q M,+M,—(Mge/E,) cos 970-72 (8) 


Ve obtain a total error of E, for the «-particles from N!(p,«)C!2 which is 4.5 keV 
ore the statistical error is taken into account. The statistical error and the disper- 
) error are accounted for in the error of H,(N15)—E,(O}8). The total error of 
for O18(p,«) N15 is thus 8.3 keV in the silver run and 6.7 keV in the beryllium 
. We now reduce these errors and the experimental errors of table II to Q to 
ain the total error in the Q-value of O18, This is done by means of the formulae 


30-2 MMe ce 


= = 18 715 
aE, B, cos 6 1.1 for O'8(p, «) N (9) 
eg g2tiM, €é f 18 
M,+M Re Wai. eae 10 
aE, : Tee do tor. 0)? (pyc) (10) 
pu 2e sin 0=7.5 keV/degree for O18 (p, «) N& (11) 


060 


‘he total probable error 4Q in the Q-values is now given by 


Pan) (ean) Ear) 
= eres ; A A 
AQ V (2242, bee Adis |e a6 
re AE, and A@ here are the experimental probable errors of B, and @ and AF, 
he total error in F,, given above for the two cases. We obtain a total probable 
r of the Q-value of the reaction 018(p,x)N!° of 11 keV and 9 keV for the two 


pendent runs. 
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13. The atomic mass of oxygen 18 


From our Q-value of 018(p,«)N we calculate the mass of O18 using the atomi 
masses of H!, D? and N5 from nuclear data, namely (ref. 4): 


H! = 1.008142(+ 3) amu 
Het = 4.003873(+ 15) amu 
N® = 15.004863(+ 12) amu 


With 1 amu = 931.152 MeV we get the following value: 

Atomic mass of O18 = 18.004848 + 0.000022 amu. 

The largest contribution to the probable error in this value comes from the un- 
certainty in our knowledge of the He* mass. 


The present Q-value is in agreement with earlier measurements in the Cavendish 
Laboratory, which gave Q = 3.96 + 0.15 MeV (ref. 22), @ =3.97 + 0.05 MeV (ref. 6) 
and Q = 3.96 + 0.04 MeV (ref. 7). The atomic mass of O18 obtained from the present 
work is somewhat lower than Ewald’s mass spectroscopic value 18.004875 + 0.000013 
(ref. 23) and Ogata’s msp value 18.004883 + 0.000020 (ref. 24). The difference — 
between our mass of O!8 and the msp values, 27 and 35 uMU resp., is perhaps” | 
not surprising in view of the fact that Ewald’s and Ogata’s msp values for N!° are | 
considerably higher, 65 and 39 uMU resp., than the nuclear reaction value for N1. 

The nuclear reaction cycle connecting the neon and fluorine isotopes which was _ 
discussed in the introduction is schematically represented in Fig. 16. The reactions are: 


14. Discussion of results 


(DR 2\(pra Or Q, =8.124+0.007 adjusted (ref. 4) 
(2) OFS rayne" Q, =3.116 + 0.009 » | 
(3) N14(d,p)N1 Q, = 8.608 + 0.007 » | 
(4) O18 (p,«) N15 Q, = 3.961 + 0.009 experimental | 
(5) O18 (p,n) F18 Q; = 2.453 + 0.002 » 
(6) Ne?°(d,«) F18 Q, =2.78 +0.02 » 
(7) Ne*°(d,p)Ne? Q, = 4.529 + 0.007 » 
(8) Ne*#(d,o) P29 Q, = 6.432 + 0.010 » 


We obtain the mass difference 2H? — He! from the cycle by taking (1) + (2) + (3) — 
PAE) (dD) = (Gla TS): 


2H? He* = (7 PH) (Or 0. Oe Qs + QM, + Qs) — (Qa + Oe): | 


Fig. 16. Representation of nuclear reaction cycle containing O18(p,a«)N®, 
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in + Ht — H? = 2.225 + 0.002 from ref. 4 we get 
2H? — He4 = 23.840 + 0.029 MeV. ' 


1is is In agreement with the weighted mean of 2H? — He! = 23.834 + 0.007 MeV 
is obtained from several nuclear cycles in the region of very light nuclei (ref. 4). 
agreement shows the consistency of the Q-values entering into the cycle con- 
red. It seems to be justified to use the cycle to get additional information on the 
s differences between neon and fluorine isotopes. This is done by calculating 
Q-value of Ne?!(d,«)F!® as expected from the Q-values of the reactions (1)-(7). 
h n + Ht — H? = 2.225 + 0.002 MeV and 2H? — He! = 23.834 + 0.007 MeV from 
4 we calculate Q = 6.426 + 0.028 MeV for Ne2!(d,«)F19, which is in agreement 
the observed Q = 6.432 + 0.010 MeV of this reaction (ref. 1). 

hus, the present Q-value of O18 (p,«) N™® confirms the mass differences between 
1 and fluorine isotopes as obtained with the reaction Ne?! (d,«) F!® and the 
ansitions F?° (6~) Ne? 
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Gamma-rays, X-rays and bremsstrahlung from Tm” 


sources 
By K. Lipén and N. Srarre.t 


With 5 figures in the text 


Summary. The spectral distribution of the electromagnetic radiation from a thin 
‘m?”° source placed between Tm radiators of various thickness has been investigated 
sing a scintillation spectrometer. The experimental results have been used in a 
alculation of the relative intensities of the y-rays, the x-rays and the brems- 
trahlung from homogeneously activated Tm?!” sources. The calculated distribution 
f the radiation from a Tm!” source, 1.0 g/cm?, shows good agreement with experi- 
nents. With a Tm?” source, 150 mg/cm?, the intensity of the continuous external 
remsstrahlung excited by the 6-particles in the source, amounts to 29% of the 
otal intensity. With 1.0 g/cm* the spectral composition is 10% 84 keV y-rays, 
7% Tm+Yb K x-rays, and 43 % bremsstrahlung. 


1. Introduction 


Under certain circumstances the bremsstrahlung from y-sources and the x-rays 
rom absorption and ionisation processes within the source may be of special inter- 
st. This is especially the case for high 6-energies, thick sources, and elements with 
igh atomic numbers. Furthermore, if only a small part of the decays are followed 
y emission of y-quanta and internal conversion electrons, the above mentioned 
adiation may give an important contribution to the y-radiation. Therefore, in at- 
empts to produce monochromatic y-ray sources these facts may play an important 
dle. 

Previously it has been shown (Lip#N-STARFELT 1953 a) how, in addition to the 
ontinuous bremsstrahlung, 6-rays excite K x-rays especially from elements of high 
tomic number. Recently the interest in monochromatic, soft y-radiation for special 
xedical and industrial applications has increased. MAyNEoRD (1952) and West 
1953) discuss in detail the possibilities of using Tm” for such purposes. A possible 
isturbance by the bremsstrahlung is noticed but is not treated further from lack 


f experimental data. 
2. The radiations from Tm!” 


A detailed investigation of the disintegration of Tm?” has been performed by 
traHam et al. (1952). They also give a complete list of earlier measurements. Tm”? 


ecays with a half life of 127 days by -emission. 76 % of the disintegrations proceed 
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Table 1. Wavelengths 4 (X. U.) (LANDoLT-BoOrnsTEIN 1950) and quantum energie 
E (keV) of Tm and Yb K x-rays. 


Xe | hy | Bs | B, | Bs | K-edge 
TS ee Ee 
Wan, 2h 248.61 243.87 215.58 214.87 209.8 208.5 
HE: 49.79 50.76 57.42 57.61 59.0 59.4 
{ 
Yb a: 240.98 | 236.28 209.16 208.34 203.22 201.6 | 
E: 51.37 | 52.39 59.18 59.42 60.91 61.4 


directly to the ground state of Yb!” with a ®-ray energy of 968 keV. The other 
6-component with the energy 884 keV proceeds to the ground state of Yb1”° via an 
excited state emitting 84.1 keV y-rays or internal conversion electrons. The con- 
version coefficients are (GRAHAM et al.) ox = 1.6, o, =4.1 and ay =1.2. Thus 3.2% 
of the disintegrations give 84 keV y-rays, 5.1% Yb K x-rays (Table 1, mean energy 
K,, Kg: 54.1 keV) and 17% Yb L and M x-rays with energies less than 10 keV. 
Furthermore, there is a weak continuous y-spectrum, the internal bremsstrahlung, 
the largest intensity of which is in the low energy part of the spectrum. Some ob- 
servations of y-lines with higher energies than 84 keV, not found by Grauam et al., 
may be caused by the bremsstrahlung. 

For a thick source, the composition of the emitted electromagnetic radiation is 
modified. Continuous bremsstrahlung is excited by the 6-radiation. Photoelectric 
absorption in the source of bremsstrahlung quanta and of 84 keV y-quanta result 
in emission of the K x-rays of Tm (Table 1, mean energy K,, Kg: 52.9 KeV). K x- 
rays are also emitted by Tm atoms, ionized by the (-rays. 


3. Apparatus and measurements 


To predict more exactly the composition of the radiation from various Tm27 
sources we have investigated the spectral distribution of the electromagnetic radia- 
tion from a thin Tm?” source sandwiched by two inactive Tm,O radiators, the 
thickness of which have been varied. 

The investigations were performed with a scintillation spectrometer using a Nal 
(Tl) crystal 16 x 16 x 16 mm in conjunction with an E.M.I. 5311 photomultiplier 
and a single channel differential discriminator. The mounting of the thin Tm!” 
source between the Tm,Q, discs (area 0.50 em?), the collimator and the crystal are 
shown in Fig. 1. The spectrometer has been calibrated using the following y- and 
x-ray lines: Hg? 280 keV, Cel! 145 keV, Tm!” 84 keV and Yb K x-rays 53.5 keV. 
The Yb K x-ray peak value has been calculated from the Gaussian distribution of 
K.,, Ke,, Kg,,, and Kg, lines using the relative intensities 100 : 50: 35:15 and the 
actual resolving power. The measurements are corrected for crystal efficiency; the 
correction for the Compton electrons had no appreciable effect on the distribu- 
tion. In Fig. 2 the total absorption, the theoretical and the effective photoelectric 
absorption in the actual crystal are represented. The latter has been determined by 
investigation of the photo- and Compton electron spectrum of the y-lines Hg?0 
280 keV, Au!’ 412 keV, Cs!8? 662 keV and Rb8* 1080 keV (Liptn-SrarFE.t 1953 b) 
Throughout the paper we have used absorption data from Wuuirr (1952) 


. 
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Fig. 1. Source and radiator mounting; detector part of the spectrometer. 
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Fig. 2. Crystal efficiency. 


4. Results 


Fig. 3 (a) shows a plot of the spectrum from the thin Tm!” source without Tm,03 
adiators. Since one knows the K x-ray escape factor for the crystal, the K fluores- 
sense yield of Yb and the Gaussian distribution of each single y-ray and K x-ray 
ine it is possible to calculate the K-conversion coefficient, «x, of Tm!” 84 keV from 
she diagram, corrected for the internal bremsstrahlung. This radiation was measured 


Asi 


K. LIDEN, N. STARFELT, Gamma-rays, X-rays and bremsstrahlung from Tm” sources 


x 

= 

o 
ao 


Counting rate (counts per minute) 


T i Tae UX = 
4 
a 
$ Tmo thin source 
2 
0 = = 
5 b 7 
30 mg/em@ tm +1m'? source + 370 mg/cm? Tm 
70 2 


30 mg/cm? Tm +T source + 30 mg/cm Tm 


75 mg/em@ Tm + ™m?0 source + 75 mg/em? Tm 


151 mg/cm? Tm + tm? source + 151 mg/em? Tm 


343 mg/cm? Tm + tm source + 343 mg/em2 Tm 


0 a aby = n =i = i 
0 50 100 150 200 250 


Energy (keV) 


Fig. 3. The measured spectral distribution of the y-rays, x-rays and bremsstrahlung from (a) 
a thin Tm! gource and (b)—(e) Tm? surrounded by Tm,0, radiators. Above 100 keV the 
curves are corrected for crystal efficiency. The dashed curves represent the radiation from the 
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serimentally above 100 keV; the distribution obtained was extrapolated to lower 
srgies through comparison with the internal bremsstrahlung from Ra E (Mapan- 
y, Raserti 1951). Our result, «x = 1.56 + 0.15, agrees with that of Granam et al., 
= 1.60 + 0.15, and McGowan (1952), «ox =1.5 + 0.2, obtained with thin sources. 
The other curves in Fig. 3 show measurements with 30, 75, 151, and 343 mg/cm? 
" radiator, in the shape of Tm,0, discs, placed on each side of the Tm!” source 
t mentioned. The dashed curves in Fig. 3 show the primary radiation from the 
vce after attenuation in the respective radiators. (The absorption data of Tm 
ve been graphically interpolated from Wuire’s data for Sn, I, W, Pt and Pb). 
e pe ierence between the two curves must consist of bremsstrahlung and K x-rays 
m Tm. 
From each diagram, the intensity of the bremsstrahlung with energy higher than 
keV and the intensity of the Tm K x-rays + the bremsstrahlung between 30 and 
keV are calculated. The radiation spectrum from a homogeneously activated 
at”? source may be considered as consisting of the following four components: 
n170 84 keV y-rays (A), Yb K x-rays (B), Tm K x-rays + bremsstrahlung 30-85 
V (C), and bremsstrahlung above 85 keV (D). The mean quantum energy of the 
smsstrahlung above 85 keV, calculated from the measured spectral distributions 
150-160 keV. This value is found to be almost independent of the source thick- 
is 
[f we assume a cylindrical source divided into thin layers, perpendicular to the 
is, the total radiation in the direction of the axis may be obtained by taking the 
n of the contributions from all the layers. To investigate as accurately as possible 
» variation of this contribution with the position of the layer, the above men- 
ned measurements have been supplemented by measurements with a thin radiator 
the direction of the detector and a thick radiator on the other side of the Tm!” 
irce. The intensities of the four components are then represented in Fig. 4, where 
1170 84 keV without radiator is put equal to 100, and the intensities of the other 
nponents are normalized on the basis of this value. On the curves (C) and (D) in 
y. 4 the points at zero and 30 mg/cm? are measured with the radiator combinations 
0 + 370 mg/cm? and 30 +370 mg/cm? respectively. The other points on these 
rves represent measurements with identical radiators on both sides of the Tm?!” 
irce. There are no experimental points in the region above 343 mg/cm?. Here the 
ype of the curves is determined only by the absorption in the source and thus 
xy may easily be extrapolated from the experimentally determined parts of the 
rves, 
from the diagram, the intensities of the different radiation components of a 
ck homogeneously activated source may be calculated by integrating the curves 
er the whole thickness of the source. 
The curves (C) and (D) of the diagram are based on measurements of certain 
tinct radiator combinations, each of which corresponds to a certain homogeneous 
170 source. However, investigations have shown that the emission of the principal 
rt (> 90%) of the components (C) and (D) takes place within 75 mg/cm? from a Tm 
er, For instance, the radiator combinations 75 + 75 mg/cm? and 75 + 370 mg/cm? 
pectively give the same intensity within the experimental error both for (C) and 
(D). This fact shows also that the above mentioned extrapolation of the curves 
1inst larger source thickness is allowed. In calculating the WCE of the 
nponents (C) and (D) for a homogeneous Tm‘ source thicker than 150 mg/cm? 
curves are valid without restrictions except in the back region of 75 mg/cm?. 
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Fig. 4. The relative intensities of the radiation components, (A) 84 keV y-rays, (B) Yb K x-rays 
(C) Tm K x-rays + bremsstrahlung 30-85 keV and (D) bremsstrahlung above 85 keV, plotted 
against the radiator thickness. 


For the end layer (75 mg/cm?) in the direction of the detector, (C) and (D) are valid 
because the points at zero, 30 and 75 mg/cm? are measured with a back radiator 
larger than 75 mg/cm?. In using the curves (C) and (D) a small correction has to 
be made for the contribution from the end layer of 75 mg/cm? on the back of a thick 
source. At the back surface of the source half the intensity of the radiation, the 
B-rays as well as the y-rays, x-rays and bremsstrahlung, escapes from the source 
In this back surface layer considered as a radiation source, only half as much of 
the components (C) and (D) is created as in a radiating layer with more than 75 
mg/cm? Tm on both sides. The correction of the curves (C) and (D) for the back 
75 mg/cm? of a source with d mg/cm? total thickness is performed by taking the 
relative intensity at the thickness d equal to 59% and 53 % of the value on the 
curve (C) and (D) respectively. From this point a curve is drawn which is fitted to 
the original curve at (d—75) mg/cm?. 

In Table 2 the relative intensities of (A)-(D) are calculated for some different 
cylindrical sources with equal diameters and equal specific activity. As a comparison 
the same components for a thin source are also given in Table 2. In this case (C) 
and (D) consist of internal bremsstrahlung. From the table it appears how rapidly 
the continuous bremsstrahlung above 85 keV (component (D)) increases with in 
creasing source thickness, compared with the 84 keV y-rays [component (A)]. From 


mr 
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ble 2. Relative intensities of the radiation components A, B, C and D from 
homogeneously activated Tm! sources, having the same specific activity. 


Source-thickness 

same! 5] | © | > 
150 100 165 201 100 
300 141 268 366 210 
600 164 362 517 370 
1 000 167 391 566 507 
0 | 100 | 142 | 20 | 9 


ble 3. Percentage contribution of the components I, I] and III to the total 
radiation from Tm!” sources. 


eouoeneine ss I | It | It 
mg/em 
150 18 no 29 
300 14 52 34 
600 12 50 38 
1 000 10 47 43 
0 ol | 52 | iil 
x10° 
7 TT SS St 


Counting rate (counts per minute) 


‘a 1 = 
az 150 200 250 


0 a 400 
0 20 Energy (keV) 


5. The experimental spectral distribution of the y-rays, x-rays and. bremsstrahlung from a 
nogeneously activated Tm source, 1.0 g/em®. (Above 100 keV the curve is corrected for 
crystal efficiency.) 
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a previous investigation of x-rays excited in lead by the $-radiation from P*® (Lipa 
SraRFELT 1953 a), the contribution of the Tm K x-rays to component (C) is esti 
mated to be at least 2/3. On this basis Table 3 has been calculated. Here the intensity 
of the 84 keV y-ray (I), Yb + Tm K x-rays (II), and the continuous bremsstrahlung 
above 30 keV (III), respectively, are given in per cent of the total intensity. 

As an illustration of the usefulness of the above given method of calculation, we 
have compared the measured spectral distribution (Fig. 5) from a homogeneously 
activated Tm17 source (1.0 g/cm?, diameter 5 mm) with calculated values of 
the components (A), (B)+(C) and (D). Fig. 5 gives (11+2)%, (58 + 3) % and 
(31 +2) % for (A), (B) + (C) and (D) respectively, while the calculation from Fig. 4 
gives 10 %, 59%, and 31 %. 


5. Conclusions 


From this investigation it may be concluded: 

a) With increasing source thickness the contribution to the total radiation inten- 
sity from the Tm!” y-line, 84 keV, decreases rapidly. (Table 3.) 

b) The simultaneous decrease of the intensity of the Yb K x-rays is compensated 
by the creation of Tm K x-rays (Table 3). 

c) The continuous bremsstrahlung increases strongly with increasing source thick- 
ness. At 1000 mg/cm? it reaches an intensity which is almost as high as the intensity 
of the K x-rays from Yb +Tm. The mean quantum energy of the bremsstrahlun 
above 85 keV is about 150 keV, almost independent of the source thickness. 

d) A similar distribution to that of Tm”, 0.5-1.0 g/cm?, for the K x-rays and 
the bremsstrahlung, may be obtained from a P*? (or Sr®°) + 500 mg/cm? Pb radiator 
(LipEN-STARFELT 1953 a). 


o 
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Communicated 13 May 1953 by M. Strepann and G. Borenrus 


Reaction energy of Ne“ (d,)F* by magnetic analysis 


By Curt MILEIKowsky 


With 2 figures in the text 


I. Introduction. 


The reaction Ne?°(d,«)F!8 is a member of the important nuclear reaction 
ycle (ref. 1, 2). 


Fg (p, a“) O16, (16 (d, a“) iIN*= NW (d, Dp) INES O18 (p, “) N15 
018 (p, n) F'8, Ne20(d, a) F8, Ne2°(d, p) Ne®t, Ne® (d, «) F! 


All the other reactions in this cycle are measured accurately by magnetic 
nalysis or threshold experiments (ref. 2, 4, 5, 6, 7) and it was regarded desirable 
> measure also Ne?°(d,«)F!® by magnetic analysis. Ne?°(d, «) F!8 has earlier 
een measured by Middleton and Tai with the range method (ref. 3). 


2. Experimental set-up and procedure. 


For this experiment the Cockcroft-Walton accelerator (ref. 8) of the Nobel 
nstitute was used together with the nuclear spectrometer for heavy particles 
ef. 9,10). The experimental set-up utilized was described in ref. 2. Five dif- 
rent targets were mounted on the rotatable target carrier, namely 


Thin fluorine on silver backing 
~ Aluminum evaporated on aluminum backing 
Beryllium evaporated on beryllium backing 
Thin Ne2-target electromagnetically separated on silver backing 
Thin O16-target oxydized on silver backing. 


SUS oo bo 


The calibration of the bombarding beam was made with the fluorine resonance 
r protons. Protons of 873.5 keV were then scattered from aluminum and the 
attering edge was taken with electric detection in the spectrometer. The 
yectrometer field was kept at the value corresponding to the Al (p, p) scattering 
Ize. A deuteron beam was now scattered into the spectrometer from the be- 
lium target and for the analyzing magnet a field was chosen such that the 
suterons from the Be®(d,d) edge could be detected in a photographic plate. 
hus the deuteron energy was known and this field of the analyzer was kept 
stant during the experiment. After the experiment this calibrating procedure 


as repeated. 
Li 
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a) F resonance b) Al (p, P) c) Be (d,d) 
Counts ae Number 
vne 8uC of tracks 
10 keV 10 keV 


2000 1000 500 


1000 500 


1950, 1960 1970 ohms 71,0 71,5 ohms 20 40 60 80 mm 


‘ 


Fig. 1. Calibration of the deuteron beam. a) The fluorine resonance for protons at 873.5 keV. 

The curve shows the number of y-counts per 5 uC of bombarding proton beam as a function 

of compensator reading of the analyzer field. b) Spectrum of scattered protons from Al. 

Ep =873.5 keV. 6=135.0°. Electrical detection. c) Spectrum of scattered deuterons from Be. 
6 =135.0°. Photographic detection. 


The different phases of one of these calibrations of the deuteron beam energy 
are illustrated in fig. 1. The calibration of the spectrometer field used in the 
measurement of the ground state «-group from Ne??(d, «) F1®8 was performed by 
means of the proton group corresponding to the ground state transition of the 
reaction O16 (d, p) 017. The proton group was taken at 6=61.4° and the a-group 
at 135.0°. For details of the angle determination see ref. 2. Both groups were 
detected in Ilford photographic plates (50 » thick, 1x3’) and the individual 
tracks were counted. The alpha and proton spectra are shown in fig. 2. 


3. Results 


Evaluating fig. 1 we use the mid-points of the fluorine resonance and of the 
aluminum and beryllium scattering edges. We find that the deuteron energy of 
the beam was 856 keV and we take the error as +8 keV. If the error of the 
deuteron energy is 4H,, then the error in the Q-value 4Q, caused by A Fy, is 


given by. 
OH og oQ 
10-18. (FF) (Fi)am” (SEs aon 
Q ale or \O Ey] nero 0 E,) nex 


Thus the error in the Q-value due to the error +8 keV in the beam energy 
is +4 keV (ref. 11). 

Kvaluating fig. 2 we find that the peak positions have a distance of 2.5 mm 
corresponding to 6+4 keV. The error is +5.5 keV referred to Q. The Q-value 
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Number of 
Particles Protons from 
Od p)O” 
-\ 
100 ae 
& -particles 


a 


from Ne (dol) 


50 


mm 
inthe 
“OMS OMOON7O SO plate 


g. 2. Spectra of alphas from Ne? (d, «) F18 at 6=135.0° and protons fron O16 (d, p) Ol? at 
6=61.4°. Deuteron energy 856 keV. 10.0 mm in the plate corresponds to 23.0 keV. 


the calibrating reaction O1(d,p) O17 is known with a probable error of 
5 keV. The angles are measured to +0.2°. 

Using nuclear masses and relativistic corrections (ref. 11) and taking into ac- 
unt the difference between the proton and alpha energy scales, 6,9 %o, we obtain 


Q =2.791 + 0.009 MeV. 


This value is in agreement with Middleton and Tai’s photographic range 
ilue 2.78+0.02 MeV. From the nuclear cycle mentioned in the introduction 
e can calculate the fundamental mass difference 2 H?— Het using the accurately 
10wn Q-values and the known mass difference n + H!— H?= 2.225 +0.002 MeV. 
Te obtain 2 H?— He*= 23.829 +0.022 MeV in good agreement with the weighted 
ean of 2 H?— Het=23.834+0.007 MeV that is derived from several nuclear 
rcles in the region of very light nuclei (ref. 12). This demonstrates the con- 
stency of the Q-values in this cycle. 
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ee ee ee ee ae ee 
Read 23 April 1952 


Some remarks on the role of overlapping in the X-ray 
scattering by crystals 


By I. Warr and S. O. Lunpevist 


With 1 figure in the text 


It has usually been assumed that the scattering of x-rays by crystals can 
- calculated from the /-factors for free atoms. The results have in many cases 
en in agreement with the experimentally determined structure factors. Some 
‘viations from the theoretical results have however been reported by several 
‘ters. The effect of bonding and overlapping was considered by Ewaup 
id HON? in an investigation of the “forbidden” x-ray reflections in diamond. 
e shall here consider the effect in a first approximation of the overlapping 
tween neighbouring atoms or ions in a crystal consisting of atoms or ions 
wing complete electron shells. Analogous calculations can be made in the case 
other types of binding. 

The structure amplitude F,x. is for sufficiently hard radiation given by the 
tegral ? 


Prax e&*'o(r)dr. (1) 


k,l are the Millerian indices of that crystal plane from which we observe 
e reflected radiation, o(r) is the charge density in units of the electron charge 
sin 6 
A 
e wavelength of the incident radiation and m denotes a unit vector normal 
the crystal plane (hkl). 
The wave function Y for the N electrons in a crystal consisting of atoms 
ions with complete electron shells is taken in this approximation as the 
ater-determinant of one-electron functions 


fined by (2) for a general ¥, x=4a n where @ is the glancing angle, A 1s 


P= det pn (ai)} 


rere the y,(x) are suitable chosen atomic wave functions, e. g. solutions of 
e Hartree-Fock equations for free atoms or ions. The index m then refers to 


1 e.g. Britt, HERMANN, PETERS (1939), Jamus, JoHnson (1939), FRANKLIN (1950), BRILy 


50). 
2 Ann. Phys. 25, 281 (1936). 
$7. Water, Zs. f. Phys. 61, 213 (1928). 
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an electron in a certain orbital yw’ and in a definite spin-state 7 associatec 
with an atom or ion at a certain lattice point G. The given atomic way 


functions are written 
Pu (a) = pur (7) Oje- 


The charge density is given by 
> [PtP dt: --dty 


eta) s. fP* Pdr: --dty 


the sign f dz; implying summation over the spin coordinate ¢ and integratio 
over the space coordinates. Performing the integration in (2) and using wel 
known theorems about determinants we get the following expression for g(r): 


o(r) = 2B Pur ys (a) vp (2) (3, 

Here Pyy= Ott, A is the determinant 
A=det {Sy} (4 
where S,, are the overlap integrals 
Suv =S Yu (2) py (x) dt (5 


and A,, is the cofactor associated with the element (u,v) in A. After summa 
tion over the spin variable € we get 


o(r)= 2 Tur y(r) Yn (Tr) (6 


where contributions are obtained only when uw and y refer to electrons wit 
the same spin. Inserting the expression for the charge density (6) into (1) we ge 


Prit= 2 Pur SE* "po (r) pale) dr (7 


From (7) the structure factor referred to the unit cell can be obtained in th 
usual way by separating the phase factors of the different cells. 


As an example of the effect of overlapping we have calculated F%°! for the 
lithium hydride crystal under the assumption of complete ionisation, that is, 
each ion is supposed to have two electrons each in an |s-state with opposite 
spins. As it is impossible to say to what extent this assumption is fulfilled, — 
the results are only intended to give an estimate of the order of magnitude — 
of the effect of the overlapping. Numerical calculations of the cohesive energy — 
of LiH are in progress, and may yield some information about the state of 
ionisation. As atomic wave functions we have used the hydrogen-like Is-functions 
with an effective nuclear charge Z’=Z—*/,,. The spherical average of the 


+ Cf. P. O. Léwpry, Quarterly Progress Report, M.I.T. Solid-State and Molecular Theory 
Group, Jan. 15 (1952), p. 10, and paper to be published where the corresponding expression _ 
for the cohesive energy is derived. 
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irge density with regard to each nucleus has been used in the calculations. 


ae values of the elements 7',, used in our calculation are given 


= 1.419 associated with a H--ion. 

w= 1.021 lb ye » Li*-ion. 

»=0 wv pw and » » > the same ion. 

» = 0.052 » » » nearest unlike neighbours. 

y= 0.165 » » » nearest negative neighbours. 


e results are given in the following table together with the values obtained 
overlap effects are neglected and are compared with the experimental results 
rained by AHMED and ZrntL-HarpeR.? In order to compare the theoretical 
ults with the experimental, which are only relative, we have given the values 
ative to that of the strongest reflexion Foo2. 


Table of Fru! Fooe 


» theoretical values of Foo, are 2.15 if overlap is included and 2.03 if overlap is neglected. 


5 | 
Rel sin @ Theoretical Rees eae Experimental Experimental | 
2 overlap included neglected Ahmed Zintl-Harder 

ie 0.212 0.498 0.626 0.484 0.516 
002 0.245 1.000 1.000 1.000 1.000 
~ 220 0.346 0.758 0.773 0.916 0.847 
U3 0.406 0.540 0.586 0.567 0.619 
222 0.424 0.623 0.645 0.707 0.809 
004 0.490 0.530 0.552 0.688 0.712 
331 0.534 0.433 0.463 0.484 0.530 


[he effect of overlapping is appreciable only at small glancing angles. For 
] even” reflections the values are higher than the corresponding values for 
2 ions, for “‘all odd” reflections the values are lower, depending on the fact 
+ the charge density is higher in the neighbourhood of the nuclei of the 
ative ions in the crystal than in free ions, whereas the charge density in 
vicinity of the positive ion is practically unchanged. The theoretical and 
yerimental values agree rather well for the “all odd” reflections, for the 
1 even’ reflections the experimental values are somewhat higher than the 
oretical values. Because of the uncertainty in the temperature factors, the 
yerimental values for the higher reflections are rather uncertain, the value 
Fisi/ Foo 18 probably the most reliable. 
in this connection we should like to make some remarks about the conclu- 
2 drawn by AuMeED, that LiH has only about 25 per cent ionic character 
h limiting values 50 per cent ionic character or “complete covalency”. In 
The elements Die were calculated by one of us (S. O. L.) in connexion with an investi- 
on of the cohesive energy of LiH (to be published). 
M. 8. Aumep, Phil. Mag. 42, 997 (1951). E. ZintL and A. Harper, Z. Phys. Chemie B. 


265, 1931, Ibid B. 15, 416, 1932. The experimental values have been corrected for tem- 
wture scattering, using the temperature factors given by AHMED, which are, however, very 


ertain. 
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4,0 
— Se Wh ee an ee Complete ionisation (overlap neglected). 
Noa —t-+- Complete ionisation (overlap included). 
a SS —— —— Neutral atoms (overlap neglected). 


3,0 


—_— ee ee 


0 0,1 0,2 0,3 0,4 0.5 


Fig. 1. The curves fti fa. 


Fig. 1 we have drawn the continuous curves (ftit/a), where ft; and fg are 
atomic f-factors, in the two extreme cases of ionized atoms and neutral atoms, 
as well as the corresponding curves obtained if complete ionisation is assumed 
and overlap effects are included. On these curves, only those points for which 
the Bragg condition is fulfilled correspond to measurable quantities. 

Ahmed’s method of determining the state of ionisation consists in drawing 
curves connecting the points corresponding to “‘all even’’ and “‘all odd’’ reflec- 
tions respectively, separating these into atomic /-curves, and extrapolating the 


f-curves to a =0. If we note that the first reflection occurs at sn = 0.212, 
it will be seen from the curves that the extrapolation to eu =0 will unfor- 


tunately only give little information as regards the state of ionisation. 


Institute of Mechanics and Mathematical Physics, University of Uppsala, Uppsala. 
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Communicated 14 January 1953 by M. Srtecspaun and E, Hurray 


On the band-spectrum of silver oxide 


By Uta UsLER 


With 4 figures in the text 


Abstract 


The blue and ultra-violet band-systems of AgO have been made the subject of 
new investigation. The blue bands are degraded to the red and represent a *[]—2I] 
ansition. The upper state (A IT) is predissociated. The two systems have the lower 
ate incommon (X ?II). The upper state of the ultra-violet bands which shade off 
» the violet, is also a *II (B Il). These statements have been checked by rota- 
onal analysis. The vibrational constants are 


We We Xe 
eoaal Repent 490.6 2.9 
of ee omen lin 490.2 3.1 
Cue re We — 2 We Xe = 241.0 
Alin oe ee ae We — 2 We Xe = 237.2 
linge etc e se 539.1 6.2 
BID oeree: 535.7 6.3 


The vibrational constants differ from those given by Loomis and Watson, who 
irlier carried out a vibrational analysis. 
The rotational analyses gave the following constants: 


the isotope Agi 


By Dean re 
= = eal -8 
ee 1S ae 0.3035 — 0.0025, (v +4) em! 0.50710 ° em 1.998-10 ° em 
eee 0.3020 — 0.0025 (v +4) 0.45 2.003 
1 eee By = 0.2816 De 171 ro = 2.074 
BG eres By= 0.2811 Do= 1.68 rg = 2.076 
5 “SS ere aes By = 0.3195 Dy= 0.50 r= 1.947 
the wsotope Ag! 
By Dyean Te 
= = -8 
41 eee 0.3026 — 0.0024, (v +4) em 0.50°10°° em! 1.998-10°° cm 
a Tit ae ee 0.3014 — 0.0026 (v +4) 0.43 2.002 
Pletactc cas east Bo = 0.2809 Dy= 1.69 1 = 2.074 
4 I en sche riece By = 0.2804 Dy= 1.67 19 = 2.076 
Bebe ileg. dite ees By = 0.3188 Dy = 0.52 ro = 1.947 
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I. Introduction 


Three band-systems, one in the far red, one in the blue region and the third one 
in the ultra-violet part of the spectrum, have been ascribed to silver oxide. In 1935, 
Loomis and Watson (1) made vibrational analyses of the blue and ultra-violet 
systems. They state that the systems represent a ?J]—*X and a Da) Dy transi 
tion respectively with the lower state in common. The red bands were too fain 
to be measured. ; ! 

The present investigation was undertaken in order to make a rotational analysi 
especially of the blue system, which shows a wider structure than the ultra-violet 
one. The bands of the blue system occur in pairs, nearly equal in intensity and with 
a constant doublet interval of roughly 170 cm-!. Loomis and Watson assumed this 
to be the doublet interval of the upper 2II-state and the lower state to be a 7&-state. 
The 2II-state belongs with very good approximation to Hund’s coupling case a. 
Hence the bands should show the appearance of a II (case a)—*& (case 6) transition. 
However, the bands did not show the expected structure; no Q-branches could be 
found and the branches observed were of approximately equal intensity. Thus one 
was led to assume that the blue bands represented a #II (case a)—*II (case a) transi- 
tion. The number of branches seems to agree well with this assumption. Rotational 
analyses have been carried out on the following bands: 0,0 , 0,1, and one of the two 
sub-bands of 0,2. The vibrational assignment has been changed, thus giving constants 
different from those obtained by Loomis and Watson. 

To check these rotational analyses it seemed to be of interest to carry out an ana- 
lysis of the ultra-violet band-system too, as the two systems probably have a state 
in common in view of the remarkable agreement between their lower vibrational 
constants. These bands are reported to be a 2X—?D transition. The new vibrational 
analysis and the rotational analysis show, however, that they represent a 2JJ—II 
transition. Rotational analyses of the 0,0 and 0,1 bands have been given. 


II. Experimental 


The source of light used to obtain the bands was a vacuum arc. The electrodes 
were water-cooled silver rods of highest purity (99.7% silver, obtained from Kungl. 
Mynt och Justeringsverket). Fil. lic. Gunnar Almkvist has earlier constructed the 
vacuum are and has found out the best experimental conditions. The arc was_ 
burning in a slow stream of oxygen at a pressure of about 20 mm Hg. A higher 
pressure increased the intensity of the bands but caused the arc to burn unsteadily. 
The fairly low pressure made the arc burn with remarkable steadiness. The current 
was 22-26 A from a 440 Volt D.C. output. 

The spectrograms were taken with a Wood’s 21 ft concave grating in the first 
order (165000 lines in all). The dispersion in the blue region is about 1.24 A/mm 
and in the ultra-violet part of the spectrum 1.27 A/mm. Owing to the dense structure _ 
of the bands very hard plates must be used to give as high a contrast as possible. — 
Ilford Thin Film Half Tone plates were used. 

On account of the low sensitivity of the plates rather long exposure times were 
necessary. The band-systems themselves seem to be rather weak. Good spectograms 
of both band-systems were obtained with an exposure time of 15 hours. The ultra-_ 
violet band-system is weaker than the blue one. The blue system was also photo- 
graphed with an exposure of 4 hours, giving mainly the strong 0,0 bands, which were 
overexposed on the 15-hours plates. To obtain a general survey of the blue bands _ 


126 


Bd 7 nr 12 


ARKIV FOR FYSIK. 


‘pueq 2/&([‘0) UL “AT “Sta 
509 FOS 50h *O£ or 
woo (ae een eee a ede eat ele eb BL DP aT 
wnat BIBIP IGE INIA UE 


oR vs we 
i 


TT roel TTT Mirae tate th Le TTT 


| L if @ Ti “| | : 


LG6'00GP PH 9EPV I6LF PA C68 P81P OL 969° LLIPV 9X4 


-uieysAs-pueq ong ey, “@ — slit 


0‘0 0°0 OT OT 


Ligon 2 LOLbP 3V 9E8EP OA LIgt 2V 6819S =2 BOISE SV 


127 


ULLA UHLER, On the band-spectrum of silver oxide 


(Fig. 1 a), these were photographed in a prism spectrograph with smaller dispersion 
(~6.3 A/mm). The exposure time was 45 mins. In spite of the high temperature in 
the light source the spectrograms obtained show little continuum and seem to be 
rather free from disturbing impurities. This is certainly due to the high contrast 
plates and the intense light source. Iron lines taken from Harrison’s (2) tables 
were used for comparison. 

Ill. The blue system 
Vibrational analysis 


The appearance of the blue system is shown in Fig. 1 a. The bands shade off to 
longer wave-lengths and occur in pairs of equal intensity, the bands of each pair 
being separated by a constant interval of 170 cm7?. 

The wavenumbers of the bands, measured by Loomis and Watson (1) agree fairly 
well with my measurements. The strongest bands (vy = 24416.0 em and » = 24 244.5 
cm-') are denoted 1,0 by Loomis and Watson, while their 0,0 bands are too weak 
to be seen. My plates do not show any heads at the expected places either. The 
rotational analysis give the B-values (and r-values) of the upper and lower states. 
Thus a quantum-mechanical calculation of the intensities of the bands could be made. 
The calculation was quite approximate (parabolas as potential functions) but showed 
distinctly that the 0,0 bands should be the strongest ones. 

The strongest bands are assigned 0,0 in the present vibrational analysis and it 
explains also the bands in front of the 0,0 bands (further to the violet) and the head 
y =23518.9 cm—. This head does not fit in the vibrational scheme given by Loomis 
and Watson but was measured by them. 

The blue band-system is predissociated and no band-heads containing the level 
v’ =2 have been observed. 

The vibrational constants have been calculated from the band-heads instead of 
the band-origins. They have been recalculated with regard to the origins only for 
X *I15,. because rotational analyses has not been carried out for a sufficient number 
of bands. These values are given later. The band-heads measured are given in Tables 
1 and 2. The approximate intensities are seen from Fig. 1 a. 

The bands can be represented by the equations 

V3) = 24.539.9 + 241.0 (v’ + 4) — [490.3 (v +4) — 2.8, (v” + 4)7] 
P12 = 24 370.5 + 237.2 (v’ +4) — [490.5 (v” +4) — 3.0, (v” +4)?}]. 

The differences between calculated and observed values are given in brackets. — 
The (1,0)3,2 band-head is covered by the strong atomic line Ag 4055.264 A. 

The high dispersion plates did not allow of measurement of the 1,4, 1,5, and 1,6 
bands measured by Loomis and Watson, as these heads were too weak. 

The vibrational analysis, suggested above, explains every strong head, that has 
been observed. However, the upper w-value is abnormally low and the possibility, 
that the blue bands represent two systems both predissociated above v’ =0 and 
with the lower state in common, may not be excluded. In such a case, the two — 
upper terms must have remarkably similar doublet splittings, which seems rather odd. _ 


The structure of the bands 


_ The rotational structure is not fully resolved and the lines overlap considerably 
in the vicinity of the heads. Thus no particular effort was made to obtain lines with 
low J-values. Apart from the regions in the neighbourhood of the heads, the rotational 
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Table 1 
Bandheads of ?IIs—Is,2 


| 


a 0 i 2 
a 3 
aS 
0 24 416.0 23 931.1 23 452.4 22 973.3 
(Oi) (Gr052) (+ 0.0) (uncertain) 
1 atomic line — 23 693.5 23 220.0 
(Osi) (2 O)2)) 
Table 2 


Bandheads of #IT,),.—1T1/2 


LL SET SSE 
NE vy’ 
oN 0 1 2 3 
a 
0 24 244.5 23 760.3 23 281.7 22 811.0 
(+ 0.1) CO (0:1) (uncertain) 
1 24 481.8 23 518.9 23 046.7 
(0.0) = (+0.1) (+0.1) 


tructure is sufficiently resolved to permit of rotational analysis. The sub-bands 
ituated towards the violet, show the simplest structure. The appearance of the 0,1 
and is shown in Fig. | b. The 0,0 and the 0,2 violet sub-bands show a similar struc- 
ure. : 
If we assume the transition to be a ?I]-2%, according to Loomis and Watson, 
re should expect two sub-bands 7I1,,.°> and 11,2. The 7I1-state belongs to Hund’s 
ase a with good approximation, due to the large doublet interval 170 ecm. Thus 
1a *II (case a)—?& transition one should get, besides the main branches, satellite 
ranches of comparable intensity, giving six branches in every sub-band. Among 
hese the Q, “Q and *Q branches would have twice the intensity of the R, P, °R, 
P, °P and SR branches. The number of branches is reduced to four in each sub-band 
we assume the spin-doublet splitting in the -state to be negligible. Thus in every 
ib-band we should have four branches with the relative intensities 1:3:3:1. 
letails on II (case a) transitions have been given by HerzBere (3) and MuL- 
[KEN (4). In this case the number of branches will be doubled because of the isotope- 
volecule, i.e. one would expect twelve or possibly eight branches in each sub-band. 
flowever, in the violet sub-bands only four branches could be found, each of ap- 
roximately the same intensity. Nor do the red sub-bands show any branches 
ronger than the others. As is seen from Fig. 1b, all the lines in the region are 
sed in forming these branches. 

The upper state is predissociated, and the reduced number of branches might be 
<plained by assuming that one of the A-doublet levels is predissociated earlier 
1an the other. This assumption gives the right number of branches if the spin- 
oublet splitting in the 2X-state is neglected, but is contradicted by the intensity 
Jations between the remaining branches. If either the + or — levels are cut off, 
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Table 3 
Wavenumbers of the (0,0)32 and (0,1)3,2 bands 


eT 


The (0,0)3/2 band 


The (0,1)3/2 band 


a AGO Na Ons Ag7078 EXE OY 
R, P, deg ada R, P, R, P, 

17,5 24 395.40* 24 395.40* 

18,5 94.01% 94.01* 

19,5 |24414.88*]  92.54*/24414.88*|  92.54* 23 907.49* 23 908.30* 
20,5 14.51*) 91.06*) 14.51*| —91.06* 06.25 07.04 
21,5 14.07*| 89.43%) 14.07%] — 89.43* 04.92* 05.64 
22,5 13.63*| 87.92 13.63*| 88.02 03.45 04.16* 
23,5 13.14*| 86.23*) 13.14%]  86.43* 01.98 02.70 
24,5 12.62*| 84.64 12.62*| 84.83 00.50* 01.29* 
25,5 11.94 82.98 12.04 83.14 |23 927.82 898.87 899.65 
26,5 11,28 81.19 11.44 81.36 27.30 97.34* |23 927.99 98.01 
27,5 10.59 79.40 10.72 79.61 26.76*| 95.58 27.41 96.33 
28,5 09.85 17.54 10.00 77.84*| 26.12%] 93.84 26.76*| 94.54* 
29,5 08.95 75.65*| 09.07 75.95*| 25.44*| 92.11 26.12*| 92.85 
30,5 08.14 73.65*| 08.25 73.95 24.70*| 90.33 25.44*| — 90.98* 
31,5 07.22 71.65 07.39 71.89 23.91*| 88.46 24.70*| 89.21 
32,5 06.33*| 69.65 06.33*| 69.93 23.16 86.54 23.91*] 87.31 
33,5 05.25 67.44 05.38 67.78 22.31 84.58 23.01 85.34* 
34,5 04.15 65.33 04.30 65.70*| 21.37 82.61 22.11 83.38 
35,5 03.00 63.05*| 03.10 63.38*, 20.41 80.57 21.13 81.36 
36,5 01.87*| 60.83 01.87*| 61.14 19.36 |atomic line| 20.07 79.26 
37,5 00.53 58.47 00.70 58.81 18.29 76.27 19.02 77.10 
38,5 | 399.14 56.09 | 399.27 56.35 17.12 74.07 17.85 74.93 
39,5 97.83 53.63 97.97 53.89 15.97 71.84 16.70 72.62* 
40,5 96.44 51.12*| 96.62 51.41 14.65 69.52* 15.41 70.35 
41,5 94.80 48.51 94.98 48.85 13.41 67.13 14.13 67.98 
42,5 93.24 45.87 93.41 46.20 11.98 64.70 12.73 65.49* 
43,5 91.58 43.20 91.76 43.50 10.57 62.23* 11.34 63.06* 
44,5 89.87 40.40 90.05 40.74 09.04 59.61*| 09.80 60.51 
45,5 88.02*|  37.52*| 88.20 37.84*| 07.49*| 57.01 08.30*| 57.90 
46,5 86.23*| 34.61*| 86.43*] 34.98 05.86 54.34 06.64 55.24* 
47,5 84.25 31.67 84.54 32.04 04.16*| 51.61 04.92*| 52.49 
48,5 82.22 28.62 82.47 29.03 02.37 48.80 03.14 49.71 
49,5 80.10 25.52 80.42 25.94 00.50*| 45.92 01.29%] 46.84 
50,5 77.84*| 22.30 78.22 22.71 | 898.58 42.97 899.38 43.90 
51,5 75.65*| 19.05 75.95*| 19.45 96.61 39.93 97.34*| 40.90 
52,5 73.32 15.71 73.65*| 16.11 94.54*| 36.84 95.29 37.78 
53,5 70.94 12.22 71.21 12.64 92.34 33.66 93.18 34.60* 
54,5 68.40 08.74 68.73 09.14 90.06 30.42 90.98*, 31.40 
55,5 65.70*| 05.11 66.09 05.56 87.73 27.10 88.58 28.07 
56,5 63.05*| 01.44 63.38*| 01.86 85.34*| 23.70 86.12 24.65 
57,5 60.21 | 297.67 60.57 | 298.10 82.78 20.18 83.67 21.21 
58,5 57.36 93.77 57.67 94.22 80.14 16.58 81.03 17.60 
59.5 54.29 89.80 54.68 90.26 77.44 12.88 78.31 13.88 
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ible 3 (cont.) 
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ae te 


The (0,0)3/2 band The (0,1)s/2 band 
wa Eee gye INERT Oe Ag7018 Ago} 
5 24 351.12*/24 285.70 |24 351.48 |24 286.24 |23 874.58 |23 909.10 |23 875.49 123 810.14 
: 47.96 81.51 48.37 82.09 71.69 05.21 72.62 06.29 
62,5 44.56 77.18 45.05 77.72 68.60 01.23 69.52 02.32 
63,5 41.07 72.80 41.49 73.36 65.49*| 797.13 66.34 | 798.23 
64,5 37.52*| 68.28 37.84*| 68.84 62.11*| 92.92 63.06*| 94.01 
65,5 33.68 63.64 34.14 64.21 58.65 88.59 59.61 89.71 
66,5 29.74 58.91 30.22 59.48 55.08 84.16 56.07 85.25 
67,5 25.78 54.01 26.16 54.54 51.33 79.52 52.37 80.69 
68,5 21.50 48.91 21.94 49.52 47.41 74.79 48.44 75.96 
69,5 17.08 43.78*| 17.59 44.27*| 43.36 69.92 44,44 71.16 
70,5 12.33 38.29*| 13.01 38.96*| 39.08 64.86 40.18 66.07 
71,5 07.63 32.74 08.21 33.45 34.61*| 59.71 35.72 60.91 
72,5 02.54 26.97 03.18 27.67 29.89 54.29* 31.03 55.47* 
73.5 21.01* 21.70 48.67 49.90* 
74,5 15.01* 15.62* atomic line 44.11 
Table 4 
Wavenumbers of the (0,2)3/. band 
Teg ON INL Oya Ag’?98 Ag Oe 
dl 
Ry P, Ry Ps Ry 12s Ry 1 
5 23 420.21 50,5 123 424.90 |23 369.23 |23 426.21 |23 370.71 
5 18.92* 51,5 23.15 66.48 24.57 67.98 
5 17.40* 23 418.92*| 52,5 21.34*| 63.60 22.68 65.12 
5 15.78* 17.40*| 53,5 19.41 60.74 20.78 62.19 
5 |23 447.64* 14.20* 15.78*| 54,5 17.40*| 57.74 18.79 59.22 
55,5 15.38 54.69 16.72 56.23 
5 46.99* 12.49 14.20*| 56,5 13.21 51.54 14.57 53.08 
5 46.44 10.91*|23 447.64*|  12.34*) 57,5 10.91*| 48.31 12.34*| 49.95 
5 45.76 09.09 46.99*| 10.45 | 58,5 08.63*| 45.02 10.03 46.60 
5 45.03 07.27 46.32 08.63*| 59,5 06.15 41.60 07.58 43.21 
5 44.27 05.48 45.58 06.83 
5 43.45 03.64*| 44.75 05.05*| 60,5 03.64*, 38.16 05.05*| 39.73 
5 42.65 01.63 43.91 03.04 | 61,5 01.04*| 34.56 02.42 36.20 
5 41.77 | 399.67*| 43.05 01.04 | 62,5 | 398.25 30.89 | 399.67*| 32.50 
5 40.83 97.70 42.10 | 399.07 | 63,5 95.38 27.12 96.86 28.70 
5 39.76 95.59 41.10 97.00 | 64,5 92.38 23.24 93.86 24.87 
| 65,5 89.30 19,22 90.75 20.84 
5 38.72 93.48 40.09 94.91 | 66,5 86.04 15.08 87.51 16.75 
5 37.65 91.35 38.96 92.74 | 67,5 82.63 10.82 84.12 12.49 
5 36.50%} 89.12 37.72 90.57 | 68,5 79.03 06.43 80.57 08.11 
5 35.29*| 86.82 36.50*| 88.23 | 69,5 15.33 01.88 76.88 03.60 
5 33.95*| 84.48 35.29*| 85.91 
5 32.56 82.10 33.95*| 83.50 | 70,5 71.40 | 297.22 73.03 | 298.96 
5 31.10*| 79.66 32.46 81.10 | 71,5 67,29 92.31 68.92 94.12 
5 29.78 717 31.10*| 78.61 | 72.5 62.96 87.32 64.58 89.09 
5 28.18 74.55 29.47 76.00 | 73,5 82.07 83.88 
5 26.55 72.00 27.92 73.41 | 74,5 76.59 78.44 
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Table 5 
Wavenumbers of the (0,0)1)2 band 


Ag®7018 Agi®Q16 
Ric Pie Ria Pia Ric | Pic Ria Pid 

28,5 (24 239.01* } 
29,5 38.33*/24 204.96 24 204.37* 24 205.28* 24 204.68*| 
30,5 37.59* 03.03*/24 236.66* 02.27*|24 237.74 03.34*|24 236.77* 02.48 
31,5 36.79* 01.18 35.80* 00.25 36.87* 01.58 35.96* 00.57* 
32,5 35.80*]| 199.19 34.83*| 198.15* 35.96*| 199.49* 35.06* 198.46* 
33,0 34.83* 97.11* 33.82* 96.16 35.06* 97.44 34.04* 96.50 | 
34,5 33.82* 95.06 32.80* 94.10 34.04* 95.38* 33.03* 94.31* 
35,5 32.80* 92.87* 31.80* 91.85* 33.03* 93.19* 31.88* 92.15 ¥ 
36,5 3172* 90.73 30.57* 89.68 31.88* 91.02 30.78 90.01* 
B73 30.57 88.49* 29.41* 87.43* 30.78* 88.83 29.55 87.76 
38,5 29.28 86.15 28.16* 85.03 29.41* 86.44 28.32 85.41 
39,5 27.98 83.70 26.74* 82.69* 28.16* 84.11* 27.03 83.00 
40,5 26.57 81.32* 25.36* 80.17 26.74* 81.64 25.64 80.52 | 
41,5 25.12 78.77 23.95 77.68* 25.36 79.12* 24.10 78.03* 
42,5 23.75 76.27 22.38 75.09 23.82* 76.59 22.60 75.42 
43,5 22.06 73.67 20.87 72.51 2225 73.97 21.02 2h 
44,5 20.43 70.99 19.15 69.75 20.59 71.29* 19.30 70.08 
45,5 18.68 68.21 17.35 66.97* 18.89 68.52* 17.64 67.30 
46,5 16.86 65.39 15.62 64.07 17.00 65.70 15.80 64.47 
47,5 14.99 62.50 13.66 621 15.24 62.81 13.90 61.56 
48,5 12.99 59.40 11.70 58.20 RERey/ 59.90 11.94 58.61 
49,5 10.94 56.43 09.70 55.11 11.29 56.83 09.89 55.49 
50,5 08.83 BLS! 07.50 51.94 09.18 53.68 07.81 52.37 
51,5 06.73 50.09 05.28* 48.73 07.00 50.51 05255 49.14 
52.5 04.37* 46.81 03.03 45.49 04.68 47.24 03.34* 45.88 
Daso 02.03 43.43 00.57* 42.05 On 43.85 00.90 42.46 
54,5 199.49* 39.99 198.15* 38.60 199.84 40.41 198.46* 39.03 
55,5 96.90 36.43 95.48* 35.02 97.23* 36.86 95.83 35.44 
56,5 94.31* 32.78 92.87* 31.38 94.56 33.25 93.19* 31.77 
57,5 91.44 28.96 90.01* 27.59 91.85 29.45 90.35 28.04 
58,5 88.49* 25.14 87.06 Zoutkeo 88.95* 25.61 87.43* 24.22 
59,5 85.54 Alsi l7/ 84.11* 19.77 85.91 21.69 84.47 20.24 
60,5 82.39 17.09 80.76 15.68 82.76* 17.62 81.32* 16.19 
61,5 79.12* 12.99 77.68* 11.50 79.47 13.46 78.03* 12.03 
62,5 75.79 08.60 TEM 07.19 76.09 09.17 74.64 07.75 
63,5 72.19 04.20 70.72 02.77 (Pape: 04.77 71.29* 03.30 
64,5 68.52* 099.67 66.97* 098.18 68.87 00.19 67.38 098.71 
65,5 64.77 94.95 63.19 93.51 65.09 095.51 63.62 94.07 
66,5 90.06 88.66 90.68 89.29 
67,5 85.00 83.65 85.69 84.23 


Q-branches or “Q and ’Q branches will be left, all of which are stronger than the 
other branches. Thus the blue bands can not represent a *[I—*X transition. A 2I]- 
state seems to be involved in view of the large doublet separation. A 2I]—2A or 2A2]T 
transition is excluded, as these transitions also give rise to strong Q-branches. Conse- 
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1ently, there remains only the possibility of a *IIIT transition, divided into the 
b-bands *IT5/.~"II3/. and *I11—11)2, with both 2I1-states belonging to Hund’s case 

If one of the *Il-states belonged to Hund’s case b, both the sub-bands would 
low a far more complicated appearance, with several satellite branches, as in a 
[> transition. HERZBERG (3) gives the outlines of a *II(case a)—*II (case a) transi- 
on. In each sub-band there will be a weak Q-branch and P and R branches of ap- 
foximately equal intensity. Each branch will split up into two components due to 
1e A-type doubling. Theoretically, in a 2IIg/.-state the A-type doubling is propor- 
onal to (J — 4) (J +4) (J +%/,), and is usually too small to measure when the doublet 
paration A is large. In a *Il);2 (case a) state we have theoretically a A-type doubling 
roportional to (J + 4) for not too large J-values, with the coefficient a approximately 
roportional to A (MULLIKEN (4); JEvons (5)). " 

In the violet sub-bands four branches of equal intensity have been found, as 
entioned above. They form one P and one R branch of each isotope-molecule. The 
-branches are too weak to be observed, especially as the first Q-lines, which might 
sherwise be observed, are situated in a region where the lines overlap very much. 
o A-type doubling has been observed. 

The red sub-bands show a different appearance. The A-type doubling is not neg- 
xible, and for this reason the bands contain eight branches, namely two R and two 
branches of every isotope-molecule, making eight branches in all. The lines here 
verlap very often, giving the whole band a more complicated appearance than 
iat of the other sub-band. 

As the branches in respect of intensity and number agree with the expected 
ructure, the blue bands must represent a ?I/—*II transition, where the violet sub- 
ands have = 3/, and the red sub-bands 2 =1/,. The lower state is here denoted 
y X 2II. The upper state is called A 2 II. 


otational analysis 


Tables 3-6 give the wave-numbers of the 0,0, 0,1, and 0,2 bands. The subscript 1 
\dicates the transition 2IT,).-2II4)2, while the subscript 2 is used for the branches be- 
mging to *IT,,.—I5/. The indices ¢ and d distinguish the two A-type components. 
verlapping lines are marked with an asterisk. The errors in the measurements do 
ot as a rule exceed 0.05 cm-!. Table 7 gives the combination differences of the 
pper level of the 0,0, 0,1, and 0,2 violet sub-bands. The agreement is good. 

The rotational term-values of the components of doublet states have been calcu- 
ted by Hitt and Van Vueck (6) for any coupling case. They obtained 


F,(J)=B[(J +4 -A?-4V4(J +4) + Y(Y—4)A?]-DJ4 A 


F,(J)=B[(J +4)? — A? +4V4(F +4) + Y(Y—4)A*) -DU +1), 
here Y = 28 When A is large, ie. Hund’s case a, the formula may be replaced by 


B 
PD \= Bead (el) Did (J 1) 


Terms independent of J have been omitted. The rotational constant Bers 18 some- 
hat different for the two doublet components. To get the rotational constants By 
nd Dj’, the graphic method was used, A, FD) (SF +4) being plotted against (J +3)? 
his gives 4 By’ as the intersection with the ordinate, and 8 D;’ as the inclination of 
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Table 6 
Wavenumbers of the (0,1)12 band 


INE OEE WN tat 9 a 
af 1 
Ric Pic Rid Pia Ric | Pic | Ria | Pia 

25,5 23 729.06* 23 728.24* 23 729.06* | 
26,5 27.49* 26.66* 23 728.24* 27.49* 
ZieD 25.92* 25.03* 26.66* 25.92* | 
28,5 24.25* 23.44* 25.03* 24.25* 
29,5 22.59* 21.76* 23.44* 22.59* 
30,5 |23 755.46* 20.90* |23 754.46* 20.05*/23 756.04 21.76*|23 755.10* 20.90* 


31,5 54.70* 19.06* 53.71* 18.06* 55.46* 20.05* 54.46* 19.06* | 
32,5 53.89* |atomic line 52.86* 16.25* 54.70* 18.06* 53.71* |atomic line 
3355 53.06* 15.43* 52.06* 14.41* 53.89* 16.25* 52.86* 15.43* | 


34,5 52.06* 13.41* 51.35 12:50* 53.06* 14.41* 52.06* 13.41*} 
35,5 51.09* 11.35* 50.46 10.55 52.14* 12.41 51.09* 11.35% | 
36,5 50.17* 09.28* 49.45 08.50 51.09* 10.39 50.17* 09.28% | 
37,5 49.18* 07.23* 48.36* 06.40* 50.11* 08.25 49.08* 07.23* | 
38,5 48.36* 05.03* 47.25* 04.24 49.08 06.12 48.04* 05.03* | 
39,5 47.25* 03.00* 46.15* 02.04 48.04* 03.88 46.87* 02.88 
40,5 46.15* 00.85* 44.89* 699.79 46.87* 01.73 45.64* 00.75 
41,5 44.89* 698.64* 43.57* 97.45 45.64* 699.46* 44.43* 698.28 
42,5 43.57* 96.25* — 95.16* 44.36* 97.11* 43.08 95.90 
43,5 — 93.87* |atomic line 92.61 42.97 94.68 — 93.55 
44,5 jatomic line 91.43 — 90.17 — 92.20 |atomic line 91.03 
45,5 — 88.81 38.00 87.61 |atomic line 89.63 38.79 88.46 
46,5 Suelo 86.25 36.38 84.94 38.42 87.01 37.24 85.82 
47,5 35.94 83.35 34.78 82.11 36.82 84.44 35.56 83.12 
48,5 34.25 80.81 32.95 79.48 35.16 81.74 33.80 80.49 
49,5 32.60 78.07 31.26 76.64 33.38 79.00 31.98 171.72 
50,5 |atomic line Tol? 29.49 73.85 31.40 75.99 |atomic line 74.76 
5155 28.73 72.16 27.42 70.85 29.53 Teiils' 28.24* 71.87 
5255 26.66* 69.18 25.40* Gite 27.49* 70.09 26.17 68.74 
53,5 24.62 66.05 23.18* 64.69 25.40* 67.00 24.02 65.63 
54,5 22.38 62.87 20.90* 61.48 23.18* 63.78 21.76* 62.36 
55,5 20.05* 59.53 18.63* 58.16 20.90* 60.55 19.57 59.08 
56,6 17.59 56.11 16.25* 54.79 18.63* 57.20 17.16* 55.78 
57,5 LosnS 52.72 UB IE7h7 51.39 15.99 53.68 14.52 52.26 
58,5 12.50* 49.13 11.09 47.75 13.41* 50.18 12.05 48.80 
59,5 09.81 45.44 08.36 44.07 10.62 46.49 09.28* 45.09 
60,5 06.96 41.68 05.52 40.27 07.84* 42.73 06.40* 41.25 
61,5 04.01 37.79 02.45 36.38 05.03* 38.97 03.48 37.43 
62,5 00.85 33.81 699.46* 32.38 01.83* 34.94 00.41 33.48 
63,5 697.70 29.73 96.25* 28.29 698.64* 30.79 697.11* 29.36. 
64,5 94.30 25.45 92.89 24.03 95.16* 26.47 93.87* Depa 
65,5 90.91 21.10 ? 19.69 91.88 22.20 ? 20.78 
66,5 16.56 15.09 17.67 16.26 
67,5 11.84 10.40 12.99 11.59 


the line. This was done separately for the two sub-bands. For *Ii/2, Bes is obtained — 
as a mean value of the ¢ and d levels. The uncertainty in the B-values is about og 
units in the last figure. The values obtained are 
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e combination differences A,F(J) of the A Igo-state v’ =0. Theeranes 
given refer to Ag197016) 
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J From From From on From From From 
0,0 0,1 0,2 0,0 0,1 0,2 
pees ee ee | ee ee 
19,5 22.34 46,5 51.62 51.52 51.44 
47,5 52.58 52.55 52.61 
20,5 23.45 48,5 53.60 53.57 53.63 
21,5 24.64 49,5 54.58 54.58 54.55 
22,5 25.71 
23,5 26.91 50,5 55.54 55.61 55.67 
24,5 27.98 51,5 56.60 56.68 56.67 
25,5 28.96 28.95 52,5 57.61 57.70 57.74 
26,5 30.09 29.96 53,5 58.72 58.68 58.67 
27,5 31.19 31.18 54,5 59.66 59.64 59.66 
28,5 32.31 32.28 55,5 60.59 60.63 60.69 
29,5 33.30 33.33 33.44 56,5 61.61 61.64 61.67 
57,5 62.54 62.60 62.60 
30,5 34.49 34.37 34.50 58,5 63.59 63.56 63.61 
31,5 35.57 35.45 35.52 59,5 64.49 64.56 64.55 
32,5 36.68 36.62 36.67 
33,5 37.81 37.73 37.76 60,5 65.42 65.48 65.48 
34,5 38.82 38.76 38.79 61,5 66.44 66.48 66.48 
35,5 39.95 39.84 39.81 62,5 67.38 67.37 67.36 
36,5 41.04 et 41.02 63,5 68.27 68.36 68.26 
37,5 42.06 42.02 42.10 64,5 69.24 69.19 69.14 
38,5 43.05 43.05 43.13 65,5 70.04 70.06 70.08 
39,5 44.20 44.13 44.17 66,5 70.83 70.92 70.96 
67,5 11.77 71.81 71.81 
40,5 45.32 45.13 45.24 68,5 72.59 72.62 72.60 
41,5 46.29 46.28 46.30 69,5 73.30 73.44 73.45 
42,5 47.37 47.28 47.38 
43,5 48.38 48.34 48.48 70,5 74.04 74.22 74.18 
44,5 49.47 49.43 49.47 71,5 74.89 74.90 74.98 
45,5 50.50 50.48 50.46 72,5 75.57 75.60 75.64 
IL: Agl07Q16 Peja @ hike 
3/, Bo =0.3022 om? Dy = 0.5310 °em™ Bo =0.3013 cm 2 Do =0.49:10°° em™* 
By’ = 0.2995 Dy =0.48 By’ = 0.2989 Dy; =0.49 
Bo, = 0.2972 Ds’ = 0.49 By’ = 0.2965 D3’ = 0.50 
9 
4), " Boe +Boa 0.3008 ee ee 0.3001 + 0.3002 _ grog 


9 


a 


rr 0.44+0.46 _ 
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/ 
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Unfortunately, only the upper level v’ =0 has been investigated. The plates 
were too weak to permit of rotational analysis of any band containing v’ =1. An 
attempt was made on the 1,3 band but it failed. 

When A, F’(J)/(J + 4) was plotted against (J + 3)? the curves obtained were not 
straight lines as were the lower ones, but were bent downward at the end. This is 
probably due to the predissociation. It is therefore difficult to obtain correct values 
of B’ and D’. It seemed more convenient to use another method. The following 


expression is formed 


Plotting the left-hand-side expressions against J?, one obtains AB as the inter-— 
cept at J =0. AD is obtained from the slope. These graphs were, of course, curved N 
as well as the other ones, but here it was easier to neglect the last curved part of — 
the diagram. : 

Thus, as AB and AD have been determined, B’ and D’ are easily computed, since ' 
B"” and D” are already known. i 

The magnitude of the error for the B’-value is certainly larger than those for the 
B’’-values. It is roughly + 0.0005. 

The constants derived are: 


A’: Agiv7o1é Agl09Q16 
One Bo= 0.2816 em + Dg=1.71:10°° em?  Bo=0.2809 em? Dg=1.69-10 ° em? 
iy / 
Boct Boa 0.2812 + 0.2811 0.2804 + 0.2804 
Q=1/,  By=— 0.2812 Bo 0.2804 
2 2 2 
, 1.68 + 1,67 PP LePeren 
ee a Dow sane LOR 


The internuclear distances of *IT/. and 214). are 2.074 A and 2.076 A respectively 
equal for both isotope-molecules. 


The isotopic effect 
Silver has two isotopes with the atomic weights 107 and 109 and with a relative 
abundance of 1:1. The two isotope-molecules have slightly different vibration and 


rotation constants on account of their different reduced masses yz. If the subscript i 
refers to the heavier molecule we have 


o? = 0.9976 o = 0.9988. 
The vibrational isotopic displacement may be acprox mean to 
Av=, —y~(1 — 0) [(v' +4) @,—- (Oe) wy |~(1 —0) +. 
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; Table § 
(SS at en ca ene 
| Band | A Veal, | A Yobs. | 
| 0,0 =0.1 | 0.0 
0,1 (07 — 0.6 


| Table 8 gives the vibrational isotopic shift of some bands. The agreement is satis- 
actory. 
The rotational isotopic effect is of greater interest. Assuming B,=o2- B,, we 


»btain experimental values of 9? from the B-values estimated above. The result is 
yiven in Table 9. 


Table 9 


2 
Level O' obs. 


X32v'=0 | 0.9970 
X12v =0 0.9978 
X320"=1 0.9980 
X1j20'=1 0.9970 
X3j2v" =2 0.9976 
Asev =0 | 0.9975 
Aij2v =0 | 0.9973 


Mean value 0.9975 


[he agreement between the observed and theoretical values of 0? is very good. 


The A-type doubling 


The A-type doubled lines of the 7II,,.-*II,/2 transition are not resolved, quite in 
ygreement with the theory. As mentioned above, the magnitude of the splitting is 
mall, especially for large A-values, and no splitting has been observed in these 
nands, not even for the highest J-values. 

In the sub-bands 21], ;2—I1,)2, however, the A-type doubling is not negligible. Fig. 2 
hows the A-type doubling in the 0,0 band. It is computed as e(J) = Pi-(J) — Pra(J), 
nvolving the splitting of both the upper and lower states. For low J-values we have 


e (J) = 0.025 (J +4). 


(t high J-values the A-type doubling remains constant at a value of 1.45 cm™. 
This is in accordance with the theory of the A-type doubling (JEvons (5)). 


The coupling constants 


The constant separation between the sub-bands is equal to the difference or the 
um of the doublet splittings of the two *II-states, according as the two states are 
f the same kind (both normal or both inverted) or of the opposite kind. Thus the 
loublet splittings of the 2II-states cannot be determined directly. Very approximate 
ralues of the coupling constants of the upper and lower levels may be obtained 
rom the slightly different B-values of the two sub-bands. 
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Fig. 2. The A-type doubling of the (0,0)1)2 band. 


Provided that A (or Y) is large, Eq. (1) can be written 


-1)2\4 
Pa(I)~B[ +a Ate SYA eee) | 


y? A2 
or 
eee ee Me ats 
Pia ()~B| I+) #5 Fyq re: 
Consequently, Ber 18 approximately 
me 
Bar=B(L255): 


and the B-value difference gives a value of the coupling constant A. The values 
obtained are 


X *IT: A, ~ 140 cm 
A “il A, — 330 :em—, 


These values are very rough, as the errors in the B-values exert a great influence. 
Whether the states are regular or inverted will be discussed later. 


The vibrational constants 


More accurate values of the vibrational constants have been calculated from the _ 
bands 0,0, 0,1, and 0,2 of X II,,.. The method used has been given by LAGERQVIST 


(7). 
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: Bee two bands with the same upper level but with different lower levels 


[R(J=1) +P J)lo-, oy =2 9 (0", vf”) +2(B’ — BY)? 
[R(J—1)+ PW )]o, 0, =2%(v', ve) + 2(B’ — By) J?. 
The difference between the equations (M) is plotted against J?: 
BF 2[yo(v',%) — 9 (v', ve )] + 2 (By — By) J? =2[G” (o1’) — G” (oy) +2 (BY — BY’) J. 


This gives 2 % as the slope of the line and an accurate value of AG” as the inter- 
ept'on the ordinate. 


This method was used on the bands mentioned and gave the values 


we = 490.9, 


vt vr 


We Le =2.8,. 
Che predissociation 


In the level v’ =0, a cut-off occurs in the rotational structure. In 2IT,)2 no higher 
evel than J =66.5 has been found. In #II,,. there is a breaking-off in the level 
J~73.5. The most simple explanation is that the upper level is predissociated. A 
‘ough calculation shows that the breaking-off on v’ =2 would occur soon after the 
urn of the head. No band-heads involving the level v’ =2 have been observed, 
10wever. One would expect to see especially the 2,0 bands, which are not overlapped 
yy other bands. Probab lythese bands are rather weak, so that the lines of J ~ 20.5-30.5 
ure faint and the intensity maximum lies at higher J-values where the bands are 
ulready predissociated (assuming Boltzmann distribution). 


IV. The ultra-violet system 
Vibrational analysis 


The ultra-violet bands of AgO shade off to shorter wavelengths and form very 
marked non-overlapping sequences. The 0,0 sequence is the strongest one. The plates 
lso show the 0,1 and 1,0 sequences. A reproduction of the first bands of the 0,0, 
),1 and 1,0 sequences is given in Fig. 3. 

The distance between the 0,0 and 0,1 sequences shows that the ultra-violet system 
1as the lower state in common with the blue system. The analysis of the blue bands 
hhowed that the lower state is a 7II-state. Thus the ultra-violet bands can not re- 
gresent a 22D, as was stated by Loomis and Watson (1). 

The only possible transitions are 2X11, 2A and *JIH. If either of the first 
wo alternatives is the right one, the bands would contain strong Q-branches and 
very sub-band would show a double-headed structure. The distance between the 
P and @ heads may be approximately calculated. Consider for example, the first 
sand in the 0,0 sequence (see Fig. 3 b). If we plot the distances between consecutive 
ines of the strong branch (probably the P-branch) against J (a relative J-numbering 
s the absolute numbering is unknown), we obtain 2A B as the inclination of the 
ine. The distance between the head and the origin is given by the formula 
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(B' +B")? 
4 (B’ m Bly’ 


Vhead — Vorigin = 


as the B’’-value is known. 

These calculations give a value for the distance between the P and Q heads of 
5-6 em™. (B’’~0.30 and A B~0.017.) No head at such a distance is to be observed 
in this or any other band. Thus these bands do not contain strong Q-branches, so 
the possibilities 2X21] and 2A-2IT must be excluded. Consequently, the ultraviolet 
bands must represent a *IIII transition. The upper state is here denoted B 2II. 

As the state X ?II belongs to Hund’s case a, the bands must show a doublet 
structure and occur in pairs of apparently equal intensity. No such doubling has 
been observed by Loomis and Watson. They give a list of the frequencies of the 
observed band-heads. The present measurement of the heads agrees well, on the 
whole, with these values except in one case. The head at » = 28 130.0 cm— has not 
been found, but instead a strong head situated at v = 28 137.5 cm! (see Fig. 3 b). 

This head does not fit in the vibration-scheme nor does the strong head at » = 
27 652.4 cm7!. In the new vibrational analysis the bands at 28 137.5 em— and 27 652.4 
cm“ are assigned to 0,0 and 0,1 respectively, thus supplying the missing sub-bands 
of the bands 0,0 at 28 094.3 cm and 0,1 at 27 610.6 cm-!. The vibrational assign- 
ment of the heads measured is given in Tables 10 and 11. The band-heads may be 
represented by the following equations: 


(1) v32= 28 113.9 + [539.1 (v’ + 4) — 6.1, (v’ + $)2] — [490.7 (v” + 4) — 2.8, (0 + #)] 
(2) v1j2 = 28 072.1 + [535.7 (v’ + 4) — 6.3, (v’ + 4)"] — [489.9 (o” + 4) — 3.0, (v” + 4)?]. 


The agreement between the w’’-values of the blue and ultra-violet system is good. 

The differences between the calculated and observed values are given in brackets 
in Tables 10 and 11. According to Kq. (2) the heads at 27 229.0 em! and 28 716.2 cm71 
given by Loomis and Watson are the (1,3)3/2 and (3,2)3,2 bands respectively. 

The vibrational constants of the upper level differ for the two sub-systems. This 
is the reason why the two doublet components do not show a constant separation. 
The separation changes systematically. It is of the same magnitude (~40 cm™) as 
the distance between two members of a sequence. These circumstances make it less 
obvious that also the ultra-violet bands show a doublet structure. Especially the 
1,0 sequence looks very complicated. The vibrational assignment has been checked 


by rotational analysis. 


Rotational analysis 


Rotational analysis has been carried out mainly for the 0,0 bands. The ultra-violet 
system is weaker than the blue one and shows a very dense rotational structure. 
The bands overlap very much, as the distance between two consecutive heads is 
only ~40 cm-!. Only the 0,0 sequence was well exposed and convenient for rota- 
~ tional analysis. The 0,1 bands have also been measured, though only as a check on the 
analysis. The lines are weak and slightly blurred, as may be seen in Fig. 3a. The 
1,0 sequence was not worth measuring, as the lines seemed to be too weak for analysis. 
The band constants have been derived entirely from the 0,0 bands. 

The analysis is comparatively simple, as the lower combination differences are 
known. The sub-band situated towards the violet turned out to be the 2TTej—lI 5/5 
transition. No satellite branches have been observed. Consequently, also the B II 
belongs to Hund’s case a. Tables 12-14 give the wave-numbers of the 0,0 and 0,1 


141 


ULLA UBLER, On the band-spectrum of silver oxide 


Table 10 


Bandheads of Tio 111) 


ei F A 9 3 
Vv 
WN ee, ee 
0 28 094.3 27 610.6 
Can (—0.2) 
1 28 617.0 28 133.3 27 655.6 
(+ 0.2) (+0.1) (+ 0.3) 
2 28 643.9 27 694.9 
(-0.1) (S08!) 
3 28 664.3 
(—0.4) 
4 28 677.0 
(+ 0.4) 
Table 11 
Bandheads of IIs2.—IT3/2 
ty 
oN 0 1 2 3 
NS 
0 28 137.5 2:1 652.5 
(+ 0.2) (+0.3) 
1 28 664.3 28179.4 PA, TAUO SL 
(— 0.2) (— 0.2) (—0.2) 
9 
2 28 693.7 OY 
(0.0) 
ope 28 716.8 
(0.0) 
4 28 133-1 
(0.0) 


bands. The vibrational isotopic effect 1s negligible in the 0,0 sequence and the lines 
of the two isotope-molecules are badly resolved, as the rotational isotopic effect, 
too, is small. For the (0,0)1). band no distinction between the isotopes has been made. 
The rotational constants have been derived graphically by the same method as was 
used for the lower state of the blue bands. 

The constants derived are: 


Lal Ag lerore Agl09Q16 

Ossi, By= 0.3024 Dy=0.50: 107° Bo= 0.3015 Dj=0.53°10 ° 
Q=15 By = 0.3006 Dy=0.46+10~° 

BT: 

O=3/, By =0.3195 Dy =0.50 Boy= 0.3188 Dg =0.52 
O=4}5 By= 0.3178 Dyj=0.51 


The internuclear distance rp = 1.947 A, equal for both isotopic molecules. 
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ee 
*IT3/2°T13/2 111 /2~*1T1)2 | 
a INES AO Ag 0 Mean value of the isotopes 
R, P, Rk, fs Ric Pic Ria Pia 
17,5 |28 160.14* 28 160.14* 28 117.49* 28 117.09 
18,5 61.39* 61.39* 18.81* 18.39 
19,5 62.63* 62.63* ZOvL 19.61 
20,5 64.10* 64.10* 21.42* 20.97 
21,5 65.58* 65.58* 22.19% 22.30 
22,5 66.94* 66.94* 24.20* 23.70 
23,0 68.55* 68.55* 25.65* 25.08 
24,5 70.09* 70.09* 27.06* 26.60 
25,5 71.63*|28 138.56* 71.63*|28 138.56* 28.54*/28 095.38* 28.08 | 28 095.14 
26,5 73.10* 38.78* 73.10* 38.78* 30.11* 95.67* 29.57 95.38* 
Dalle) 74.72* 39.10*| 742% 39.10* 31.70* 95.97* SH ie 95.67* 
28,5 76.38* 39.43* 76.38* 39.43* Soeoia 96.35* 32.74 95.97* 
29,5 78.03* 39.82* 78.03* 39.82* 34.93* 96.86* 34.37 96.35* 
30,5 79.69* 40.30* 79.69* 40.30* 36.51* 97.26* 35.97 96.86* 
ol, 81.47* 40.71* 81.47* 40.71* 38.26* 97.72* 37.74 97.26* 
32,0 83.20* ALLO* 83.20* 41.19* 39.96 98.20* 39.43* Cis tee 
SHH) 84.96* 41.74* 84.96* 41.74* 41.74% 98.73* 41.19* 98.20* 
34,0 86.70* 42.30* 86.70* 42.30* 43.50* 99.27* 42.87* 98.73* 
35,5 88.52* 42.87* 88.52* 42.87* 45.47 99.86* 44.85* 99.27* 
36,5 90.53* 43.50* 90.53* 43.50* 47.32 100.48* 46.77% 199.86* 
Bs) 92.46* 44 1\7* 92.46* 44,17* 49.20 OMLS* 48.47* 100.48* 
38,5 94.47* 44.85* 94.47* 44.85* 51.18 01.83* 50.36 Olas 
39,5 96.35" 45.57* 96.35* A510" 53.16 02.54* 52.44 01.83* 
40,5 98.42* 46.34* 98.42* 46.34* dpe Os s3i+ 54.31* 02.54* 
41,5 200.59 47.20* 200.40 47,.20* 57.09* 04.08* DOU 03.31% 
42,5 02.64 48.03* 02.40 48.03* 59.30*| 04.92* 58.41* 04.08* 
43,5 04.79 48.81* 04.56 | 48.81* 61.39* 05.79* 60.53* 04.92* 
44,5 07.03 49.75* 06.82 49.75* 63.56 06.71* 62.63* 05.79* 
“45,5 09.14 50.73* 08.91* 50.73* 65.76 07.59* 64.74% 06.71* 
46,5 lesa 51.62* 11.05 51.62% 67.93 08.56* 66.94 07.59* 
47,5 13.62 52.69* 13.41 52.69* 70.09* 09.57* 69.06* 08.56* 
48,5 15.96* 53.69* 15.76 53.69* Vey NOLS 71.44 09.57* 
49,5 18.26 54.76* 18.04 54.76* T412* 11.66* 73.657 10.57* 
50,5 20.62 55.86* 20am 55.86* 77.04 abe 75.89 11.66* 
51,5 22.90 57.09* PRT 57.09* 79.38 13.89*| 78.37 L274 
52,0) DOLL 58.27* 24.94 58.27* 81.96* 15.03* 80.78 13.89* 
D330 27.86 59.29* PT Nas 59.29* 84.33 16.23* 83.20* 03% 
54,5 30.40 60.53* 30.14 60.53* 86.70* 17.49* 85.58* 16.23% 
!s$3)-f5) 32.91 62.02* 32.68 62.02* 89.20 18.81* 87.95 17.49* 
56,5 35.42 63.38* Beall 63.38* 91.84 20.11% 90.53* 18.81* 
57,5 38.14 64.74* 37.84 64.74* 94.47 2 42* 93.07* ANY 
58,5 40.70 66.16* 40.35 66.16* 97.08* 22.84 95.69 es 
59,5 43.39 6i.a3* 43.09 67.53* 99.68 24.26% 98.42 22.84 
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Table 12 (cont.) 
ee 


*TI3)2-"I 13/2 TT jo—"11/2 
af Ago. IXee MOY Mean value of the isotopes 
R, IR, Rs 125 Ric Pic Ria Pid 

60.5 |28 246.13 128 169.06*/28 245.81 |28 169.06*/28 202.33 |28 125.65*/28 201.08*| 28 124.26* 
61,5 48,82 70.56* 48.48 70.56* 05.05 27.06* Osaval 25.80 | 
62,5 51.55 72.08* 51.29 72.08* 07.74* 28.54* 06.20 27.26 
63,5 54.35 73.65* 54.05 i3.09% 10.55 30.11* 08.91* 28.77 4 
64,5 Oiato TOeo te 56.77 Teapatt< 13.25 31:65* LTO 30.30 
65,5 60.07 76.85* 59.70 76.85* 15.96* 33.27% 14.50* Seo 
66,5 62.98 78.55* 62.62 78.55* 18.81 34.93* edit: 33.48 
67,5 65.87 80.23* 65.49 80.23* DO 36.51* 20.32* 35.16 
68,5 68.84 81.96* 68.51 81.96* 24.56 38.26* 23.10 36.82 
69,5 71,85 83.78* (tbs 83.78* 27.46 39.82* 26.15 38.56* 
YK OBS) 74.92 85.58* 74.57 85.58* 41.60 40.30* 
TUS 77.99 87.45* 77.69 87.45* 

42,0 81.19 89.38* 80.70 89.38* 

Hideo 84.27 91.25* 83.80 91.25* 

vs) 87.38 93.19* 86.98 93.19* 

TSS 90.55 95.15* 90.13 95.15* 

1650 OS lad 97.18* 93.35 97.18* 

UD 96.99 99.24* 96.64 99.24* 

78,5 300.39 201.40* 99.95 201.40* 

79,5 03.68 03.51* aOsdeas 03.51* 

80,5 07.06 05.72* 06.57 05.72* 

81,5 10.47 07.85* 10.08 07.85* 

82,5 13.90 10.01* 13.42 10.01* 

83,5 ice O 123% 16.86 122315 

84,5 20.92 14.62* 20.37 14.62* 


The agreement between B’’-values obtained from the ultraviolet and the blue 
systems is satisfactory. The B-values can be combined in the equations: 


Isotope 107: 2=8/, B, =0.3035 — 0.0025, (v+4) 

2=1/, By, =0.3020— 0.0025 (v+4). 
The internuclear distances of *II/. and #II,). are 1.998 A and 2.003 A respectively. 
Isotope 109: Q2=%/, B, =0.3026 — 0.0024, (v+4) 

Q=1/, By, =0.3014— 0.0026 (v+4). 


The internuclear distances are 1.998 A and 2.002 A, which agrees well with the values 
given above. 
The isotopic effect 


_The vibrational isotopic effect is negligible in the 0,0 sequence and of the mag- 
nitude 0.5 cm™ in the 0,1 sequence. Only for the (0,0)3,. band have different B-values 
of the two isotopes been obtained. The 9? values obtained are: 
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Table 13 


Wavenumbers of the (0,1)32 band 
. — 


a Ag tor Neo Ag*7916 Aton tt @ze 
al 
Ry P, R, Py R, P, Ry ie 
\ 

34,5 |27 703.80 27 704.34 47,5 |27 733.37 |27 672.54*|27 733.84 |27672.91* 
35,5 05.85 06.36 |27 660.63*| 48,5 35.94 onto 36.35 74.30 
36,5 07.96 |27 661.09 08.41 61.48 49,5 38.53 Woe lai 38.88 75.62 
ay 0y3) 10.26 61.88* 10.71 62.46* 
38,5 12.36 62572 12.83 63.37*| 50,5 41.08 76.58* 41.45 77.02* 
39,5 14.44 63.81* 14.88 64.15%)" 6155 43.84 77.93 44.13 78.48* 

D250) 46.42 79.32* 46.83 79.76* 
40,5 16.80 64.59* erie ke 64.99 Dono) 49.28 80.73* 49.61 81.18* 
41.5 18.98 65.70 19.40 66.13 54,5 52.06 82.34 52.36 82.71 
42,5 21.24 66.75 21.67 67.14 55,5 55.00 83.96* DOC 84.41* 
43,5 23.61 67.92* 24.00 68.32*| 56,5 Wixelyl 85.48* 58.24 85.92* 
44,5 25.99 69.01 26.39 69.55*| 57,5 60.39 87.16 60.74 87.51 
25,5 28.44 70.05* 28.83 70.60 58,5 63,41 88.92* 63.76 89.35* 
46.5 30.90 71.41 31.30 TLS OOS 90.55* 90.95* 

Level (a 
X *TI5/0’’ =0 0.9970 
B *II,/.0’ =0 0.9978. 


The theoretical value of 0? is 0.9976. 


The A-type doubling 
The A-type doubling is quite analogous to the one observed for the blue system. 
No splitting has been found for the *II,/.—I3/. transition. A A-type doubling in- 
creasing linearly with (J + 4) for small J-values and then having a constant value 
is obtained for 2IT,).—IIy2. It amounts to 1.4 em~ for high J-values, and for low 
J-values the equation ¢(J) = 0.02, (J + 4) is valid. 


The coupling constants 

The difference or the sum of the coupling constants of the two *II-states must be 
approximately equal to the doublet separation obtained from the % values for the 
sub-systems. Using the formulae derived in connection with the coupling constants 


of the blue system, 
B 


Ber = B ( +5] 2 


X*JI A,~130 cm™ 

Bile Al 100, em. 
The values of the blue system are 

X7]] A,~140 em™ 

Ag ile 42330 cm 


These values are very uncertain, however. 


we obtain 
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Table 14 


Wavenumbers of the (0,1)1/2 
i ——————— 


Ag706 Ato 12 ue 
i ; 
Ric Pic Rid Pid Ric Pic Ria etd 

14,5 |27 629.93* 27 629.43* 27 629.93* 

15,5) al O57 30.65* 27 631.54* 31.05* 

16,5 S2ro LS 31.90* Boer 32.31% 

Py f35 33.64* 3oe22" 34.06 33.64* 

18,5 35.00* 34.49 Sorel 35.00* 

19,5 36.34* 35.94 36.77 36.34* 

20,5 SROs 31.30 38.34 37.81* 

21,5 39.26* 38.85 39.78 39.26* 

22,5 40.83* 40.32 41.43 40.83* 

23,5 42.46* 42.00 42.89 42.46* 

24,5 43.90*|27 612.29* 43.42 |27 611.88 44.51 |27612.69* 43.90*| 27 612.29* 
25.) 45.58* 12.69* 45.11 12.29* 46.21 13.10% 45.58* 12.69* 
26,5 47.22% SeO% 46.72 12.69* aieaio 13.55% 47.22* 13.10* 
PAT 15) 48.88* 13.55* 48.42 13.10* 49.48 14.03* 48.88* 13.55* 
28,5 50.65* 14.03* 50.18 13.55* 51.26 14.52* 50.65* 14.03* 
29,5 52.51* 14.52* 51.89 14.03* 53.09 sya 52.51% 14.52* 
30,5 54.30* M2 53.65 14.52* 54.84 15.69* 54.30* 15.12* 
31,5 56.21* 15.69% 55.60 hosel 56.79 16.30* 56.21* 15.69* 
32,5 58.02* 16.30* 57.36 15.69* 58.61 17.01* 58.02* 16.30* 
33,5 59.99* 17.01* 59.41 16.30* 60.63* Were 59.99* IRM 
34,5 61.99 17.80* 61.37 L701 62.56* 18.37* 61.88* sie 
35,5 64.13* 18.57* 63.37* 17.80* 64.59* 19.14* 63.81* T8-3: 75 
36,5 66.22* 19:37* 65.42 18.57* 66.66* 19.90* 65.78* 19.14* 
37,5 68.32* 20.23* 67.56* 19.37* 68.68 PAU ETB 67.92* 19.90* 
38,5 70.49 Oe 69.55* 20.23* 70.87 21.57* 70.05* 20ST 
39,5 72.54* 22.00% ql Pee Vs M229 b> 22.51* 72.18 Qe Ts 
40,5 74.79 22.96* 73.89 22.05* hoelvies 23.42* 74.42 222d As 
41,5 hie 23.98* 76.16 22.96* (eS: 24.58* 76.58* 232425 
42,5 79.32* 25.04* 78.48* 23.98* 79.76* 25.64* 78.88 24.58* 
43,5 81.63 26.12 80.73* 25.04* 82.04 26.68* 81.18* 25.64* 
44,5 83.96* Pat hel 83.13 26223 84.41* 27.69 83.50 26.68* 
45,5 86.36 28.24 85.48* QT 86.79 28.80 85.92* 27.94 
46,5 88.92* 29.43* 87.92 28.52 | . 89.35* 29.93 88.39 29.04 
47,5 91.35 30.65* 90.55* 29.82 91.70 31.05* 90.95* 30.21 
48,5 93.81 31.90* 93.07 31205 94,20 S2.oes 93.38 31.54* 
49,5 96.33 Sones 95.51 a2 96.77 33.64* 95.93 S2elas 


F,(J)=B[(J +4)?-A?—-4V4(J +4)? + Y(Y—4)]-DJ 


F,(J)=BU(J + 4)?-A2+4V4(7 +4)" + Y(Y—4]—-D(J +1)! 


we can see immediately that F, always lies above F, and that F, gives a greater 
effective B-value than F,. 7115). are II, are distinguishable by the A-type doubling, 
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Fig. 4. The band-systems of AgO. The doublet splitting is greatly exaggerated. 


apart from other facts. In the present case the B-values for 7II,,. are greater than 
those for *II,)2. This indicates that I,,. lies above 2IT,,. and that all three doublets 
are regular (Fig. 4). 

We have | A4,—A,|~ 169.4 


|A,—A,]* 41.8 


but it is impossible to obtain accurate values of the coupling constants as no 2J]—2 
transition 1s known. 


My thanks are due to Professor Er1tk Hutruén, Director of the Institute of Phys- 
ics, for drawing my intention to this problem and for his keen interest with which he 
has followed my work throughout. I also wish to thank Docent ALBIN LAGERQVIST 
and Fil. Lic. Bener Kieman for many helpful discussions. I am much indebted 
to Fil. lic. Gunnar Atmx«vist for good advice and for his kindness in lending me 
his vacuum are. 


-January 1953. Physics Department, University of Stockholm. 
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Communicated 3 June 1953 by Manne SiecBann and G. Borriius 


Determination of the radiation hazards from a 1.5 MeV 


high voltage accelerator 
By Karartna AHNLUND 


With 2 figures in the text 


Introduction 


The 1.5 MeV high voltage accelerator of the Nobel Institute (1) is used for accelera- 
tion of protons or deuterons for work in nuclear transmutation studies. The radia- 
tion intensities in the neighborhood of the machine have been measured, especially 
in such localities to which personnel has access. As there have been some inquiries 
from people planning accelerator buildings as to the expectable radiation from this 
type of machine, it has been found suitable to publish some experiences. 

Mainly two kinds of penetrating radiation originate from the accelerator, electro- 
magnetic radiation and fast neutrons. A large part of the beam hits the lenses and 
walls of the accelerating system. Then, in the first place, secondary electrons are 
emitted which move upwards and give rise to X-rays as they strike the inner surfaces 
of the tube. Secondly, by a deuteron beam, deuterium is stored on the walls and 
acts as target for additional incident deuterons. By the D + D reaction fast neutrons 
are produced. With a deuteron energy of 1 MeV the neutrons have energies of 1.7—4 
MeV. The neutrons in turn can, by capture, produce y-radiation. 


Electromagnetic radiation 


The X-radiation was measured with a calibrated GM-detector during the accelera- 
tion of a 0.88 MeV, 100 uA proton beam. This has been a normal running condition 
during the determinations of nuclear Q-values. Table 1 gives the exposures measured 
at the various positions indicated in the general view of the high tension hall in 
Fig. 1. 

5 ia no place in the target room was the exposure bigger than 1.5 mr/hour. The 
control room I is only used by start and occasional supervision of the machine. 
The door between the high tension hall and the workshop is shielded by 0.5 cm of 
lead, which is indicated in the figure. The carpenter’s shop, which has no special 
shielding is not so extensively used. The high tension set is in use for about 30 hours 
a week. Then the safe level of exposure to this kind of radiation 300 mr/week will 
for no personnel be exceeded (2). Continuous detection of the electromagnetic radiation 


by pocket dosimeters has given similar results. 
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Table 1. Radiation level of electromagnetic radiation at Hy = 0.88 MeV, I, = 100 uA. 


Se 


X-ray Exposure 


Position in Fig. 1 
mr/h 


Or Or Or 


Sol 


WOHWNAAHOWNOSS EE 


or 


QR 
bo 


eu 
nr 


Maximum permissible exposure = 300 mr/week for total exposure to all kinds of radiation. 


Neutron radiation 


Most of the fast neutrons are produced in the lowest part of the acceleration tube 
and in the target system, where the beam hits several narrowing arrangements. 
Therefore the protection against this type of radiation is of significance mainly for 
the target room. On the other hand it has been found most practical to manage 
the machine from a place in the neighborhood of the target, from where all additional 
apparatus can be easily supervised. Then one must have at least some part of the 
target room well shielded against the fast neutrons. As these are best slowed down 
by light elements, especially hydrogen, a water-filled tank is introduced between 
the accelerator and the control equipment. See Fig. 2, where a plan of the target 
room is given. The water container has the dimensions 235 x 235 x 50 cm? and is 
welded of 0.5 cm iron plates. 

A measurement of the neutron flux in the target room has been performed by 
means of a boron chamber surrounded by an inner layer of 5 em of paraffin and a 
removable outer layer of 0.5 cm of cadmium. A 100 mC Ra Be-source was used to 
calibrate the chamber. The fluxes of fast and slow neutrons were measured on the 
places which are indicated in Fig. 2. Point 1 lies 1.8 m from the first narrowing part 
of the acceleration tube where most of the neutrons are generated. The source strength 
can be estimated to about 10 C. 

The table shows that the wall reduces the fluxes by a factor of ten. The stipulated 
tolerance dosage for fast neutron exposure is 10-20 n/cm?, sec during a 120 hours’ 
working week (3). One finds that the water wall installation is quite necessary and that 
the actual wall thickness reduces the neutron exposure at the control panel to less 
than half the permissible neutron dosage in case the machine is run for 30 hours a 


week. 
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Table 2. Radiation level of neutrons at Ha = 0.88 MeV, Ja = 50 pA. 


Fast Total 
Position in Fig. 1 neutron flux | neutron flux 
niem?, sec. niem*, sec. 
ER ey en, aoe coe oc 190 210 
Di aoe ee ea ee eee 110 120 
3 cee os.) 17 20 
¢ ers: fn meme, wo 19 22 
iS, Wl ete oo eee eGo ec 20 24 
a iepieraa: ata TER <c 75 85 


Tolerance dosage = 10-20 fast n/cm*, sec., during a 120 hours working week (3). 


Shielding 
Wall —= 


Nuclear 
Spectrometer 
Magnetic 


Analyzer 


® 
1 


0 1 5m 


Fig. 2. Plan of the target room. 


Concluding remarks 


By adding the exposures of the different kinds of radiation one obtains the total 
dosage for personnel continuously working in the target room. During the present 
running conditions of the machine the permissible dosage is not exceeded. Later on, 
the question of further protective measures may be actualized. 

By the construction of a high voltage accelerator one must consider how dangerous 
radiation is produced. It is important to give the acceleration tube a sufficiently 
transparent construction. This is of course also valuable in order to obtain good 
pumping speeds in the vacuum system. If a narrowing passage in the beam channel is 
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placed after an energy selector the secondary electrons are hindered by the selector 
from moving upwards the tube and much less X-radiation will result than if the 
narrowing passage lies before the selector. In the upper parts of the tube one can use 
such materials in which X-rays are not easily produced. Stored deuterium from 
which neutrons originate can be made to gase away by heating. 
The main protection against all kinds of radiation is of course distance. The 
importance of sufficiently spaced localities around the accelerator and target system 
is emphasized by this aspect as well as by others. 
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Communicated 3 June 1953 by Manne SiecBaun and G. Borenius 


Proton groups from deuteron bombardment of Ne? by 
magnetic analysis. ‘Transitions to the ground state and first 


excited state of Ne?! 


By Karartna AHNLUND 


With 8 figures in the text 


Introduction 


In the present investigation a magnetic analysis has been made of the two proton 
groups of longest range from the reaction Ne?°(d,p) Ne??. (Fig. 1.) 

The ground state transition is one part of the important nuclear reaction cycle 
linking the isotopes of fluorine and neon (ref. 1): 


ES (pra O28 (d7o) N54 IN t4(d N28, Opa) N72 
018(p,n) F18, Ne2°(d, «) F18, Ne29(d,p)Ne21, Ne24(d, «) F!9 


Van Patter ef al. (ref. 2) have made one precise measurement of the Q-value 
of Ne?°(d,p) Ne?! by magnetic analysis of protons from a separated gas-target from 


O,880 


+ 530 
Ne*°+d-p 


2! 


Ne 


Fig. 1. Level scheme of the reaction Ne?°(d, p)Ne??. 
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Fig. 2. Horizontal section of the target chamber. 


the isotope separator of this institute. In view of the importance of the reaction 
cycle above it has been considered worth while to make a new determination with 
altered experimental conditions and on several Ne?°-targets. 

MippLeETon and Tat (ref. 3) have used a photographic range method for a syste- 
matic survey of the Ne?°(d,p) Ne?! transitions obtainable with 7.8 MeV deuterons. 


Experimental apparatus 


The deuterons were obtained from the 1.4 MeV Cockroft-Walton accelerator of 
the Nobel Institute and bent by a 90° homogeneous field magnetic analyzer (ref. 4). 
Two adjustable shit systems placed before and after the magnet serve to focus a 
spot of adequate dimensions on the target. The second slit system is also a feeling 
medium for an electronic stabilization of the high tension (ref. 5). The target chamber 
is shown in fig. 2. The reaction products are analyzed by a heavy particle spectro- 
meter (ref. 6, 7) which is connected to one of the openings in the target chamber 
wall placed at 15° intervals. Fig. 3 shows a sectional view of the target support 
consisting of three rotatable systems by means of which various operations can be 
performed without breaking the vacuum. In the cover of the chamber a scintillation 
y-detector and a liquid air trap are sunk. 

For detection of the particles which had passed the spectrometer two types of 
detectors were employed. In the case of proton scattering the great intensities allowed 
direct detection by means of a heavy-particle scintillation counter, which is shown 


in Fig. 4. For weaker intensities photographic detection by Ilford C 2 100 ug plates 
was used. 
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Fig. 3. Sectional view of the target system. 
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Fig. 4. Scintillation detector for heavy particles. The RCA 1P28 electron multiplier tube must 
be iron-shielded as the detector is placed in the stray field from the spectrometer. 


Experimental procedure 


The general procedure comprises the following main points: 


Establishment of fixed geometrical conditions between incident beam, target 


and detecting apparatus. 
. Determination of the incident particle energy. 
Determination of the energy of the reaction products. 


. Investigation of the target layers. 


Sous 
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The adjusting procedure according to point a. has been reported in ref. 1. The 
incident beam direction is perpendicular to the target surface, which coincides 
with the vertical rotation axis of the nuclear spectrometer. This is valid to | part in 
1000. The acceptance directions used for the spectrometer are known to +0°2. 

The analyzing magnet which determines the deuteron energy was first calibrated 
for protons with the 873.5 KeV F19(p, «,y) resonance and the calibration was referred 
to a deuteron beam of approximately equal energy by a method with successive 
elastic scatterings into the nuclear spectrometer (ref. 8). This procedure was per- 
formed before and after the Q-measurements. The incident beam energy is kept to 
better than +2 KeV by a combination of electronic and manual stabilization. 

It is convenient to calibrate the spectrometer field by a nuclear reaction with 
accurately known Q-value. The two proton groups from Ne?°(d,p) Ne?! which are 
measured in this investigation have energies of about 4.5 and 4.9 MeV in the O = 135° 
direction. A suitable calibration reaction has been found in Be®(d,p)Be!®, whose 
ground state protons in 90° and 135° have energies in the neighbourhood of the 
above-mentioned values. The Be*-reaction has a good intensity and its Q-value is 
known to + 6 keV. A further advantage is that one can use the accurately computable 
energy difference between the protons ejected in the two different angles to measure 
the deviation from linearity between spectrometer field and magnetizing current in 
the energy region used in this experiment. 

A determination of the Q-values according to points b. and c. consists of the 
following partial measurements, which must be performed in one sequence. 


{Bee ew) eee 30° ( Be (d,d) 
A 4 Al(p,p) 135° } Ne?°(d.p)Q, 135° C 4 Al(p,p) 
| Bera,a) 135° Ne2°(d,p)Q, 135° | gs (p,, 7) 
Be®(d,p)Q, 135° 


Production of targets 


The following six targets were used: 


Thin F evaporated on silver backing. 
Aluminium evaporated on aluminium backing. 
Berylhum evaporated on beryllium backing. 
Thin Ne?® separated in silver backing. 

Thin Be evaporated on silver backing. 

Clean machined silver. 


All the backings were thick. 

The first three targets were used for the calibration of the deuteron beam. Two 
complete series of targets were produced for two different determinations of the 
()-values. 

The target backings were machined with a clean and sharp tool just before they 
were put into the evaporation chamber or the isotope separator. One fluorine target 
was made of evaporated LiF, the other of CaF,. The procedure of evaporating alu- 
minium and beryllium on backings of the same metal was used in order to obtain 
optimally clean surfaces. The thicknesses of the layers on the silver plates have been 
determined by studying the positions of scattering edges for elastically scattered 
protons from these targets compared to protons from the clean silver plate. 
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Fig. 5. Calibration of the deuteron beam. a) F!® (p, %, y)-resonance at 873.5 keV. b) Spectrum 
of scattered protons from Al. @ = 135.0° Ep = 873.5 keV. c) Spectrum of scattered deuterons 
from Be. © = 135.0°. Ha = 845.0 keV. 


Results 


Fig. 5 shows a series of curves from one determination of the deuteron energy 
giving LH, = 874.5 keV. The two determinations before and after a Q-value measure- 
ment have proved to coincide to better than 1 keV. We adopt an inaccuracy in 
the bombarding energy of +2 keV considering also temporary fluctuations in the 
high tension during the run. 

The investigation of the external target layers by elastic scattering of protons 
gives curves of the type given in fig. 6. As the angle 9 = 61.4° to the incident beam 
has been used, the edge displacement between the target studied and the clean 
silver corresponds to an energy loss 4 times the actual layer thickness. The following 
thicknesses were obtained for 873 keV protons for the different thin targets used. 


Run 1 Run 2 
Target Layer keV Target Layer keV 
LiF 2.3 CaF, 3.8 
Ne? 0 Ne? 0.7 
Be® 3.4 Be® “Aes 


For 875 keV deuterons the layers are 1.6 times thicker and for the ejected protons 


of 4.5-4.8 MeV 0.4 times the value given in the table. 
The external layers partly consist of contaminants, especially carbon. One keeps 
down the growth of carbon layers during the runs by means of the liquid oxygen 
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Fig. 6. Spectrum of protons, scattered from clean silver and from thin Be- and Ne??-targets 
on silver. 0 = 61.4° Hp = 873.5 keV. 


cooling trap in the target chamber. It has then been assumed that the evaporated 
target substances are spaced uniformly over the measured external layers. In the 
case of the separated Ne?°-targets the Ne is also distributed in the outer parts of 
the silver backings. Then the total Ne?°-thicknesses are not obtained by elastic 
scattering on silver. An estimation can however be made from the widths of the 
(d,p)-distributions. These have been shown to practically coincide with the widths due 
to angular energy spread of the outgoing protons. Thus it has been considered un- 
necessary to apply any correction in our Q-values for the depth of the internal Ne2°- 
layer. 

The (d,p)-distributions for the two proton groups from Ne?°(d,p)Ne2! and the 
corresponding calibration reactions Be®(d,p) Be!® are given in fig. 7 and 8. Due to 
the low intensity of the Ne-reactions the spectrometer acceptance angle 4° has been 
used. This involves the following line-widths: for Be®(d,p)Be?® 36 keV in O = 90° 
and 24 keV in 135° and for Ne?°(d,p) Ne?! 13 keV in 135°. These values are widths 
at the bottom of the distributions. 

The distance between the peaks has been determined from the maximum of each 
distribution. This has been judged as the most reliable method, as the bad statistics 
of the Ne?°-peaks — which totally consist of only a hundred tracks each — make an 
extrapolation to the high energy edge fairly inaccurate. The peak corresponds to 
the mean angle as the predominant broadening factor, the angular energy spread, 
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Number 
of protons 


300 
Be? (d,p) Be” Ne**(d,p) Ne"'Q, 
@ = 910 = 135,0 


200 


100 


i 
180,0 1810 182,0 183,0 Spectrometer 
current 


Fig. 7. Spectrum of protons from the reactions Be(d, p)Bel’ in @ = 91.0° and Ne®(d, p)Ne® 
Q, in 0 =135.0°. Ha = 876.5 keV. Photographic detection. 1Q = 51.7 keV. The asymmetry in 
the Be-distribution is caused by unequalness in the Be-layer. 


Number 
of protons 


Be’ (d,p) Be” Ne™’(d p)Ne™Q 
300 = 1350 @= 1350 


200 


100 
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current 


Fig. 8. Spectrum of protons from the reactions Be®(d, p)Be! in @ = 135.0° and Ne*(d, p)Ne* 
Q, in © = 135.0°. Ha = 876.5 keV. Photographic detection 1 2'= 53.3 keV. 
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is symmetric with respect to this angle. In the calculations this peak position has 
been related to target nuclei half-way into the target layer. 

From the known Q-value of the Be®(d,p) Be!® reaction Q = 4.587 + 0.006 (ref. 9) 
we calculate the Q-values of the Ne-reaction using nuclear masses and relativistic 
corrections (ref. 10) and taking into account the non-linearity of the spectrometer, as 
revealed by the distance between the two peaks from the Be-reaction. In this way 
we obtain from the two independent determinations of Ne?°(d,p) Ne??: 


Run 1 | Run 2 
OF 4.524(4)+0.009 MeV 4,527(1)+0.009 MeV 
On 4,175(5) +0.009 MeV 4.177(5)+0.008 MeV 
Q5-@, 0.348(9) + 0.007 MeV 0.349(6) + 0.006 MeV 


We adopt the mean values: 


Q, = 4.526 + 0.009 MeV 
Q, =4.177 + 0.009 MeV 
Qo — Q1 = 0.349 + 0.006 MeV 


Q, — Q, gives the first excited level of Ne?! (fig. 1). In the table below are listed the 
various sources of errors contributing to the probable errors in the results. 


Source of error Probable error 


Q-value of Be® (d, p) Be?° 6 keV 
Deuteron energy 2 keV 
Angle 0 Oude 

Statistical error in each (d, p)-peak 3 keV 
Dispersion between peaks 2 keV 
Layer correction in one peak 1 keV 


The various errors are reduced to errors in the Q-values (ref. 10) and give the net 
values: 1Q) =9 keV, AQ, =9 keV, A(Q, — Q,) =6 keV. 

The probable error is smallest for the difference Q) — Q, since the uncertainty in 
the Be®—Q-value cancels out. 

The present Q-values are in agreement with the earlier measurements in the 
M.IL.T. laboratory. Van Parrer et al. have obtained the ground state Q-value 4.529 + 
0.007 MeV (ref. 2) and the first excited level in Ne?! 0.352 + 0.012 MeV (ref. 11). 
In the same laboratory a Na?9(d,«)Ne?1-transition has given the position of the 
first level in Ne?! as 0.343 + 0.010 MeV (ref. 11) 


I am grateful to Tekn. lic. 8. THunry for preparing the Ne-targets and to Tekn. 
Dr. C. Mrrerkowsxy and Tekn. lic. R. Pauut for their help in the runs. 


Nobel Institute of Physics, Stockholm 50, Sweden. 


162 


be 


_ 


_— 
I 


SO ee I he ee 


ARKIV FOR FYSIK. Bd 7 nr 14 


REFERENCES 


MinerKowsxy, C., Ark. f. Fys., 7 nr 8, 89 (1953). 

Van Parrer, D. M., SpERpuTO, A., ENpT, P. M., BuUECHNER, W. W., and Encs, H. A., 
Phys. Rev. 85, 142 (1952). 

MIppDLeTon, R., and Tat, C. T., Proc. Phys. Soc. 64 A, 801 (1951). 

MiILerKowsky, C., and Pau, R. T., Ark. f. Fys. 4, nr 12, 287 (1952). 

Pau, R. T., Ark. f. Fys. (to be published). 

MimErkowsky, Cs, Ark. f: Pys:, 4, ur 16, 337 (1952). 

Ark. f. Fys., 7, nr 3, 33 (1953). 

— Ark. f. Fys., 7, nr 10, 117 (1953). 

Van Parter, D. M., M.I.T., Technical Report No. 57 (jan. 1952). 


Brown, A. B., SNypER, C. W., Fowier, W. A., and Lauritsen, C. C., Phys. Rev. 82, 159 
(1951). 


. SPERDUTO, A., BUECHNER, W. W., and Van Pattsr, D. M., M.I.T. Progress Report (May 


1951). 


Tryckt den 30 november 1953 


Uppsala 1953. Almqyist & Wiksells Boktryckeri AB 


163 


ARKIV FOR FYSIK Band 7 nr 15 


Communicated 22 April 1953 by Oskar Kiern and Ivar WatLer 


Hybridization of atomic orbitals in formation of molecules 


By Inca Fiscuer-HJALMARS 


With 2 figures in the text 


Summary 


The condition of maximum penetration, previously suggested by the present 
author, has been generalized and studied in more detail. It has been shown 
that the composition of the bonding atomic orbital, found by this condition, is 
remarkably different from the bonding atomic orbital, found by the condition 
of maximum overlapping. The difference is substantially due to the fact that 
there is a considerable difference in orbital energies between the atomic 2s and 
2p orbitals. It is suggested that this difference is important for the determina- 
tion of the shape of the molecules NH, and H,0O. 


1. Introduction 


The purpose of most theoretical investigations of molecular structure is to 
calculate the energies of the electronic states and the corresponding wave func- 
tions. Strictly, this can only be obtained from a study of the complete system 
of electrons and nuclei of the molecule. For practical reasons, such a treatment 
is not possible for molecules in general, on account of the complexity of the 
systems. Therefore, it is inevitable to introduce approximations. It is, of course, 
desirable to make as small approximations as possible, but in some respects 
even a very crude calculation can give some valuable information. This is, for 
éxample, evident from the widespread application of the condition of maximum 
overlapping, introduced by Paunine [1]. He states that it should be expected 
“that of two orbitals in an atom the one which can overlap more with an 
orbital of another atom will form the stronger bond with that atom”. Recently, 
Maccott [2] has reinvestigated Pauttna’s condition and has given it a slightly 
changed formulation. He has also shown its applicability to bonds between 
equal atoms and has discussed its generalization to bonds between unequal atoms. 

In some cases, however, it seems as if overlapping is not the only factor, 
determining the shape of the molecule. Hence, the present author has suggested 
an alternative condition, denoted the condition of maximum penetration [3]. The 
idea that led to this condition was as follows. According to the self-consistent 
field method, the “orbital energy’ of an electron is determined by the potential 
field of all the nuclei of the molecule and by the average potential field of the 
other electrons. The terms, dominating the energy expression, originate from 
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the kinetic energy and the potential of the nuclei. It was suggested that the 
bond-forming power of an atomic orbital should be roughly proportional to 
these terms, when modified so that the effective charges of the nuclei were 
substituted for the real charges. These terms, called the penetration terms, are 
in case of the two-atomic molecules, a—b, discussed in [3]: 


p= [os (7-228 Zeet) », ay, (1) 


Ui To 


where J is the kinetic energy of the electron, and gq is a normalized atomic 
orbital of the nucleus a. qa is in general a linear combination of (ns), (n/p)... 
functions. The values of the coefficients in this expression are supposed to be 
found by minimizing P with regard to these coefficients. 

In many cases, the condition of maximum penetration will yield the same 
result as the condition of maximum overlapping, e.g., in molecules where the 
bond strength is substantially due to a high electron density between the joined 
nuclei. However, this should not be the case, when the hybridized atomic 
orbital is composed of atomic orbitals with widely different orbital energies. To 
investigate this point in some more detail, we have now applied the condition 
of maximum penetration in a generalized form to the hydrides of nitrogen, 
oxygen and fluorine. Moreover, an additional calculation for the previously 
treated lithium hydride has been made. 


2. Derivation of the penetration condition 


The molecules to be discussed here have the common formula A Hy, n= 1, 2, 3. 
We assume that the atomic orbitals of the atom A are hybridized in such a 
way that in every A—H direction there is one hybridized orbital with its 
symmetry axis almost in the direction of the bond. Orbitals in different A—H 
directions should be equivalent in the sense of LENNARD-JONES [4], 7.e., the 
orbitals should be identical except for their orientation in ordinary space. It 
has been shown that such equivalent orbitals are almost perfectly localized [5]. 
We shall, accordingly, neglect any interaction between an equivalent orbital in 
one A—H direction and the other hydrogen atoms. Similarly, we shall neglect 
any interaction between the hydrogen atoms and the pair of electrons in non- 
bonding orbitals, commonly called “lone pairs’, 

Hence, to a certain extent, we can treat each bond separately. Let Pa be 
that atomic orbital of the atom A which participates in the bond 


A= He (a=) 2yn s.,) 
and pn txe 1s orbital of the atom H,. According to the valence bond theory, 
the wave function for this particular bond is: : 
(1, 2)=- P| Pa (1) « (1) eee Pa(1)B(1) pa(2) B(2 
2V1+S* lon (1) BCL) gn (2)B(2)| |pn()a(1) gn (2)a(2 
where 1 and 2 represent the coordinates of the two electrons, a, P are eigen- 
functions of the spin operator, and S={ ya(1)gn(1)dVj. 


eo 
Hise 
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Let a be an eigenfunction of the atomic hamiltonian operator H,=T+V, 
ith the eigenvalue Hy. V, is the sum of the Coutomp field of the nucleus 
nd the average field of all the other electrons at A. Pn 1S an eigenfunction 
f the atomic operator Hy=T—1/ryq with the eigenvalue H,. The hamiltonian 
. of the two electrons of the bond between A and H, is: 


H=T,+T, Za eg 1 Meee 24 


PAGE Very Ue Weer Tyo TAH 


(3) 


here energy and length are expressed in atomic units (a.u.). The effective 
narge Z, in (3) is defined as follows: 


7 yh (4) 


TA 


he averages of 1/r4 and Va in (4) must be computed over that atomic orbital 
n which Za4/r4 is operating. Thus, the effective charge will be different for 
ifferent atomic orbitals. 

The energy of the two bonding electrons is: 


{(ah| H|ah)+(ah|H|ha)}, (5) 


B= |v" (1,2) HY, 2)d0,47.= 


‘here 
(ab | H|ed)={ (1) pe (2) He (1) pa (2) dV, d Vo. 


fter insertion of (3) we obtain 


Le Z 
(ah|H|ah)=E.+ En (« u a) (i & h) (uh | ah) + 25 (6) 
TH TA 12 YAH 
Z 1 . 
th| H|ha)=S? (B.+ 2, +24)—s{ (1 ee a) +(a 2 i) («i ha) (7) 
‘ TAH TH TA Vi 


y comparing (6) and (7) we can infer that the following relation is approxi- 


ately valid: 
(ah|H|ha)~S* (ah|H|ah). (8) 


hen, from (5) and (8) it follows that 


Ew~(ah|H|ah). (9) 


0 obtain (8) we have made the following assumption with regard to the last 


rm of (7): , 
(a Rs ha) ~S" (an 
aoe eure | 7 


12 


at) . (10) 


12 
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as 


Tie 


ale 


12 


fine 1 
ha) ~ 4 {(aa : 


12 


hi) +2 («1 


12 


1 


h) 8 {(a - 


“a 


TA 


YH 


H 


ii 


YH 


u 


YH 


A A 


(10) can be compared with the approximate formula suggested by MULLIKEN [6]. 
According to this formula we have 
(«| 2 aa) +(hh ah)ke (an) 
As one-center integrals are always larger than the corresponding two-center 
integrals, it is obvious that the right member of (10) will yield lower numerical 
values than the right member of (11). However, integrals of this type are 
comparatively small, so that the imexactitude of (10) cannot invalidate the 
results, obtained in the following parts. A more critical point of the derivation 
above is the following relation, implicit in (8): 
( + (« Aa a) iF ( a) . (12) 
TA 
A more satisfactory approximation would have been: 
(1 «| + (« = n) 58 (a a) +(h oe ») ! (i : n) + (a eo a) (13) 
A y} iP % vA 
The relative inexactitude of (12) is about equal to that of (10), but the inte- 
grals of (12) are not small compared to the energy of the bond. Thus, the 
inaccuracy introduced by (12) is not negligible in comparison with the expression 
we wish to compute. However, the purpose of the present simplified calculation 
‘is not to find a correct value of the bond energy. This is, of course, only 
possible to obtain by the most accurate methods available. The purpose is only 
to study the hybridization of the atomic bonding orbitals gc, go,... of the 
atom A. In this connexion (12) can be accepted, since the two members are 
similar functions of the hybridization parameter. It is only the derivative with 
respect to this parameter that will be of any importance in what follows. 
Starting from (9) we can obtain a still simpler expression for an estimate of 
the hybridization parameter. All the terms of (ah|H|ah) are not functions of 
this parameter. The last term in the right member of (6), Z4/rauy, is obviously 
a function of the interatomic distance only. The same is the case with the term 
(h|Za/ra|h). Moreover, HZ, is a constant. Hence, we can confine ourselves to 
the three remaining terms, which we call P,: 


/ 


1 
Po=Ea— (« za a) + («i EF ah) . (14) 
Let 
r i * 
Vat)=—=-+ | oh) onQ)aV, (15) 
Hl 
Then, (14) can be put in the form 
Pa={a(T+Vat Vn) gad V. (16) 


It is seen that (16) is a slightly modified form of the expression (1). 
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When an atom is joined to more than one other atom, the bonding orbitals 
of the central atom cannot be treated separately. The penetration expression 
-must be composed of the penetration terms of all the bonding electrons and of 
the corresponding terms of lone pair electrons. The penetration terms for the 
orbitals of the other A—H bonds of the molecule are similar to (16). The 
corresponding expression of the lone pair electrons differs from (16) in the 


ee of the term V;. The sum of all the penetration terms of the mole- 
cule is 


a as 2, P= Ss po(L+Vot+ Vn) pod V + S gi (T+ Vi) gi dV. (17) 
= = = 1=1 


Here the subscript b indicates a bonding orbital and the subscript J a lone 
pair orbital. As above, n is the number of electrons from the atom A partici- 
pating m bond formation. m is the number of electrons forming lone pairs at 
A (twice the number of lone pairs). 

The orbitals gy, and g; must be consistent with the symmetry of the mole- 
cule. Moreover, they must be mutually orthogonal and normalized. These condi- 
tions restrict the possibilities considerably. In the case of methane, for instance, 
the hybridized orbitals are completely determined by these conditions. When 
there is any degree of freedom as to the composition of the orbitals, the cor- 
responding parameter can be found from the condition that P in (17) must 
have a minimum value with respect to that parameter. This is the generalized 
formulation of the condition of maximum penetration. 


3. Atomic orbitals 


Various calculations on molecular problems have been carried out during the 
last twenty-five years. Almost all numerical computations have been based on 
comparatively simple, analytical wave functions. These functions have been 
supposed to be satisfactory approximations to the correct eigenfunctions of the 
atomic hamiltonians. The most important exceptions to this are the numerical 
computations of self-consistent field (SCF) atomic orbitals, made by Hartree, 
Fock, and coworkers (see e.g. the review [7]). A comparison of the SCF and 
the analytical orbitals indicates that only an inadequate estimate of the charge 
distribution can be obtained from simple, analytical functions. Only when these 
functions are composed of several exponentials, each fitting one part of the 
corresponding SCF function, one can hope to obtain an accurate result. Re- 
cently, Léwprn [8] has computed analytical expressions of several atomic orbitals, 
which are in satisfactory coincidence with the SCF orbitals over the whole 
range of the variable 7. However, it turns out that these expressions are so 
complicated that one does not feel tempted to adopt them in actual computa- 
tions of molecular structure. Therefore, we have made a compromise and have 
chosen to carry out the computations with analytical atomic orbitals, which 
coincide with the SCF orbitals within that part of space which seemed to be 
of principal significance to the present problem, 2.e., for values of r close to 
the equilibrium distance between the joined atoms. This can be obtained by 
using only one or two exponentials: 
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wall: i (- sae re s 
. 32aN Nad 


ys 9 
NM Ce MO Cer (19) 


The forms of (18) and (19) are in accordance with the analytical expressions 
given by Morsz e¢ al. [9], cf. also Duncanson and Covtson [10]. The values 
of A and b in (18) determine the node. As the position of the node is not 
very significant in the present connexion, we have used the relation: A= 
= (2b)3/(1+6)4 instead of the more complicated expression given in [9]. Then, 
the normalizing factor is: N=1—19263/(1+6)8. The simple form (19) of the 
2p orbital is not very satisfactory. However, the main point is that “ must 
be considerably different from v, since the 2 orbital is much more extended 
than the 2s orbital, and the orbital energies are not the same. To fit (18) and 
(19) to the SCF functions within the desired range of r, the difference between 
yw and » must be more pronounced than found from the variational treatment of 
[9] and [10]. This is also evident from the values of the orbital energies, com- 
puted by the self-consistent field method. The values of the parameters b, y, 
and vy, which have been adopted in the present computation, are collected in 
Table 1. 


Table 1. Values of the parameters in wes and wey of (18) and (19) and values 
of the effective charges, discussed in part 4. 


Atom | b yu v | Zs | Zp 
ED eget a cic) Sitio Doe cy cticer 4.09 0.658 0.545 1.15 1.00 
ING moteusas eecherepentiecarat sce cies caereeeke 3.09 2.02 1.64 2.69 1.96 
O) Reiie bias St sucteva ot slate oremprevras 3.08 2.36 1.89 3.13 2.23 
Higer as Godot e asantonssae es © shame 3.07 2.61 2.00 3.59 2.47 


4. Effective charges 


The effective charges, reproduced in Table 1, are defined by (4). According 
to this definition, Z4 does not depend on the rest of the molecule. The average 
values in (4) should be computed over definite atomic orbitals. Hence, Z, will 
have different values for 2s and 2 orbitals. From computations of Z, values 
of different atoms A, it was found that the screening of the nuclear charge for 
an electron in one atomic orbital, caused by an electron in another atomic 
orbital, was almost independent of the atomic number. We have, therefore, 
adopted the following screening constants: 


Screening by (1s) for (2s). ene) 
Ce a ee . 0.65 

ri ak ep up a (cS) . 0.60 

ge. te Ieee (Oy . 1.00 

: te), se (Om 0.79 

* Cp) = Cpe nen ress 
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As an example, we reproduce the computation of Z, of the oxygen atom: 


Z;=8-2 x0.91 — 9.65 —4%x0.60=3.13. The other Z values of Table 1 have been 
computed in a similar way. 


5. Lithium hydride 


In this molecule, LiH, there is only one electron in the valence shell of each 
atom. Accordingly, there is no lone pair to take into consideration, and (17) 
is in this case simply: P=P,. The difference between the present computation 
and the computation made in [3] is that V, in (15) has been substituted for 
the simple potential —1/ry. 


Let 
Pa-K 2s + 'D Wen; 
where 
a? + B?=1, 
Then 


P=? {fe,+(28| Vin 


2s)} + B’{Bep+(2p| Vn 


2p)}+2aB(2s|Val2p). (20) 


According to the condition of maximum penetration, the best value of the 
parameter B/« should be that for which P becomes a minimum. The parameter 
values deduced by application of this condition to (20) are reproduced in Table 2. 
The values have been computed for the experimental interatomic distance, 
rin = 1.6 A=3.02 a.u., and for two other distances, also used in [3]. The evalua- 
tion of the integrals in (20) is discussed in the Appendix. For comparison, the 
values of $/a, which have been obtained from the most complete treatment 
given in [3] and from the condition of maximum overlapping are also reproduced 
in the table. 


Table 2. LiH: The parameter f/« of the bonding orbital and the penetration terms. 


Values of B/a obtained from 


TLin P in (20) P—EHp2s 

a.u. maximum 3] maximum a.u. au. 
penetration overlapping 

2.6 0.36 0.52 0.99 — 0.2090 — 0.0225 

3.02 0.32 0.41 1.09 — 0.2049 — 0.0185 

3.40 0.28 0.54 1.16 — 0.2007 — 0.0142 


As is seen from Table 2, the values of B/« obtained from the penetration 
condition are not far from the values yielded by a closer computation, although 
somewhat lower. The best parameter values lie between the values obtained 
from the penetration and the overlapping conditions, although closer to the 
former. a 

The last column of Table 2 shows the contribution to the total binding 
energy from the penetration terms. These values should be compared with the 
values of the binding energy from experiments: 0.0967 a.u., and from the most 
complete computation of [3]: 0.0671 a.u. As was pointed out in part 2, the 
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penetration terms are not a satisfactory expression of the total energy and, 
consequently, they cannot be used for a computation of the bond energy. 

A more detailed discussion of the result will be given in comparison with 
the results for the other molecules. 


6. Hydrogen fluoride 


This molecule, HF, belongs, as well as LiH, to the symmetry group C.» 
(cf. for example [11]). The experimental value of the interatomic distance 1s 
0.9171 A=1.733 a.u. [12]. The different feature of HF is that there are three 
lone pairs at the fluorine nucleus. Two of the lone pair orbitals, yop,2 and 
Y2p,y, have node planes, containing the symmetry axis of the molecule. They 
are not modified by the presence of the hydrogen atom. The third lone pair 
orbital had originally spherical symmetry. In formation of the molecule it will 
assume cylindrical symmetry with the same symmetry axis as the molecule and, 
consequently, as the bonding orbital. This lone pair orbital must be modified 
so that it remains orthogonal to the bonding orbital, originally the orbital y2»p, 2. 

Let the bonding orbital be 


Pa =H Yost B pap, 

at+ fp? =1, 
where we have omitted the subscript z. Then, the lone pair orbital is 

71 =P pron —& rs. 
It is not necessary to include the penetration terms of the other two lone pair 
orbitals, as these are independent of the hybridization parameter. Hence, we 
find from (17): 
P=P,+2P,=(1+B") Bo,+(1+a") Boy +a? (2s|Vn|2s) +f? (2p|Vn|20)+ 

+208 (2s Vi) 2p) petal) 


The minimum value of P with respect to B/« can be found without difficulty. 
The computed values are: 


Bio =0.18652 P= =25235 au.: Pony, = Fe =o ete ae 


7. The water molecule 


According to experiments [12], the water molecule, H,0, has a triangular 
shape and belongs to the symmetry group Cz,. The O—H distance is 0.9584 A = 
= 1-301 au. and the angle H-O-H is 104°27’. Let a coordinate system have 
the orientation, shown in Fig. 1, with the z-axis perpendicular to the plane of 
the molecule. We have 26=14°27’. There are six valence electrons at the 
oxygen atom: two lone pairs and two bonding electrons. Let y be the angle 
between the x-axis and the symmetry axis of the bonding orbital Qa. y 1s not 
necessarily equal to 0. As the 2 orbitals are transformed like vectors we get 
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Taiyee, Ie 


W2p,a = COS Y* Wen, 2 —SIN Y* Won, y 


W2n,d= — SIN Y* Wen, + COS Y Won. 3 
or 


Yon,a= C08 (0 —¥) Yon, n +sin (O—y) Yep, n,- (22) 


Here the subscript h indicates a 2 orbital, the axis of which coincides with 
the direction of the bond O—H,. h, indicates a 2p orbital with its axis per- 
pendicular to this bond direction. The two ortho-normalized bonding orbitals are 


Pa—-XY2s +P Wap.as | 
Po =H Yost P Wan, d, } 


sin 2y 1 : 
7, V; +sin 2y’ P V; in 2y Ce 
ay + sin ZY 


The two lone pair orbitals were in the free atom a 2s orbital and a 2p, z 
orbital. In the molecule the 2s orbital must be modified so that it remains 
orthogonal to the bonding orbitals. The modified 2s orbital and the 2p, z 
orbital can just as well be written as equivalent orbitals or as any other arbi- 
trary transform, since the sum of the lone pair penetration terms is invariant 
~ to a unitary transformation. Let us put 


(23) 


where 


1 
Cl 2 {6 Wes e (Won ali W2n,y) + Pop, 2s 


1 
ae {6 os —€(Wan,2+ Pov.v) — Y2p. 2h 


where 
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jo |e ee (25) 
1+sin 2y 1+sin 2y 


Inserting (22) in (23) we obtain for the penetration terms of a bonding orbital : 


P,=02 [Eos + (28 | Vn|28)]+ 6? [Eon + cos” (8—y) (2p, h| Vin | 20, h) + 
+ sin? (0—y) (2p, hy | Vn| 2, hy)] +208 cos (8—y) (28| Va] 2p, h). 


The penetration terms of a lone pair orbital are: 
P,=4 (8? Ey, + (262 +1) Bop}. 


Finally, P=P.+P,;+2Pi:t+2Pm, or, regarding (24) and (25): 


Zz 
+ cos? (0—y) (2p, h| Va | 2p, h) + sin? (0—y) (2p, hy | Vin | 2p, hy) + (26) 
2p, h). 


P fae = Fy, +(2+3 sin 2y) Bey tsin 2y (28| Val 2s)+ 


+2Vsin 2y cos (@—y)(25|Va 


: ee Ae : : 
Now, y should be computed from the penetration condition: ce =0. This condi- 


tion implies a somewhat complicated relation between § and y. It is imprac- 
ticable to express y as an explicit function of 6. Instead, the minimizing value 


: : : P : 
of y has been found by interpolation in the plot of a against y. The 
uy 


numerical results are as follows: 


2y=4°0'; P= —2.4675 au.; P—2E,,—3H2,= —0.3097 au; 


Pa = 0.255 pos + 0.967 Yep. 03 


1 
Oia V3 {0.928 Was — 0.255 (Pep, Doe Wen, y) ci Won, Ae 


8. The ammonia molecule 


This molecule, NH;, has pyramidal structure and belongs to the symmetry 
group C;,. The N—H distance is 1.014 A=1.916 a.u. and the H-N-H angle 
wm is 106° 47’ [12]. Let the axes of a coordinate system have the orientation 
indicated in Fig. 2. The angle between any coordinate axis and the nearest 
N—H direction is 6. Let y be the angle between a coordinate axis and the 
ae the bonding orbital, directed towards the nearest hydrogen atom. Then 
we have 


oe 
Y2p,a = COS PEO sin Y (Wop, y + Yap, z)s 


or 


174 


ARKIV FOR FYSIK. Bd 7 nr 15 


Yrr.a= COs (9—y) pan,n + sin (O—y) pop,n,5 (27) 


where the same notations are used as in (22). Let 


1 
Pa a (2p as + Yop.c) (28) 


and corresponding expressions of gw, and qg-. The coefficients N and « are 
determined by the condition of ortho-normalization: 


6 
a 


8 gest 
N =cos airs sin y; 
a =[V2 sin y cos y—} sin? y]*' =) —cos a’, (29) 


where mw’ is the angle between the axes of any two bonding orbitals. It can 


be easily shown that 
N?=1+0?=1-cos wo’. (30) 


As nitrogen has five electrons in the valence shell, there is one pair of non- 
bonding electrons beside the three bonding electrons. The lone pair orbital was 
originally a 2s orbital. In the molecule it assumes cylindrical symmetry with 
the axis of the molecule as symmetry axis. According to the ortho-normaliza- 
tion conditions, the lone pair orbital must be 


1 
TaN {B pos —% (Pon, 2 + Yar.y + Per. 2)ss 
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where N and « are the same constants as in (29) and 

B=cos y—V2 sin y, B?=1+2 cos a”. (31) 
The penetration terms of a bonding orbital are found by inserting (27) in (28): 


P, N2=«2 [Eos + (28| Vn |2s)]+ Hop + cos? (0—y) (2p, h| Vi|2p, h) + 


+ sin? (0—y) (2p, hy | Vn | 20, 4) +2 cos (@—y) (28 |Vn|2p, h). 


Moreover, 
P, N*= B? Bos + 3a Boy. 


As P=P,+P,+P.+2P:, we have after inserting (29), (30), and (31): 


P(1—cos w’) =(2+ cos w’) Hz, +3(1—2 cos w’) Bop — 
—3 cos w’ (2s| Vn|2s)+3 cos? (0—y) (2p, h| Vn|2p,h)+ (32) 
+3 sin? (6—y) (2p, hy | Vn | 2p, h,) +6 V —cos w’ cos (0—y) (28| Vn | 29, h). 
P should be minimized with respect to y. As w’ is a somewhat complicated 
function of y, see (29), the minimum is found by interpolation in the plot of 


against y as in part 7. The numerical results are: 
if 


y=2° 55’, or w'=942'; P= —2.1362 a.n.; 
P—2k.,—3 Hep = —0.3970 a.u.; 
Pa = 0.256 wos + 0.967 Wep,a3 


i= 0.896 W25 — 0.256 (Wep, a Wov,y = W2 nv, z): 


9. Discussion 


In the preceding parts we have computed the coefficients of the bonding 
orbitals and of the lone pair orbitals from the condition of maximum penetra- 
tion. According to this condition, an atomic orbital should have the largest 
bonding power, when the orbital energy, computed in the field of the central 
atom and of the joined hydrogen atoms, has a minimum. To simplify the 
computation, only the most important terms of the energy expression have 
been considered. These terms have been called the penetration terms. When 
the central atom has more than one electron in the valence shell, the sum of 
the penetration terms for bonding electrons as well as lone pair electrons has 
been minimized, because the subsidiary conditions, ortho-normalization and sym- 
metry conditions, are so many that there remains only one degree of freedom 
for all the atomic orbitals. taken as an entity. The final expression, P, to be 
minimized is given in (17). 

It is interesting to compare the orbitals, computed from the penetration con- 
dition, with the orbitals, computed from the condition of maximum overlapping. 
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Maccort [2] has shown that, according to the latter condition, the bonding 


power decreases in the series (sp) >(sp°)> (sp). From this it follows that the 
diatomic molecules LiH and HF should have (sp) bonding orbitals of the form 


il 
P= 75 (as + Yoo). The same type of bonding orbitals should be formed at the 


oxygen atom and, consequently, the water molecule should be linear. In am- 
monia there are three hydrogen atoms, joined to the nitrogen atom. Hence 
the bonding orbitals should be of the (sp?) type, and ammonia should be 5 
planar molecule. 

The orbital coefficients, found from the penetration condition and from the 
overlapping condition, are reproduced in Table 3. To simplify the computation 
according to the overlapping condition, the parameters mw and » of the 2s and 
the 2p orbitals (18) and (19) have been put equal, and the node of the 2s 
orbital has been neglected. These simplifications do not change the coefficients 
very much, as is seen from Table 2, where the complete expressions (18) and 
(19) have been used. In Table 3 yo,,; is the 2 orbital, obtained from putting 
“Y2s+B pen, equal to the forms of q, given in parts 7 and 8. 


Table 3. Coefficients of the bonding orbital gy» and the lone pair orbital q, 
obtained from the penetration and the overlapping conditions. 


Coeff. of 9,=4Y5,+PYy5 5 | Coeff. of 9, =%Po,+P Yop, | 
Molecule Max. penetr. Max. overlap. Max. penetr. Max. overlap. 
4 B 4 B 4 | B a B 
Lil (7, 4_= 3-02) ...| 0.952 0.310 0.707 0.707 = = = = 
IN ER Gta cps, soi torches sisasis'« 0.256 0.967 0.577 0.816 0.896 | 0.444 | 0 1 
TEIO)s. ac. oc>oSenocoe 0.255 0.967 0.707 0.707 0.656 | 0.752 | 0 1 
EUS oF cree sir veh es ato 0.183 0.983 0.707 0.707 0.983 | 0.183 | 0.707 0.707 


Table 3 shows that, according to the penetration condition, the orbitals of 
the free atom are only slightly modified by the formation of the molecule. 
The bonding orbitals are mainly the orbitals of the unpaired electrons of the 
free atom, and the lone pair orbitals are mainly the orbitals of the paired 
electrons of the free atom. The modifications are not at all so pronounced as 
according to the condition of maximum overlapping. This is due to the fact 
that the 2s and the 2p orbitals have not the same orbital energy. A hybridization 
-means a change of the orbital energy of a lone pair. The energy required for 
this change must be supplied by the energy, liberated by bond formation. From 
experiments we know the magnitude of the bond energy. From the SCF cal- 
culations we know the difference in orbital energy between a 2s and a 2p 
orbital. On account of the energy balance, these figures show immediately that 
the hybridization, computed from the condition of maximum overlapping, is 
impossible in the molecules considered here. For these molecules the condition 
of maximum penetration seems to give a more correct picture of the real elec- 
tron distribution. 
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In discussing the molecular shape of the molecules NH, and H,0, it appears 
to be important to consider the difference in orbital energy between 2s and 2p 
orbitals. Let us consider H,O in some detail. The discussion of NH; is quite 
similar. The two unpaired electrons of the free oxygen atom are assigned to 
2p orbitals. These orbitals are modified in the formation of the molecule H,O 
for the following reasons, discussed by Porte [13]: repulsion of the hydrogen 
atoms, repulsion of electrons in different bonding orbitals or in different lone 
pair orbitals and repulsion between bonding orbitals and lone pair orbitals. 
Porte suggests that repulsion of electrons from different lone pairs is the most 
important factor, prohibiting the molecule from assuming a linear shape. It 
appears to us that a more serious prohibition of the linear shape is the fact 
that a considerable amount of energy is required to transform the 2s lone pair 
orbital of the free atom into a pure 2p lone pair orbital, which is a necessary 
condition of the linear shape. 

The orbitals, found from the penetration condition, are certainly not the best 
bonding orbitals obtainable in the “linear combination of atomic orbitals’ ap- 
proximation. This is due to the complete neglect of the exchange energy, as 
discussed in part 2. It may be useful to recall the figures of Table 2. It is 
shown that the best linear combination of atomic orbitals (column [3]) has 
values of the coefficients lying between the values found from the penetration 
condition and the overlapping condition. 

It is interesting to compare the results of the present investigation with the 
calculation by Porte [13] on the water molecule. He has carried out a numerical 
computation of the contribution to the total energy from the interaction be- 
tween different parts of the molecule. The interaction energy is composed of 
proton repulsion, attraction of each bond orbital by the proton of the other, 
and the repulsion of the orbitals; attraction of the lone pairs by the protons 
and their repulsion by the bond electrons, and repulsion between the lone pairs. 
Only a part of this interaction energy is included in the penetration terms, 7.¢. 
the repulsion of the orbitals, concentrated at the central atom. This repulsion 
is represented in the penetration terms as a screening of the nuclear charge. 
The rest of the interaction energy is composed of attractive and repulsive parts. 
It is very plausible that these parts will almost cancel. On account of this, 
the inclusion of the complete interaction energy should probably only modify 
the present results slightly. Therefore, it appears to us to be sensible that the 
minimum of the total energy should correspond to a hybridization angle in the 
neighbourhood of the angles minimizing the penetration terms and the inter- 
action energy separately. PopLe has found the minimum of the interaction energy 
at an angle, which with the present notation is: 2y=15°. Here, we have found 
2y=4°. As the computation on LiH showed that the penetration condition 
yields somewhat too small values of the hybridization parameter, it is very 
plausible that the best value of 2y should lie betyeen 4° and 15°. We note 
that PoPLE has carried out his computations, using the simplified orbitals men- 
tioned above in connexion with the computation according to the overlapping 
condition. However, neither the overlap integrals nor the terms computed by 
PopLE are very sensitive to the parameters of (18) and (19). 

In Table 4 we have collected the energy values computed from the penetra- 
ie ee and compared them to the experimental values of the energy of 

e bonds. 
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Table 4. Energy values in kcal/mole. 
eae eS ee ee 
| Exptl bond | 


Molecule JP | P-—n H23—m Eo p 
energy 
UB TU i Wir Sais, cuca eae oa 129 IeS2 a1 60.6 
ANY Eye ee Fie ee Bo, 1340 3x 83 92.2 
As Oe cctinch acreage wine Gelues eee 1346 2x 97 109.4 
AE Heber teeta eae ore ies gets Gat 1583 1 ean KO}s) 141 


a a ee ee 


The coefficients ~ and m in column 3 of Table 4 are the numbers of 25 
and 2p electrons respectively in the free atom. It is certainly merely accidental 
that the values of column 3 are comparatively close to the experimental bond 
energy values. In column 3 both repulsive terms (part of the interaction energy) 
and attractive terms (the exchange energy) are neglected. 


10. Dipole moments 


Previously, it has been suggested that the dipole moment of a molecule 
should be the vector sum of the dipole moments of the bonds of the molecule. 
Accordingly, bond moments computed from the dipole moments of simple mole- 
cules have been used to calculate the dipole moments of complicated molecules. 
Discrepancies between calculated values and values obtained directly from ex- 
periments have been interpreted as due to exceptional structures of the mole- 
cules. It has, however, been pointed out recently that beside the bonds the 
lone pairs will also contribute to the total molecular dipole moment [5], [13], [14]- 

The present investigation indicates that the hybridization is not so pronounced 
as has been believed previously on account of the condition of maximum over- 
lapping. It may be interesting to compute the dipole moments of the lone 
pair orbitals obtained from the condition of maximum penetration, to see 
whether these lone pair orbitals contribute negligibly or not to the molecular 
dipole moment. 

The computation of the dipole moment of a lone pair orbital is quite straight- 
forward. We assume the lone pair orbital to be 


PI = Pos + B won, 15 
as in part 9. Then, the moment in the z-direction is 
we={ pre dV =208 (28|z|2p,1)=208 Ze. (33) 


The expressions of mw, and my are similar to (33). The total dipole moment, 
derived from the two electrons of the lone pair, is 


p= 2 (et ey uz)? (34) 


When applying (34) to the molecules discussed below, we obtain, in units of ea: 
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HF: m= —4aB2sp; (35) 
1 = 
NH;: “= qa FV 8a B as. (37) 


The values computed for the lone pair moments are reproduced in Table 5. 
The s-values of the table are the experimental values of the total molecular 
dipole moments. The difference —j. can be divided into components in the 
directions of the bonds. The components of — jm in these directions are called 
Hy in the table. All values are given in Debye units: 


1 D=10°* €.8. = 0.3935.0,. 


Table 5. Total dipole moment jm, lone pair dipole moment , and component 
fy of #—pi in the direction of a bond. All values are in Debye units. 


Molecule be | HI | Lf | My 
IN Fig ta tstals. otaveyteval twitelslio' a) le neire Ren aNe Is 80. = 18s} — 4.66 + 3.18 + 2.82 
Hg se rote, seid. cette heme ees meray ke — 1.84 = 3-30 + 1.46 + 1.20 
gS Ws eRe Seale pin thcia Ercan Oe = Nhehs) =leOo — 0.33 — 0.33 


As is seen from Table 5 the lone pair moments are considerable, although 
the hybridization parameters (Table 3) are not very large. When the hybridiza- 
tion angles are small, we find from (25), (29), and (31) that the right members 
of (36) and (37) are proportional to / — cos (90° +2 y) and V—cosw’ respectively. 
Hence, can never be negligible in comparison to ~ when the hybridization 
angle 2 is about 1°, or more. 

In Table 5, it has arbitrarily been assumed that mw has the same direction 
as ju. If they had opposite directions, all the differences “—j would have 
larger absolute values than mw and separately. This would imply a charge 
distribution, where the negative charge is localized at two or several points far 
removed from the central atom. Since such a distribution is very improbable, 
the difference «—; of Table 5 must be equal to the partial moment derived 
from the bonds. We note, that uw» is defined as a partial moment in the bond 
direction, which is not necessarily equal to the direction of the symmetry axis 
of the bonding orbital. 

Assuming the j-values of Table 5 to be of the right order of magnitude, 
we have made use of these values in a computation of the coefficient of molec- 
ular orbitals of the form 


Xa =APathn. (38) 
As above, Ya is a bonding orbital of the central atom, and @, is a 1s orbital 


of the corresponding hydrogen atom. Let the z-axis have the same direction 
as the A—H bond. Then the dipole moment of Waele 


fy, =a" (a|x|a)+2ah(a|x|h) +h? (h|x|h). (39) 
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is ae cae i te SUEY, and H lies on the g-axis, the integral 
. Pa=% Yast PY, a, 
nd let the symmetry axis of gy, make an angle 6—y with the x-direction. Then 

(a|a|a)=2«B cos (0—y) (2s|x|2p, a) 
(a|a|h)=a(2s|x|h) +P cos (0—y) (2p, |x| h). 


‘he normalization condition of (38) is 


a? +2ahS(a, h)+h? =1, 
rhere eae See 


S(a,h)=a | pi yprsdV +B cos O—-y) [ pi yon.2d V. 


‘he dipole moment of the bond, jw», is related to yw, in the following way: 


(41) 


[lo = + 


bo 
FS 
> 
= 
x 
| 
bo |= 
x 
ee 


xpressed in ed) units. An estimate of jm» has been given in Table 5. The 
itegrals of (39) and (40) can be computed easily. Hence, the two coefficients 
f (38) can be determined from (39), (40), and (41). We have computed the 
efficients a and h in this way for the different hydrides. The results are 
ollected in Table 6. 


Table 6. Coefficients of the molecular orbitals ya=aqath@n. 


Molecule | a h h 

| a 
INU hes sapere over c co Oe e Ricicitaae 0.49 0.63 1.29 
Pa rea tei ot Goa ee) 0.66 0.47 0.71 
TRUM oe Fo Bro GL OlO ie ehOrG OO ae eet enone 0.80 0.33 0.41 


Obviously, the values of Table 6 only indicate the order of magnitude of 
1e coefficients. According to the table, the A—H bonds are essentially co- 
alent, at least in NH, and H,O. The comparatively large values of “4 of Table 5 
re- understood, when we remember that the atomic orbitals ga of the atom A 
“e much more extended than the orbitals gy, of the hydrogen atom. <Accord- 
gly, there will be a resultant negative charge at the hydrogen atom also when 
1e coefficient of yp» is somewhat smaller than the coefficient of qa, as ine; O: 
1 HF, where the coefficient of ga is twice as large as the coefficient of Mn, 
1e dipole moment of the bond is, nevertheless, almost zero. 

This last part of the present calculations appears to confirm the importance 

the contribution from the lone pairs to the resulting dipole moment of the 


olecule. 
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The present investigation was made possible by a grant from Statens Natur 
vetenskapliga Forskningsrdd. 1 am much indebted to Professor O. KiEetn fo 
his kind interest and for all the facilities he has put at my disposal at th 
institute. I am also indebted to Dr. P.-O. Léwprn, Uppsala, for informatior 
relating to some of his unpublished calculations on atomic wave functions. 


Appendix. Evaluation of integrals 


A. One-electron integrals. The evaluation of these integrals is quite straight 
forward, when carried out in spherical or elliptical coordinates, depending ot 
whether they are one-center or two-center integrals. The numerical values ar 
listed in Table 7 and 8. All the integrals of these tables and of Table 9 ar 
expressed in atomic units; 1 a.u.=27.205 electron volts. 


Table 7, One-center integrals. 


(a|P|b)=| ga PoodV 


Integral | Li | N | O | F 
(OMNIA oaers ana duce aboot 0.220 2.609 3.570 4.381 
(2p: Talo co Werte eee, See eee 0.149 1,345 1.786 2.000 
(273 Biirias O's Were creer eee 0.353 1.147 1.340 1.484 
(Q7o RAN Becanccawonesc ove 0.273 0.820 0.945 1.000 
(2 ail [NOs aye ee ae eee ae eee — 1.151 0.970 0.898 


Table 8. Two-center integrals 


S(a,h)=| pigadV; (a|a|h)={gpargnrdV 


Integral | NH, | H,O | HE 
| 
SD ar Ih) ee, en: Oeeee ey eee 0.528 0.492 0.470 
S'( 20). 1) Ge ee eee eee 0.477 0.429 0.412 
(23)| a0 |) ara pete eee eee ee eee 0.406 0.311 0.259 
(2:co.cn (Fert) eee eee ee 0.943 0.797 0.747 


B. Two-electron integrals. The two-electron integrals arise from the potentia 
Vn in (15). All the two-electron integrals are thus of the Coutoms type: 


~-|6: 1) = | 920) 9%) 


(« wD 
- 


i 
rape (1) @n(2)dV, dV, 


12 


where @a and @» are atomic orbitals, concentrated around the nucleus A. Inte 
grals of this type are easily evaluated. The potential 1/7, should be expresse: 
in spherical coordinates of the two electrons, the coordinates being centred a 
the hydrogen atom. Then, the integration over the coordinates of the secon 


182 


ARKIV FOR FYSIK. Bd 7 nr 15 


electron is simple. The remaining integral is an ordinary one-electron, two- 
center integral, most easily evaluated after introduction of elliptical coordinates. 
~The numerical values of the integrals are listed in Table 9. 


Table 9. Two-electron, two-center integrals. 


(a| Vi |6)=f 2 (1) Va (1, 2) po (1) dV, dV, 


emer 


Lif: ruin = 
Integral NH, H,O HF 
2.64 | 3.02 | 3.40 
(2s | (i ORS aot coerce nedeeaee 0.015 0.013 0.011 0.056 0.064 0.071 
(Diaslé || We || Aa) oconcoces 0.028 0.025 0.022 0.119 0.132 0.145 
(2p, hi | Vin.| 295 hy) «05.08 - — - 0.028 0.036 0.042 
ROCA VGA 2 DRY ck ae 5,226 was 0.020 0.018 0.015 0.070 0.094 0.107 


Institute of Mathematical Physics, University of Stockholm, April 1953. 
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Communicated 27 May 1953 by Manne StecBann 


The strong surface coupling nuclear model and 
hindered alpha decay 


By J. O. Rasmussen, Jr.1 


With 1 figure in the text 


A. Bour (1, 2) has discussed in considerable detail the problem of the coupling of 
individual nucleon motion to deformations of the nuclear surface and has treated 
theoretically the strong coupling approximation (2) for strong interaction between 
the single particle and the nuclear surface deformations. In this case the precession 
of the angular momentum vector j of the particle about the symmetry axis of the 
spheroidal nucleus is so rapid that the projection Q of 7 on the nuclear symmetry 
axis becomes approximately a constant of motion. For ground states of odd mass 
nuclei possessing appreciable spheroidal distortion, in the strong coupling approxima- 
tion it is possible to have nuclear spin J =|Q| with || taking any half-integral 
values less than or equal to 7. Davrpson and FEENBERG and also Forp have recently 
published calculations (3) based on A. Bohr’s model. 

In the present note it is suggested that nuclei whose magnetic moments lie near 
the opposite Schmidt limit from ordinary shell model predictions and which lie in 
regions of generally large nuclear spheroidal distortion (i.e., distant from closed shell 
neutron or proton numbers) may have predominantly strong-coupling configurations 
in the ground state with J<j. Eul® with J =5/2, u = +1.6 appears to have aj = 
=]|-—1/2 state for the odd proton. The odd proton should then be in a 5 97/2 orbital 
with projection 5/2 along the symmetry axis. Similarly, Yb!7° with J = 5/2, uw = —0.65 
appears to have its odd neutron in a j =/ + 1/2 state. The odd neutron might thus 
be either in a 5f;/2 or a 7 %43/2 state with projection of 5/2. The quadrupole moments 
of both the above nuclei are fairly large, indicating the large spheroidal distortion 
assential to the validity of the strong coupling approximation. 

In the strong surface coupling approximation odd nucleon nuclei situated in the 
same nucleon shell and having the same spin may have the odd nucleons in single 
particle orbitals of different nature, and this fact may have an important bearing 
on the alpha decay rate problem for odd nucleon types. 

Am?24! and Np”37 have like spins (4, 5), 7=5/2, yet the ground state alpha transi- 
‘ion from Am24! to Np?37 is highly hindered (6), (nearly a factor of 1000). Likewise, 
Pa231 and Ac??? have like spins (5, 7) J = 3/2, yet again the ground state alpha tran- 
ition between them is hindered (8) (factor of about 500). 


1 On leave from University of California Radiation Laboratory, Berkeley, California. 
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There is presently no adequate theory giving quantitative explanation of the 
hindrance factors commonly found in alpha decay of odd nucleon types, although 
it seems likely, as Pertman, Guriorso, and SeaBore (9) have stressed, that the 
hindrance is largely associated with a nuclear effect (alpha particle formation proba- 
bility), rather than an extra-nuclear or barrier effect resulting from non-zero angular 
momentum of alpha emission. Going a step further, it seems a plausible assumption 
that an alpha transition which leaves the odd nucleon in the same particle state 
should proceed relatively unhindered and that the more hindered alpha decay 
groups should correspond to changes in the state of the odd nucleon. If this assump- 
tion is valid, the hindrance of the ground state alpha transitions in Am?*! and in 
Pa21 is not in agreement with the simple shell model concept that the spin 3/2 
must correspond only to a p3j2. proton and 5/2 to an fs). proton. The strong surface 
coupling model, on the other hand, opens the possibility that the odd protons, 
though giving rise to the same nuclear spin in different nuclei, may have quite 
different wave functions. To be consistent with the above assumption about alpha 
decay hindrance, the odd protons in Am24! and in Np??? must be in different orbitals, 
as must also those in Pa?3! and Ac?2?. The difference might show up, though not 
necessarily so, by the nuclear magnetic moments of one or more of the above nuclei 
lying near the opposite Schmidt limit from simple shell model predictions. 

The strong coupling theory also seems to offer hope for the interpretation of the 
closely spaced excited levels often observed near the gound state of heavy element 
nuclei. A. Bor and Morretson (10) have interpreted low-lying first excited states 
of some even-even nuclei as having rotational character. From A. Bohr’s equation (95) 
(ref. 2) it is seen that a nuclear level with no rotational excitation in an odd nucleon 
nucleus will also have nuclear rotational excited states corresponding to the same 
particle state and lying above it with spins successively J, + 1, J, +2, I, +3, ete. 
(where J, is the spin of the state without rotational excitation). The relative energies 
for such a nuclear rotational “band” may be determined from A. Bohr’s Eqn. (95) 
(assuming spheroidal symmetry) as 


h? 
agit) (1) 


EK; = W aR 
where h?/2 Sis the rotational energy quantum, I is the total spin of the nuclear state, 
and W is a constant for a given band. Eqn. (1) is not valid if Q =1/2 and K =1 /2 
(see ref. 3). 

It is interesting with the aid of eqn. (1) to seek for possible rotational bands in 
Np?%’, although it should be borne in mind that insofar as the strong coupling repre- 
sentation is an approximation the relationship (eqn. 1) will not be exact, and level 
positions may be perturbed by neighboring levels of the same spin and parity. 

If it be assumed that the 71 kev, the 114 kev, and the 170 kev levels in INpzBe 
constitute a rotational band (the spin of the 71 kev base level being designated I A 
one can substitute in eqn. (1) and solve simultaneous equations for I, and h?/2 7, 
obtaining the result #?/27=6.5 kev and J, =2.3 ~5/2. The rotational quantum is 
comparable to that of 7.4 kev found for nearby even-even nuclides from the energies 
of their first excited states. A spin of 5/2 for the 71 kev state, to which unhindered 
alpha decay (see Fig. 1) from Am 24! occurs, would accord with a further assumption 
that the odd proton in the 71 kev state of Np237 has the same particle state as the 
odd proton in the ground state of Am24!. 
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The 11 kev difference between ground and first excited states of N Do?" isso smal) 
as to preclude their constituting a rotational band with the rotational quantum 
_ near 6.5 kev. An obvious interpretation of the 43 kev state is as the first rotational 
excited state corresponding to the ground state. As such, the 43 kev state would 
possess a spin [ = 7/2. From numerical agreement alone an equally good assignment 
would set the 43 kev state as the first rotational excited state corresponding to the 
11 kev state, with a spin sequence of 3/2 and 5/2. The latter interpretation would 
seem favored by the fact that the 71 kev state decays by electric dipole transitions 
to the 43 kev and 11 kev states !° but not to the ground state. The possibility that 
alpha decay occurs to two unresolved levels near 43 kev is not unlikely. 

The parity of the nuclear state is determined solely by the odd or even character 
of the J value of the particle state (12). Hence, levels of a given rotational band will 
be of the same parity. 

The above suggestions are summarized in Fig. 1. 


I II }Q| 
Alpha Decay Energy Proposed Proposed We Ne (+) Pe 
Hindrance (Kev) Spin Parity Fe 
Factor ili uli | @) | ye Am?41 
0.05 CS SP (4) 5/2 
0.32 (ge 7/2 (+) 5/2 
1.0 i eee! (4) 5/2 
El | El 
0.0016 69/8) (+) 3/2 with possible unresolved 7/2, 
| (2), 5/2 level 
0.0020 1S 2 (ae) 3/2 
0.0013 Sa (2) 5/2 
Np?3? 


Fig. 1. Possible Nuclear Level Assignments. 


The El transitions from the 71 kev state are slower (11) by a factor of ~ 4 x 10° 
than predicted by Wersskopr’s lifetime formula (13). These transitions must thus 
be of a quite special nature. The only even parity orbital in the 82-126 shell is the 
7113/2, So either the 71 kev or the 11 kev state must have the odd proton in a 7 13/2 
orbital in view of the fact that the El transition connecting these states requires a 
parity change. If, then the other state involved an odd proton in a 5f or 4p orbital, 
there would be a difference in | for the 59 kev transition of 3 or 5 units, a possible 
explanation for the large hindrance in the electromagnetic transition. 

The experimental information in the heavy region concerning nuclear energy 
levels and their associated spins and parities does not seem complete enough at 
this time to provide a real test of the validity of strong coupling interpretations like 
the one above. Additional experimental work can provide the answers regarding the 
ultimate value of the surface coupling modifications of the nuclear shell model for 
the analysis of nuclear data in the region of large spheroidal distortion. 

I wish to express appreciation to Dr Aacr Bour for helpful comments. 


Nobel Institute of the Swedish Royal Academy of Sience, Department for Physics, 
Stockholm, Sweden. 
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Communicated 3 June 1953 by Erre Hutrunn 


Microwave spectrum and molecular structure 


of fluorobenzene 


By Gunnar ERLANDSSON 


Some preliminary results on the microwave spectrum of fluorobenzene have 
been reported in a previous paper (1). A more detailed analysis has now been 
carried out resulting in the identification of a number of lines as arising from 
rotational transitions, having 4.J =0 and J-values up to 48. The calculations have 
shown that the constants given in (1) must be altered slightly to fit the Q-branch 
lines. They have also revealed a numerical error in the calculation of the bond 
distances. 


Experimental technique and results 


The Stark-effect modulation spectrometer used has been shortly described 
elsewhere (2). The frequency-region investigated is 17.7—26.7 kMc/s. Frequency 
measurements are accurate to about +5 Me/s. For resolution of Stark-effect com- 
ponents a DC-field of up to 2000 volts/em has been used with a small square-wave 
voltage superimposed. 

The frequency values obtained are presented in Table I together with estimated 
relative intensities and rotational assignments. In addition to these lines there 
is a number of weaker satellite lines around some of the stronger ones in the 
table. These satellites are believed to be due to excited vibrational states. Their 
frequencies have not been measured because they could not be satisfactorily 
observed on the oscilloscope screen but only displayed by the Brown recorder. 

‘Stark effect resolution has been tried on some of the lines assigned as arising 
from the transitions J=4—5 and J=5—6. Complete resolution has not been 
obtained in any case owing to weakness and broadening of the components and 
to mixing of the Stark-effect patterns with neighbouring unresolved lines. The 
experiments have shown, however, that the number of components is low in all 
cases tried. The splitting is unsymmetrical with the inner components stronger 
‘and more closely spaced than the outer ones. From the formulas of GoLpEN and 
Witson (3) it may therefore be concluded that these lines have |4/|=1. The 
best results have been obtained with the lines at 21 388 and 23 388 Mc/s. Both 
of these give four distinct components the succesive distances of which indicate 
that their m-values are 1—4. The component m=0 would then be unresolved 
from m=1. 

Attempts to resolve some of the unidentified lines and those involving higher 
J=values have met with no success. 
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Table I 
ee ee eee 
an Calculated Observed Estimated 
Tramanion frequency Mc/s | frequency Mc/s belay 
au y 7 y intensity 
_ — 17724 W 
_ — 18370 M 
32.1 — 42.2 18424 18420 M 
31.2 — 41.3 18634 18633 M 
(5718.40 — 5718.39) — 18806 M 
41.4— 51.5 19216 19217 W 
— Se 19238 WwW 
= — 19429 W 
175.13 — 175.12 19530 19529 W 
40.5 — 50.5 19674 19674 W 
= _ 20063 M 
(5417.38 — 5417.37) — 20219 WwW 
206.15 — 206.14 20274 20275 WwW 
299.21 — 299.20 20508 20508 WwW 
237.17 — 237.16 20655 20657 WwW 
268.19 — 268.18 20719 20718 M 
= = 20882 W 
40.3 — 52.4 21385 21388 Ss 
sa = 21551 M 
(5116.36 — 5116.35) = 21608 M 
123,11 — 123.10 21845 «6 21848 WwW 
= == 21889 M 
441-542 21992 21991 Ww 
44.0— 541 22003 22001 W 
43.2 — 53.3 22025 22028 Ww 
43.1 — 53.2 22317 22321 WwW 
51.5 — 61.6 22858 22862 M 
41.3— 51.4 22937 22939 M 
4815.34 — 4815.33 22980 22943 M 
50.5 — 60.6 23130 Poise M 
42.2— 52.3 23389 23388 Ss 
= = 23642 M 
5 = 23941 W 
154.12 — 154.11 23974 23973 M 
4514.32 — 4514.31 24215 24185 S 
os = 24895 M 
4213.30 — 4213,29 25332 25312 M 
= = 25403 M 
52.4— 62.5 25423 25425 Ss 
185.14 — 185.13 25592 25589 Ww 
== = 25758 WwW 
a = 26174 WwW 
3912.28 — 3912.97 26294 26280 M 
55.1 — 65.2 26373\ . 
55.0 — 65.1 26374) 26374 M 
53.3 — 63.4 26440 26441 M 
61.6 — 71.7 26458 26457 WwW 
54.2 — 64.3 26478 26479 M 
54.1 — 64.2 26524 26526 S 
60.6 — 70.7 26600 26603 S 
216.16 — 216.15 26751 26758 S 
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Molecular structure 


The fluorobenzene molecule has been investigated by electron diffraction methods 
by Frypak and Hasset (4) and by OosaKa (5). Their investigations have shown 
that the regular hexagonal structure of the benzene molecule is fairly undisturbed 
by the fluorine substitution. According to (4) the bond distances are 


de-c=1.4040.01 A; den=1.04+0.05 A; do_»=1.31+0.03 A. 


These values were used to calculate approximate values of the rotational constants 
of the molecule. The lower rotational energy levels were then obtained using the 
methods and tables of King, Harner and Cross (6). It was found that all lines 
arising from the transition J=4—5 and some lines arising from J=3—4, 5—6 
and 6 —7 should be expected to fall in the frequency region investigated. Comparison 
of the expected spectrum and the experimental results showed that these could 
be brought practically to coincidence by slightly altering the values of the rotational 
constants. (Some missing lines were found afterwards at their expected frequencies.) 
The results up to this point were published in (1). 

A closer inspection of the results obtained, showed that the limits of error in the 
rotational constants were fairly wide. Also the Q-branch lines calculated from 
these constants did not agree with the experimental results. Since the frequencies 
of these lines are more sensitive functions of the rotational constants than are 
the above mentioned R-branch lines, they offer a possibility of obtaining better 
values for these constants as far as centrifugal distortion can be disregarded. 

Since no guidance to the identification of the Q-branch lines was obtained 
from their Stark-effects, a trial process was employed involving the calculation 
of expected spectra for different values of the excentricity parameter x= (2 B— 
—A-—C)/(A—C) in the vicinity of the value x = — 0.590 + 0.003 obtained from the 
R-branch lines. These calculations were carried out by means of the continued 
fraction method of Kine, Harner and Cross (6). Comparing these spectra with 
the experimental results it was found that x = — 0.5880 and 4(A — C) = 1.94839 kMe/s 
gave a good agreement up to J=29. Returning to the R-branch lines it was 
found that 4(A+C)=3.71593 kMc/s gave an agreement between calculated and 
observed frequencies, which was even better than before. Some Q-branch lines 
with J >29 have also been calculated. These show a systematic deviation towards 
- lower frequencies. Since this discrepancy could not be satisfactorily removed by 
ajusting the parameters, it may be concluded that it is due to centrifugal dis- 
tortion. The results thus obtained are: 


A =5.6643 +0.0002 kMc/s; B=2.5703+0.0002 kMc/s; 
C= 1.7675 +0.0002 kMe/s 


or in cm 


A =0.188950 em; B=0.085739 cm; C=0.058962 cm™. 
These constants may be used for calculation of the interatomic distances. 
Since the molecule except for zero-point vibrations is a plane structure, however, 


only two parameters may be evaluated. The accuracy of the values thus obtainable 
is limited by zero-point vibrations, which influence the result in two ways: 
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(i) the structure is not exactly plane due to vibrations normal to the plane. 
(ii) the moments of inertia obtained by inversion of the rotational constants are 
effective values - (;) Pe : where the bars denote average values. 
eff 


Lf 


The equilibrium values of the rotational constants would satisfy the relation 
Tae +Io.e=L.c, whereas the average values due to (i) would give La, a» + Iv, av > Lc, av- 
For the effective values this inequality may also be reversed. In the actual case 
one obtains: 


Iq + Ip = 89.230 + 196.642 = 285.872 + 0.030 < I, = 285.949 + 0.050. 


The deviation is larger than the inaccuracy due to the measurements. The limits 
of error in the rotational constants have therefore tentatively been increased by 
a factor 10 in the calculation of bond distances. 

Assuming a regular hexagonal structure of the molecule, except for the fluorine 
substitution, and assuming the C-H distance to be known. the C-C and C-F 
distances may be calculated. Since the axis of smallest moment of inertia passes 
through the fluorine atom, the C-C distance is obtained from Jz. The C—F 
distance may then be obtained from J, or Ic. Using dcx = 1.05 A+ A dcx the fol- 
lowing results were obtained 


Comparing these results to the values given by Frinpak and Hasset (4) i.e. 
doo = 1.40+0.01, doy =1.04+0.05 and dor = 1.31 +0.03 it is found that the agree- 
ment is satisfactory. 
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Communicated 3 June 1953 by Benar EpLEN 


Characteristic X-rays from thick 8-ray sources 


By K. Lip&n and N. Srarre.t 


With 2 figures in the text 


During a scintillation spectrometer study of the internal and external brems- 
strahlung of P* and $%5* we observed, in special cases, an intense emission of X-rays 
characteristic of the external bremsstrahlung radiator. Such X-rays have been 
photographed by Epwarps and Poot (1946); they also studied the X-rays from 
P*2 on different radiators by absorption measurements with an ionization chamber. 
SIEGBAHN and SiAtis (1948) investigated the faint X-radiation from P®2 and Rak 
with a @-spectrometer using a Pb converter; they observed characteristic X-rays 
from Pb. Epwarps and Poot pointed out the experimental difficulties of making 
accurate intensity measurements. However, in the present investigation we have 
been able to study with greater precision the intensity of characteristic X-rays 
excited by $-particles. 

The investigations were performed with a scintillation spectrometer using a 
Nal(Tl) crystal 10 x 10 x 10 mm in conjunction with an EMI 5311 photomultiplier 
and a single channel differential discriminator. The mounting of the carrier free 
B-sources (190 uC of P®, Emax 1.7 MeV; 520 uC of 835, Bmax 0.17 MeV) between the 
radiator sheets, the collimator and the crystal are shown in Fig. 1. The results of 
the bremsstrahlung measurements from P*? + Pb radiator, P®? +Sn radiator and 
835+ Sn radiator are given in Fig. 2. In Fig. 2(6) the P®2+Sn radiator curve is 
normalized to the peak of 85 + 37 mg/cm? Sn. Experiments showed that the internal 
bremsstrahlung from P®? and S*° and the external bremsstrahlung from the perspex 
absorber (8 mm for P??, none for §%>) were negligible. Corrections due to crystal 
-efficiency, escape, Compton background, and absorption, had no appreciable effect 
on the shape of the distribution in the region of interest. 

In order to find, in the Pb and Sn peaks, the intensity ratio of the K-radiation 
to that of the continuous bremsstrahlung below the K-absorption edge, the brems- 
strahlung from P?? + Al radiator and from §*° + Al radiator respectively was studied 
experimentally and the transparency of the Pb and Sn radiators for this radiation 

was calculated; throughout the paper we have used the absorption data from WHITE 
(1952). The spectral distribution of the external bremsstrahlung from an Al radiator 
has mainly the same shape as the respective external bremsstrahlung from P* + Pb 
and §35 + Sn would have had, assuming no y-absorption in the radiator. We found 
that the K X-radiation part of the peak for P?2 + 220 and 560 mg/cm? Pb radiator 


* A preliminary report of this investigation was given at the sixth meeting of the Swedish 
National Committee for Physics, held in Stockholm on Sept. 25-27, 1952. 
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Fig. 1. Source and radiator mounting; detector part of the spectrometer. 


was 70% and 75% respectively. For 8%> + 37 and 74 mg/cm? Sn radiator we obtained 
50% and 60% respectively. 

It appears from fig. 2(a) that the intensity of the P%? + Pb radiator peak is largest 
at 230 mg/cm?. The total area of the peak corresponds to a yield of 0.11 quanta per 
8-particle, i.e. this radiator emits 8% of K-quanta per P*?-disintegration. S*> + 37 
mg/cm? Sn gives 0.003 quanta per $-particle within the peak, i.e. 0.15% of K-quanta 
per $%>-disintegration. 

It may be mentioned that we have observed an L X-ray peak but no K X-radiation 
from $*° + 37 mg/cm? Pb radiator. 

Using the above mentioned spectrum of the bremsstrahlung of P?2 + Al radiator 
and Wuite’s lead absorption data, the number of lead atoms ionized in the K-shell 
by photoelectric absorption of bremsstrahlung quanta is calculated. After correction 
for the fluorescens yield (BURHOP 1952), the intensity of the K X-rays excited by 
the bremsstrahlung is obtained. The remaining part of the observed K X-rays is 
excited by 6-particle ionization of the K-shell. The calculated ratio of the contribution 
of these two processes to the K X-radiation is about 1:4 for P82 + 230 mg/cm? Pb 
and 1:2 for P®2 + 590 mg/cm? Pb. 

With increasing @-energies the intensity of the K X-ray peak increases, but at 
the same time the intensity of the high energy bremsstrahlung increases; compare 
8% + Sn and P+ Sn of Fig. 2(6). In this case the true peak intensity ratio for 
equal activity of S*> and P*? is 1:12. Further, as the fluorescence yield w< decreases 
with decreasing atomic number Z(wx =0.50 at Z=33 and wx=0.10 at Z=18 
[BurHor 1952]), the yield of K X-rays is lower for small Z. 

It follows that every 8-emitting isotope also emits its own characteristic X-rays 
with an intensity depending on the @-energy and the thickness of the source. This 
emission is very small for a pure isotope of low activity, i.e. thin sources. However, 
the K X-ray emission from thick sources may be fairly important — a fact which 
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must be considered when investigating internal conversion coefficients of y-rays, 
K-capture branching ratios of f-emitters, etc. o 

The K® X-rays of the above mentioned K X-radiation can be critically absorbed. 
This gives rise to a more monochromatic peak. 200 mg/cm? of Pt and 50 mg/cm? 
of Ag are convenient absorbers for the K8 X-rays of Pb and Sn respectively. 

Using separated long-lived 6-emitters, e.g. Sr°° + Y®°, constant and practically 
monochromatic X-ray sources can be prepared. Such sources with a @-activity of 
0.1-10 mC may be suitable for energy calibration of scintillation spectrometers, 
etc. Sources with 0.1-100 Curies might be used as monochromatic X-ray sources 
for industrial thickness measurements and for medical and industrial radiography. 
It may be assumed that an X-ray source of this type will be an alternative to the 
use of soft y-ray sources such as Tm17° (MayNnzorp 1952, West 1953). Measurements 
have shown that the radiation from strong sources of Tm17° is mainly due to the K 
X-rays from both Tm and Yb and to the bremsstrahlung (LIDEN-STARFELT, 1953). 


Radiation Physics Department, University of Lund, Sweden. May 1953. 
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Communicated 3 June 1953 by Axet E. Linp# and G. Hiaa 


The X-ray diffraction from quartz 
By Ovep Ape, Gésta Brocren and Lars-Ertk HarccBtom 


With 6 figures in the text 


Introduction 


The original theory for X-ray diffraction developed by Darwin (1) was based on 
the assumption of a perfect crystal. The predictions given by this theory did not 
exactly fit the experimental results for any crystal and the discrepancy was accounted 
for the mosaic structure present in real crystals. Prins (2) (1930) modified the above 
theory by introducing the effect of absorption of X-rays in the crystals. A series of 
experiments were carried out with calcite, which at that time was most extensively 
used in X-ray spectrometers. It was shown that for certain specimens of calcite the 
agreement between the theoretical predictions and the experimental results was 
excellent and that there was no evidence of mosaic structure (3-5). The use of 
focusing spectrometers brought. other crystals to the fore as X-ray gratings, and 
among these quartz has been widely used. This crystal has good elastic qualities. 


Table 1. The constants, used in the calculations. 


— = 


aan ie £ | a dg; * 10°} B., - 10%] 90 - 10°} Bo - 10°} 6- 10° | B - 10° : 
i] QSi 09 

Ag Koa, 558 Se 0.7 0.54 | 0.0020 0.61 | 0.0005 1.15 | 0.0025) 0.0022 
Mo Ka, 708 6.4 1.2 0.87 | 0.0044 0.96 | 0.0010 1.80 | 0.0054 | 0.0030 
U Le, 909 UTE 2.4 1.41 | 0.0100 1.62 | 0.0025 3.03 | 0.0125] 0.0041 
Au LB, 1080 22 4.0 1.96 | 0.0234 2.24 | 0.0049 4,20 0.0283 0.0066 
Tl Ley 1205 3] 5.1 2.44 | 0.0392 2.79 | 0.0077 5.23 | 0.0469] 0.0088 
W LB, 1242 33 5.7 2.64 | 0.0416 3.02 | 0.0088 5.66 | 0.0499 | 0.0090 
Au La, 1274 35 6.3 2.73 | 0.044 3.13 | 0.0091 5.86 | 0.053 0.0092 
Cu Kay, 1537 60 Iai 3.99 | 0.093 4.60 | 0.011 8.60 | 0.104 0.0121 
Co Ka, 1785 90 20 5.38 | 0.157 6.20 | 0.040 11.58 | 0.197 0.0170 
He Ka, 1932 11) 22 ojael || AU Pal eee Oar 13.54 0.259 0.0193 
Cr Ka, 2285 180 36 8.77 | 0.405 10.03 | 0.094 18.80 0.499 0.0265 
V Ka, 2498 225 45 10.62 | 0.554 (on O28 22.77 | 0.682 0.0299 
Ti Ka, 2743 310 64 12.71 | 0.840 15.20 | 0.191 27.91 1.031 0.0369 
Ca Ka, 3352 555 115 19.01 | 1.840 22.04 | 0.431 41.05 2.271 0.0553 
U MB 3708 ley 153 23.26 | 2/635 26.96 | 0.635 50.22 3.270 0.0651 
U Mx, 3902 830 179 25.80 | 3.200 29.84 | 0.785 55.64 | 3.985 0.0716 
Ag La, 4146 975 212 29.04 | 4.000 33.69 | 0.990 62.73 4.99 0.0795 
Rh La, 4588 1270 275 35.64 | 5.750 41.35 | 1.420 16.99 | 7.17 0.0931 
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Several different atomic planes have a good reflecting power, so that it is possible 
to employ lattices with different spacings. A knowledge of the X-ray diffraction 
pattern is of fundamental importance for the spectroscopist. As no information about 
this was available, we have applied the Darwin-Ewald-Prins dynamic theory for 
the diffraction in a perfect absorbing crystal to some atomic planes in quartz, and 
calculated the width of the rocking curve in a two-crystal spectrometer as well as 
the percent reflection and the double crystal coefficient of reflection. These quantities 
have also been determined experimentally. The investigations were carried out in 
the region 560-2500 X. U. The results show that quartz can be considered a perfect 
crystal in this region, at least for certain specimens. Some of the results have already 


been published (6). 


Theoretical calculations 


The Darwin-Ewald-Prins expression for the diffraction pattern from a perfect 
absorbing crystal is 


A+jB ? 
Fo=1|— “3 ——=3|+ 
sila) 0 \ ae j 
15 2V (I-35) eave 
. ; : 
AA 08 294 
femel 
2 ; : 
: ; A+jB\? 
1 i8 +/ (1-58) =| cos” 235 


The percent reflection, the coefficient of reflection and the form of the rocking 
curve can be calculated from F(l) by tedious graphic integrations. The constants 
are obtained as indicated in the earlier report (6). The structure factors are calculated 
on the assumption that the binding is purely covalent. In reality the binding is 
partly of ionic character, but the above assumption has little effect on the value 
of the structure factor. The atomic scattering factors are taken from JAMES and 
BrInDLEY (7). The f values are calculated from experimental values of the absorption 
coefficients. Where no such values were available, they were calculated from the 
formulas given by JONSSON (8). 


Experimental parts 


The two-crystal spectrometer and the methods of measurements have been de- 
scribed earlier (6, 9). The heights of the two horisontal slits were one mm, which 


corresponds to a horisontal divergence ¢,, of the X-ray beam of xn radians. All 
00 ; 


quartz crystals were etched with 40% hydrofluoric acid until the spectroscopic 
measurements were no longer affected by the etching. The investigation of each 
atomic plane was completed by repeating the measurements with the first emission 
line used. In doing so we always obtained results that agreed with the first recordings 
within the experimental limits of error. : 
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Results and discussions 


The present investigation comprises the results from planes (1010), (2023), (2243) 
and (1120). Some results for the last plane have been reported earlier. When it came 
to our notice that a paper published by Parrarr (10) gave some experimental values 
in the region 560 X.U.—4600 X.U. we used these results and carried out calcula- 
tions of the corresponding theoretical values. As the K-absorption edge of silicon 
has the wave-length 6300 X.U., it was necessary to apply a correction for the anoma- 
lous contribution to the scattering power from the K-electrons of silicon. The correc- 
tion was calculated from the formulas developed by H6nu (11-12). 

The effect of the surface treatment appears from Tables 2-4. For planes (1010) 
and (2243) the coefficient of reflection remains nearly constant during the etching. 
The width of the rocking curve on the other hand decreases 10 to 20%, which means 
that the resolving power increases. The decrease in the width is compensated by 


Table 2. Influence of surface treatment on plane 1010. Measurements with Cu K «,. 


Time of Width of the Coefficient of 
etching in rocking curve Percens 2 reflection in 
ng 3 28 reflection - 10 : 
min. in sec. of arc. radians 


0 5.6 54 1.86 +1075 
4 5.2 60 IS2eel Ome 
10 5.0 63 1,S1e) 10me 
15 5.0 63 1.81 - 107-5 


Table 3. Influence of surface treatment on plane 2023, Measurements with Cu Kay. 


Time of Width of the Bereent Coefficient of 
etching in rocking curve Cecil reflection in 
min. in sec. of arc. | radians 
0 2.9 42 0.84: 1O-? 
1 2.4 53 0.79: 10°? 
2 De 55 O74 10s? 
4 2.0 58 0.69 - 10-5 
6 2.0 58 0.69-10-° 


Table 4. Influence of surface treatment on plane 2243. Measurements with Au La. 


Time of Width of the Deron Coefficient of 
etching in rocking eurve’| erection «10° SI hes in 
min. in sec. of arc. radians 
0 U7 44 0.46 - 105° 
2 1.4 55 0.44 - 107° 
5 1.3 58 0.45 - Uap 
10 1.3 58 0.45 + 107° 


199 


from quartz 


ton 


OF'0 SP'0 09 8g 60 al €LS1T'0 £86°0 GG 61'T 29 58& PLEL ToT ny 

660 cé0 v9 09 L°0 6°0 96010 | 90L°0 61 £60 1 o6E 0801 TdT ny 

610 £6'0 G9 09 G0 L°0 6FrO'O | S0E'0 LG Gg'0 46506 80L ho OM 

910 610 G9 19 F0 G0 I8c0'0 | S610 6°0 FPO OS oS1 8G¢g "oN SV | hz 
680 16°0 Lg 6g FG 8G F8L0'0 COG 6'F VS SE 0P S8LL To 09 

99°0 69°0 19 LG 91 0G GoPr0'0 OST sé 8'T iP AAS LEST Tox ng 

6F'0 r2'0 G9 09 eT 91 T1Z0'0 £0'T 0's GT SE oLE PLEL ToT ny 

&P°0 6F'0 OL 69 bel ST 6100 8éL0 VG GT Lo &6 O8OT "oT ny 

1&0 LEO 9L £9 L’0 OT 1Té00°0 910 GI €L°0 LG oF 80L Oo OW 

960 1&0 8L 9g 9°0 OT 6000°0 F060 GT 89°0 PP OLL 8g¢ low 3 &G0G 
1c G6'G Ig Tg 6°9 GL LSOT‘0 0G'E OST &L /L6oGT S866 Too AD 

90°C SUG LS LG 6S 69 €990°0 86G re [9 WOmaull é&61 TOM OW 

68'T Is v9 £9 6F Oe 9€60°0 97r'T OO 8°P /96,01 LEST Tom nO 

SoTL POT 69 L9 8's GP 9T10°0 966°0 [8 66 73608 PLEL ToT ny 

Soul LET 9L GL ims 9€ T900°0 FILO 9) (Gi IoL OSOL dT ny 

£6°0 POT LL IL VG LG 6100°0 90€'0 GP GG /LV oF SOL oo OW O10L 
Ar090y4 dxe | Aroeyy dxa | Aroayy dxe ee (OL: suepey n ‘AX ut Brat 

: : s0L°@ | 1-V ejsue =| yysue] | oury o1u109y 

SuBvIPVL OT + & e0l met Sey - oe j Suroueyy | -oaepy 


"Y WOTI9TJor Fo JUATOTJJe0o 
94} pue “_ Uorpoo|for quoo10d ayy ‘eAmno Buryoor oUF JO % YApI TOF oy} Fo sonyea feyuoutsodxe pue pRoryeLooyy, *¢ IQ L 


. ADELL ET AL., The X-ray diffract 


b 


200 


ARKIV FOR FysIK. Bd 7 nr 19 


P 
Qe ; ; 
Q60 
040 
Q20 
7000 2000 Xu 


Ce SS « 0 


1000 2000 XU 
Rx 10°, 
2 
7 e 
1000 2000 XU. 


“Fig. 1. The percent reflection P, the full width w of the rocking curve and the coefficient of 
reflection R as a function of wave-length for plane (1010). In Figs. 1-5 the open circles are the 
experimental values, the filled circles are the calculated ones. 


an increase in the percent reflection so that the coefficient of reflection remains 
nearly constant. The variations are much greater for plane (2023), probably due to 
inferior grinding and polishing. The observations confirm the earlier conclusion 
that a crystal must be etched before it is used as an X-ray grating if maximum 


resolving power is to be attained. 
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Fig. 2. The percent reflection P, the full width w of the rocking curve and the coefficient of 
reflection R as a function of wave-length for plane (2023). 


Our new values for the coefficient of reflection R, the percent reflection P and the 
full width w of the rocking curve at half maximum intensity as a function of wave- 
length appear from Table 5 and Figures 1-3. The agreement between theory and 
experiment is very good, especially for the coefficient of reflection. When the wave- 
length diminishes the discrepancy increases. This must be due to the fact that the 
crystal is a conglomeration of rather large crystallites. Each individual crystallite 
is large enough and perfect enough for dynamical reflection to take place in it but 
the different crystallites are inclined to one another. A truly ideal crystal reflects in 
accordance with the requirements of the dynamical theory for every wave-length, 
but a crystal that is a conglomerate of ideally reflecting crystallites will have reflecting 
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ee 3. The percent reflection P, the full width w of the rocking curve and the coefficient of 
reflection R as a function of wave-length for plane (2243). 


properties, which depend on the wave-length. If the crystallites are so large that the 
incident radiation is reflected by only one, the crystal will reflect like an ideal crystal. 
When the incident radiation falls on several surface crystallites, but penetrates 
~ go slightly that it does not strike any crystallite under the surface, the coefficient 
of reflection will agree with the dynamical theory. On the same time, different 
orientations of the crystallites give rise to a broadening of the rocking curve and the 
percent reflection is consequently lowered. If the absorption decreases, as it does 
when the wave-length of the incident radiation decreases, some radiation can pass 
through the crystallites in the surface to be reflected from others inside the crystal, 
inclined to those in the surface layer, the coefficient of reflection must increase as 
well as the width of the rocking curve. The percent reflection is lowered here, too. 
The better the agreement between theory and experiments, the larger must the 
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Fig. 4. The percent reflection P, the full width w of the rocking curve and the coefficient of 
reflection R as a function of wave-length for plane (1120). 
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Table 7. The reflectivities for some emission lines obtained with plane 1010 in quartz. 
w is the full width of the rocking curve at half maximum intensity, P the percent 


: 2tgd 
reflection, and R the coefficient of reflection. S =2/dA = - 


of these crystals with the double spectrometer in (1 + 1) position. Parratt’s values 
are indicated by P, ours B and the calculated values 7’. 


Oe ——————<$—$<<$<$<$—$$<$——————— 


Ww 5 2 A 5 3 Ai 
Wave-|Glancing] sec. of arc. P-10 R- 10° radians Ald 


Line | length] angle 


is the resolving power 


eae W,|We|Wel Pp | Pol P,| Ry |e, | ee 
Mo Ka,} 708 | 4°47’ | 9.3] 2.7] 21 | 13 | 71 | 77 | 0.72 | 1.04] 0.95 | 3720] 12 600 
AuLa, | 1274 | 8°38’ | 10.3] 4.2 | 3.8 | 19 | 67 | 69 | 1.25 | 1.64] 1.55 | 6100] 14 900 
Cu Ka, | 1537 | 10°26’ | 10.7] 5.0 | 4.9 | 23 | 63 | 64 | 1.52 | 1.81] 1.82 | 7100] 15 100 
| Fe Ka, | 1932 | 13° 9’| 11.8] 6.2 | 5.9 | 25 | 57 | 57 | 1.80 | 2.13] 2.06 | 8300] 15 900 


Table 8. Quartz 1011. Experimental values of the full width w of the rocking curve 
at half maximum intensity, the percent reflection P and the coefficient of reflection R. 


: Wave- Glancing w ane R- 10° 
Eee | length | angle @ sec. of arc AN radians Alda 
Ag Ka, 558 4°98" 3.9 77 1.60 8 900 
Mo Ka, 708 py 4.4 79 2.11 10 000 
Au Le, 1274 Ler to) 79 3.45 10 200 
Cu Ka, 1537 13°19’ 8.8 78 3.90 11 100 
Fe Ka, 1932 16°50’ 11.5 72 4.57 10 900 
Cr Ka, 2285 202i IBY ss 69 5.06 11 200 
IMG Is, Tetereronanel @utleie 5 5 c 5 eo 1.0 72 0.50 89 000 
Cu Ka, » » opt aes Sear Qe 66 1,00 95 000 


crystallites be. One might also say that if the agreement is very good, the individual 
crystallites build up a crystal where the deviations from regularity are extremely 
small. 

Fig. 4 and Table 6 give the values for plane (1120). In the region 560-2500 X.U. 
our measurements agree with Parratt’s within the experimental limits of error. 
The comparison with the calculated values gives the same results as for the other 
planes. It should be noted, however, that the theoretical values of the coefficient of 
reflection exceed the experimental ones in the wave-length region above 3000 X.U, 
Except for the last value in Table 6, the differences are smaller than the uncertainty 
in calculations and experiments. For the longest wave-length used, 4588 X.U. (the 
Rh Le,-line) the calculated values of w and R are much larger than the experimental 


‘ 


i ae ; 
ones. As the factor sm 20. is included in both the coefficient of reflection and the 


width of the rocking curve, and as this factor here gets a large value, this seems to 
be the reason for the deviation. The agreement between theory and experiment 
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Fig. 5. The percent reflection P, the full width w of the rocking curve and the coefficient of 
reflection R as a function of wave-length for plane (1011). 
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Table 9. The reflecting properties of calcite 211 after Attison (14), Parratr (4) 
and Paratt-MILLEr (5). 


w Saree Re 02 aie a 
Wave- |Glancing| 8°: of are. eee radians / 
Line’ j|\length | angle |=) oun 
ALLI ALLI 

XU.)  @ | 4) 4 |PoM| | Pel PaMi eee ee eM heres 
Mme a a em Na a a eM el 
W Ka, 209 1 eek! a eG) 35 Val 3 100 
Ag Ka, 558 5°18’ | 4.4 59 1.53 8 700 
Mo Ka, 708 6°43 | 5.2 5.2] 63 66 1.86 2.40} 9 300 
Ir LG, 1155 UO |} 9 GES} 64 2.95 9 800 
Cu Ke, | 1537 14°42’ | 9.8] 10.0} 10.0} 62 | 61 65 | 3.46] 3.80] 3.90] 11 000 
Fe Ka, 1932 18°36 || 12:9 58 4.18 11 100 
Cr Ka 2285 BOX || Tie 55 4.68 11 800 
UM 2299 BF (Gy 15.0 51 4.81 


must be considered very good, especially if we take into consideration the uncertainty 
in many of the constants that must be used in the calculations. This is a further proof 
that quartz is very nearly a perfect crystal. It is worthy of note that the agreement 
between theory and experiment is better than is obtained with calcite, which indicates 
that good specimens of quartz reflect more nearly in accordance with the dynamical 
theory than those of calcite. It would be very interesting to extend the investigations. 
above 4600 X.U. With plane 1010 it is possible to reach about 8000 X.U. when 
working in vacuum. As the K absorption edge of silicon occurs at 6730 X.U., such an 
investigation would include the very interesting region of anomalous scattering 
and dispersion around the K absorption edge. At the same time valuable information 
could be obtained about the reflecting and resolving power in the region where the 
crystal is extensively used in focusing X-ray spectrographs. 

Plane 1010 was also investigated by Parrarr (13). The reflectivities for the 
lines used by Parratt and here are given in Table 7. There is a considerable discrepancy 
between the two series of values. Paratt’s values for the full width of the rocking 
curve are 2-3 times larger than ours, and his values for the percent reflection are 
very much smaller. His values for the coefficient of reflection are lower than both 
ours and the calculated ones with a maximum difference of about thirty per cent. The 
probable reason to the difference is that his quartz crystals were not perfect enough 
to give dynamic reflections. The calculations assume a perfect ideal crystal. If we 
instead consider a crystal composed of rather small crystallites, the rocking curves 
are broadened and the percent reflection decreases. The changes should be most 
pronounced at short wave-lengths. Most quartz crystals seem to give such rocking 
curves. In our preliminary work with plane 1010, we got a full width of 8” for Cu Korn 
The quartz specimens, used by Parratr, must have been of a similar type. 

Karlier (6) the possible effect of thermal lattice vibrations was discussed. If 
the characteristic temperature of quartz is low, this:would influence the atomic 
scattering factors so that the intensity of the diffracted radiation would decrease. 
This would lower the experimental values relative to the calculated ones. The 
sin ? 


A 


amount of this discrepancy should increase with . No such discrepancy is ob- 
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Fig. 6. A comparison between the reflectivities of calcite (211) and quartz (1011). P is the percent 
reflection, R the coefficient of reflection and S =i/di the resolving power of the double spectro- 
meter in position (1 +1). Open circles indicate quartz values, crosses calcite ones. 


served. Even for plane (2243), which has the smallest spacing, the experimental values 
are higher. Consequently the characteristic temperature is so high that no correction 


is necessary. ae 
The last experiments were carried out with plane 1011. As the comparisons for 


plane 1120 had been extended over a larger wave-length range than could be in- 
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Table 10. The reflecting properties for Cu Ka,- and Mo K«,-radiation. 
EE OES eee 


dia- ic Spacing ” 1B 10? _2tg dB | 
4 Urystel Be oe Me ba radians | 5 = Wp 
a eee a eee 
Ju K rtz 1010 4246.0 10°26’ 5.0 1.81 1.50 - 10% 
ee ne 1011 3336.3 Sly 8.8 3.90 iGo Aes |, 
» 1120 2451.4 SOG. 3.4 1.10 4.00 - 10% | 
» 2023 1372.0 S4°"45 2.0 0.69 1.40- 10° | 
Calcite 211 3029.5 14°49’ 10.0 3.90 1.08 - 104 | 
Mo Kx, Quartz 1010 4246.0 4°47 ei 1.04 1.25 - 10* 
» 1011 3336.3 (Qe Ky 4.5 QD ilall 0.98 - 104 
» 1120 2451.4 Sallise D3 0.58 2.61 - 104 
» 2023 1372.0 14°57’ 1.0 0.37 1.10 - 10° 
» 2243 1012.8 DO oTe 0.7 0.23 2.20 + 10° 
Calcite 211 3029.5 6 43’ 5.2 2.31 0.89 - 104 
» 310 1522.3 1S oe 1.5 0.47 6.56 - 104 
» 655 1033.1 Oe By 1.0 0.33 1.51 - 10° 


vestigated with our double spectrometer and as the results there verified the assump- 
tion that quartz is a perfect crystal, only a rough calculation of the coefficient of 
reflection for the Mo Ka, and Cu Ka, lines was made for plane (1011). This calculated 
value agreed satisfactorily with the experimental results, indicating that the crystal 
specimens could be considered perfect as regards this plane too. The spacing of the 
plane is 3336.3 X.U., which is somewhat larger than that of calcite 211 (d,,, = 3029.5 
X.U.). The structure factor is higher than for any other plane in quartz and the 
reflection power should be about the same as for calcite 211. Table 8 gives the values. 
of the reflectivities of quartz 1011, Table 9 those of calcite 211. A comparison between 
these shows that the coefficient of reflection is nearly the same, but the rocking 
curves are narrower in the quartz case, which compensates for the larger spacing, 
so that the resolving power is nearly the same. At short wave-lengths the resolving 
power decreases more rapidly for calcite. The percent reflection is always higher for 
the quartz plane, which is due to its smaller absorption coefficient and probably 
to a more perfect structure as well. The latter point is borne out by the fact that. 
the decrease in percent reflection at short wave-lengths — where the absorption is. 
small and the decrease due to deviations from the perfect crystal structure — is 
larger in the calcite case. The reflectivities for plane 1011 are thus as good as or 
superior to those of calcite in the wave-length region investigated. This is probably 
also true for longer wave-lengths, where this plane is especially suitable. Plane. 
1011 can replace calcite 211 even in the double spectrometer without loss in intensity 
or resolving power. In focusing spectrometers it is much superior, owing to its 
excellent elastic properties. It is very surprising that, as far as we know, this plane 
has not been used outside this laboratory. 

The values of the reflectivities for the Cu Ka, and Mo Ka, lines for our quartz 
planes are given in Table 10. It should be poimted out that the resolving power is. 
very high in some cases, but the corresponding coefficient of reflection is lower. 
In many cases it is necessary to work with first order reflections and use planes with 
small spacings. As is to be seen, there are several suitable planes that may be used. 
Some of them will give more intense reflection than the most intensely reflecting: 
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calcite planes with the same spacings. Besides 1011, this is the case with planes 
(2023) and (3031), which both have a spacing of 1370 X.U. and a structure factor 
_ of nearly 30, and with plane 5052 (spacing 810 X.U.). Several other planes can be 
used. Some offer the advantage that the structure factors of higher orders are small, 
compared with the first order ones. This makes it possible to work with X-ray tube 
voltages far in excess of the double threshold voltage. 

A comparison between calcite and quartz data shows that quartz seems to be 
the more perfect crystal as the experimental data are in better conformity with the 
theoretical predictions. The characteristic temperature of quartz seems to be so 
high that the effect of thermal vibrations on the diffraction can be neglected. Further- 
more, its hardness and inertness to chemical reagents renders a quartz crystal very 
durable and constant in its diffraction properties. This is all evidence that the more 
intensely reflecting quartz planes can be used more extensively in X-ray spectroscopy 
than they customarily are. 


The investigation received financial support from the Swedish Natural Science 
Research Council, which is gratefully acknowledged. 


Institute of Physics, University of Uppsala, Sweden, March 1953. 
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Studies of the heterocharges of electrets 


By S. Wixstrém 


With 5 figures in the text 


1. Introduction 


Electret is the name given by Farapay to a permanently polarized dielectric 
body. This body has a resulting dipole moment and shows electric charges of opposite 
polarity on two of its sides. The first person to make an electret was Eaucut (1), 
who let a molten mixture of carnauba wax and rosin solidify in the shape of a disc 
under the influence of an electric d.c. field. Eaucut found that immediately after 
the removal of the electrodes the surfaces of the disc carried charges of opposite 
sign to those of the adjacent electrodes. Following GrMANnt’s (2) terminology these 
charges are called heterocharges, while charges with the same sign as the adjacent 
electrodes are called homocharges. 

Eeucuti found further that the heterocharges under certain circumstances might 
decrease to zero during the first days after the short-circuit and that a homocharge 
was then built up which showed no decrease in five years provided that the disc 
was kept short-circuited. Ecaucut’s results have been verified by GrMant (2), 
THIESSEN (3), Gross (4) (5) (6), BrnpER (7) and the author himself among others. 
A resumé of the most important papers on the subject is given by GuTMAN (8). 

Thanks, in the first place to the works of Gross the veil of mysticism over this 
subject has been lifted and the fundamental properties of electrets have been made 
known. Thus a coexistence of heterocharge and homocharge has been established, 
the former being due to ionic space charges and dipole orientation and the latter 
‘to breakdown discharges in the interface between the electrode and the dielectric 
surface. Further, homocharges can only appear when the polarizing field has 
reached a certain threshold value of the field strength, which is approximately 
10 kV/cm (3). A recombination between the two types of charges is not possible 
and, since neither of them sets up an electric field within the dielectric when the 
~Jatter is short-circuited, they can be kept constant for very long times. Thus the 
half life for the heterocharge is in the order of hundreds of thousands of years (5). 
The customary method of estimating the properties of an electret 1s to measure 
the surface charge density by an electro-phorus method. Gross (6) and BINDER (7) 
have measured simultaneously the surface charge and the current in the charging 
(or discharging) circuit and have hereby shown that a breakdown occurs in the 
interface between the electrode and the dielectric. As these authors have made 
their measurements below the melting point of the material used, their current— 
time curves are continuous and show the amount of electricity that is stored up 
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in the electret. Studies of the liberation of electricity on reheating of electrets have 
been made by Fret and GRoETZINGER (9), but, as they heated the electret above 
the melting point, they could only regain a rather small part of the “frozen in” 
charge. This agrees with the experience of the author. 

The present paper deals only with the heterocharge, and in order to evaluate this 
the author has reheated the electrets and measured the liberated amount of elec- 
tricity [idt instead of measuring the surface charge density. The measurement of 
Jidt takes a comparatively long time, but the result shows the size of the hetero- 
charge better than a measurement of the surface charge density will do, the latter 
being dependent on the breakdown field strength of the surrounding air. 

First, a study has been made of the relation between charging and discharging 
rate, temperature and “frozen in” charge, and in connection with this the ratio 
between the ionic and the dipole part of the heterocharge has been estimated. 
It has also been investigated how an electric d.c. field at room temperature will 
affect an already prepared electret, and how the presence of an increased pressure 
will affect the charging and discharging of an electret. Finally consideration has 
been given to the question of how the capacitance and loss angle tg é vary with 
frequency when the electret is polarized and unpolarized. 


2. Experimental technique 


The electrets used in this investigation are made of a mixture of 80% light yellow 
carnauba wax and 20% beeswax in the shape of discs with a diameter of 65 mm 
and a thickness of 1.2 mm. The mixture, which has a softening point of about 72°C, 
is poured into a bow] of diameter about 100 mm and depth about 30 mm to solidify. 
After solidification the piece of wax is set up in a lathe and the desired disc turned 
ee the utmost accuracy. After cautious polishing, both sides are silvered chemic- 
ally. 

Polarization and depolarization of the electrets was always done in the same 
container and without touching the electret between a polarization and the follow- 
ing depolarization. The container has a cover in which highly insulated ceramic 
bushings for the electret terminals are mounted. Inside the container one of these 
terminals is shaped as a horizontal supporting electrode for the electret, while the 
other rests with a light spring pressure against the upper side of the electret. At the 
bottom of the container a drying agent is placed. A high precision thermometer is 
mounted in a rubber stopcock passing through a hole in the cover of the container. 
The container is put into an oil bath which is heated by an electric element, and 
circulation in the oil bath is accomplished by means of an electrically driven pro- 
peller. The temperature is regulated by a contact thermometer, and the cooling of 
the bath is done with a watercooled copper-tube coil. 

Polarization of a disc was arranged in the following way. The disc was placed in 
the container and short-circuited, after which the system was heated to the pola- 
rization temperature. When the temperature had remained constant for at least 
1 hour, the short-circuit was broken and the polarizing voltage connected during 
the predetermined polarizing period. With the polarizing voltage still connected 
the system was then cooled down to 20° ©, after which the polarizing voltage was 
broken and the disc short-circuited. 

The polarizing voltage was taken from a rectifier with a highly effective filter 
and was measured with a Simpson Universal Instrument. As the purpose of the 
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experiments was to study the heterocharge, the polarizing voltage chosen was 500 
volts, which is sufficiently high to get a strong heterocharge with the discs used, 
but also low enough to avoid the forming of homocharges (3) (6) (7). The polarization 
temperature has in many cases been 65°C and the polarization period 2 hours. 
This time is sufficiently long for the electret to become fully charged at 65° C (6). 
The cooling period was of the same length in all experiments (40 minutes). The 
time was measured with a normal chronometer giving an accuracy of 0.1 second. 

During depolarization the electret was connected to a circuit, which is indicated 
in Fig. 1, where R is a special Welwyn resistor with the resistance 1.3 x 101° ohms 
and S is a string electrometer with a voltage range from 15 V down to 0.05 V, the 
deflection of which was studied through a microscope. E is the electret. The dis- 
charge current is consequently determined by measuring the voltage over a high- 
ohmic discharge resistor. The reheating rate during depolarization was the same in 
all experiments. 

When not used for experiments the electrets were always kept over a drying 
agent in a desiccator. 


Fig. 1. Cireuit when measuring the discharge current while reheating. S is an astaticized string 
electrometer, H the electret, and R a highohmic resistor with the resistance 1.3 x 101° ohms. 


3. Results 


3.1. Study of the charging and discharging rate. It is of interest to find out how 
the obtainable degree of polarization varies with the polarizing temperature. 
Consequently experiments have been conducted with cons‘ant polarization time (2 
hours) and constant voltage (500 V) but at different temperatures, these being 30 PAY, 
50°, 55°, 60°, and 65°C. The cooling period was 40 minutes in each experiment, 
and the same reheating rate during depolarization and end temperature (65° C) 
were applied throughout. Two series of experiments were made, one in which the 
disc was depolarized after 48 hours’ short-circuit, and one in which it was depolar- 
_ized immediately after cooling to 20°C. In Fig. 2 the discharge currents during 
depolarization are shown for the first series. The curves for the second series are 
similar, but differ from those in Fig. 2 in so far that an initial discharge current is 
flowing at time 0 (¢ = 25°C). The liberated amount of electricity has been deter- 
mined through integrating the surfaces under the curves in Fig. 2 up to 60 000 
seconds, after which the current was zero within the limit of experimental errors 
(<0.01-10 1° A). This integration has been made for both series and the result is 
plotted as curves in Fig. 3. It is apparent from these curves that the degree of 
polarization that can be obtained with a constant field during a given time 1s highly 
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70°C 


50 


30 


x10 10, 
10,0 


5,0 


0,0 
0 2500 5000 7500 10000sec 


Fig. 2. Discharge current curves for a disc polarized with 500 volts for 2 h at the temperatures: 
30° C, 40° C, 50° C, 55° C and 65°C. Reheating rate the same in each case and shown at top 
of diagram. 


dependent on the temperature during polarization. This is also expressed by Gross 
(5) (6), who has suggested that the charging and discharging rates are very much 
dependent on temperature, and that the discharge current is solely dependent on 
temperature. 

In addition to the curves shown in Fig. 3 In Q has been drawn against 1/7’, the 
points then being found to le on a straight line up to 60° C. Consequently the 
growth of the heterocharge with temperature follows a law of the well-known type 


WwW 
Q=Q,:e RT and the energy of activation has been calculated as W~16000 
cal/mol from the slope of this straight line. 


AAs 
3,0 


coon ION 
MADE IMMEDIATELY 


2,0 


0,0 
0) 25 50 75°C 


Hig: 33 The regained amount of electricity as a function of polarization temperature when 
polarizing for 2 h with 500 volts. End temperature at depolarization 65° © in each case. 
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6) 2500 5000 7500 10000 sec 


Fig. 4. Discharge current curves for different depolarization temperatures. Polarization the 
same in each case; 500 V, 2h, 65° C. Corresponding temperatures shown at top of diagram. 


There is a noticeable difference between the two curves in Fig. 3 which shows 
that a certain quantity of the polarization disappears during the first 48 hours’ 
short-circuit and that this quantity tends to be greater at higher temperatures. 
This quantity is most probably due to the displacement of ions within the disc (3) 
(5) ee according to Fig. 3, a value of about 0.19 uAs when the disc is polarized 
HELO U. 

From the curves in Fig. 2 it is evident that, as long as the residual polarization 
is comparatively great, the current is independent of the residual polarization and 
greatly dependent on the temperature, but when a sufficient discharge has occurred 
the current becomes dependent on both temperature and residual polarization. 
Further, the current passes its maximum when the temperature is around 61° C 
and a rather long time before the end temperature 65° C is reached. This indicates 
that the maximum discharge rate probably lies in the neighbourhood of 61° C. 

In order to confirm this, the disc was polarized in the ordinary way (65° C; 2 
hours; 500 V), and after 48 hours’ short-circuit at 20° C was depolarized with the 
end temperature 61° C. After this, two further experiments were made with end 
temperatures during depolarization of 55° C and 50° C respectively. The correspond- 
ing discharge currents are shown in Fig. 4. 

It can be seen there that the discharge is more rapid at 61°C than at 65°C. 
From the curve it can be calculated that the amount of electricity dischargeable 
during the first 10000 seconds at 61° C is 1.72 wAs. For a discharge at 65° C the 
corresponding figure is 1.47 yAs. When the time of measurement was prolonged, 
it was noted that the discharge current fell to zero (<0.01-10-1° A) after a total 
depolarization time of approx. 30 000 seconds in the first case and approx. 60 000 
seconds in the second case. The value of the totally discharged amount of electricity 
is 2.12 As in each case. 

It is also noticeable from the curves in Fig. 4 that the discharge rate is much 
lower at 55° C than at 61° C, and that at 50° C it is so low that after a comparatively 
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0 2500 5000 7500 10000 sec 
Fig. 5. Discharge current curves for the same disc polarized with 500 volts for 2 h at different 
temperatures and then immediately depolarized at the same temperature. 


x Polarization and depolarization temperature 55° C 


© » » » » 61°C 
. » » » » 65° C 
@ » » » » 69.8° C 


small discharge the current decreases and almost falls to zero. When the temperature 
is increased from 50° C to 65° C, a second discharge follows which is stronger than 


: : , : dT : 
the first one. It is also interesting that 7 seems to be dependent on —-. Comparing 


dt 
the values at t =600 sec in Fig. 4, the temperature and the residual polarization 


are almost the same for the four curves. The current, however, as also ps 1s 
apparently smaller on the “50° C-curve’’, in spite of the fact that not more than 
one per cent of the total charge has been liberated. Further, the current maxima 


d : See 
for all curves occur when a approaches zero. This applies likewise to the “50° C- 


dt 
curve’, where the electret has more than 90 per cent of its charge left when the 
current passes its maximum. In other words, the curves indicate that the current 


follows a law of the type i=} (2. ls a). This result may be used as basis for 


further investigations. 

The interesting circumstance, described above, that the discharge rate is dependent 
on the temperature, has been further confirmed in another way. The disc was 
heated to a certain temperature, 55° C, 61° C, 65° C, and 69.8° C, at which it was 
polarized for two hours with 500 V. Immediately after this, depolarisation was 
started. Fig. 5 shows the discharge current for the four selected temperatures. 
It is apparent that the discharge current and the total regained amount of electricity 
is smaller, when the experiment is carried out at 65° C and 69.8° C than when it is 
carried out at the lower temperatures. The total regained heterocharge has been 
determined as 1.01 pAs at 55°C, 1.02 pAs at 61°C, 0.87 wAs at 65°C and 0.21 
wAs at 69.8° C. The last value is of the same magnitude as the earlier determined 
ionic charge. These values are much smaller than those obtained when the usual 
treatment is employed, and indicate that the molecular mechanism, during the 
cooling in the field, is not fully explained. 
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2k Effect of a d.c. field on an already prepared electret. A series of experiments 
was made in the container mentioned in paragraph 2 as follows. 

The dise was polarized at 65° C with 500 V for 2 hours, after which it was cooled 
to 20° C with the field remaining. The cooling period was 40 min. in each experiment. 
Immediately after cooling the electret was exposed to a second d.c. field, of opposite 
or same direction as the polarizing field, for a period of 24 hours and at a temperature 
of 21° C, after which it was depolarized. This second field had a voltage of 500 V 
or 1000 V. After this the same dise was completely depolarized and then repolarized 
at 21° C for 24 hours with 500 V or 1000 V, whereupon depolarization followed im- 
mediately. It was also polarized and then depolarized in the same way after a 
short-circuit period of 18.5 hours. Finally the disc was polarized in the normal 
way, ie. 500 V, 65°C, 2 hours, and was then exposed to a second d.c. field of 
opposite direction to the polarizing field for 24 hours at 21° C and with the voltages 
500 V or 1000 V .Depolarization was started after a short-circuit period of 18.5 hours 
in both cases. 

The discharge current curves corresponding to the above described experiments 
indicate that polarization at 65° C and 21°C can be superposed, so that a current 
reversal can occur during depolarization. A part of the polarization obtained at 
65° C will recombine with the polarization obtained at 21°C, if the disc is kept 
short-circuited 18.5 hours before depolarizing. By comparing the surfaces under the 
curves, the less permanent part of the heterocharge can be calculated to lie between 
0.14-0.29 pAs, which is in agreement with the result in 3.1. 


3.3. Search for an effect of increased pressure on the charging and discharging of an 
electret. These experiments have been carried out in a container of the same type 
as described in paragraph 2, but capable of withstanding pressures up to 20 atm. 

Tt has been suggested by GrmMANrT (2) that electrets can to some extent be charac- 
terized as piezoelectric and thus be affected by pressure. In order to test this, two 
series of rather laborious experiments were made. First the disc was polarized and 
depolarized at atmospheric pressure, then it was polarized at 5.0 atm and depolarized 
at atmospheric pressure, and finally it was polarized and depolarized at 5.0 atm. 
Polarization data were 500 V at 65°C for 2 hours. The discharge was measured 
up to 60 000 seconds after which the current was zero within the limits of experi- 
mental errors. A difference between the results from the three experiments could 
be found neither in {7dzt nor in the shape of the current—time curves. This series 
was repeated once with the same result. 

Another series of experiments was made to find out whether an increased pressure 
can influence the degree of polarization. For this purpose the disc was polarized 
for 2 hours at 65° C. Then the pressure was increased, the polarizing voltage broken, 
the disc short-circuited, and cooling commenced. The disc was left short-circuited 
_-for 24 hours before being depolarized. Experiments were made when cooling at 
atmospheric pressure and at the pressures 2.5, 5.0, 10.0, and 15.0 atm. In these 
experiments, too, the discharge was measured up to 60 000 seconds. The result of 
this series of experiments was that {7d was about one fifth of the magnitude obtained 
in the former series, and also that /7idz was independent of the magnitude of pressure 
during cooling. Also this series was recapitulated once with the same result. 


3.4. Effect of polarization on capacitance and tg 0. Capacitance and tg é versus 
frequency were measured at 21°C for a non-polarized wax dise as described in 
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paragraph 2 with a Q-meter from Boonton Radio Corporation, after which the 
disc was polarized for two hours with 500 V at a temperature of 65° C, then 
cooled to 20°C with the field remaining. Immediately after this treatment the 
capacitance and tg @ versus frequency were measured again, and the values obtained 
indicate that the capacitance is unaffected by polarization but that tg 0 will increase 
slightly after the disc has been polarized. The measurements were made from 0.1 
to 20.0 Mp/sec with intervals of 0.1 Mp/sec. The reproducibility of the effect was 
checked by repeated experiments. 

It is interesting to note that this result agrees with those obtained by SHEPARD 
Roserts (10) with ferro-electrics. Thus Roperts found that the remanent polariza- 
tion in BaTiO, will cause an increase in tgé. Moreover he found special resonance 
frequencies, where tg@ will increase to several times its normal value, if the di- 
electric was subjected to a d.c. field during the measurement. No corresponding 
effect appears with the type of heterocharged electrets studied here. 


SUMMARY 


Heterocharged electrets of carnauba wax have been studied from the following 
points of view: The dependence of the charging and discharging rate on temperature. 
Influence of a d.c. field at room temperature on a prepared electret. Influence of 
pressure during charging and discharging. Influence of polarization on the a.c. 
capacitance and loss angle. 


Finally the author wishes to express his thanks to Professor G. BoRELIUS and 
Doc. J. O. LinpE at the Royal Institute of Technology at Stockholm for stimulat- 
ing discussions and helpful suggestions, and also to the Rifa Company which has. 
given him free use of their laboratories and special materials for the experiments. 
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Communicated 8 April 1953 by Oskar Kiern and Ivar Water 


On regularization by means of analytic continuation 


By Ertx Kartson 


With 1 figure in the text 


Summary. A modified form of the method of regularization with the aid of 
analytic continuation suggested by KALLEN can also be applied to the e!- 
approximation of the vacuum polarization. The result is that only gauge in- 
variant terms will appear. All computations are carried out on convergent ex- 
pressions. 


I. Introduction 


It is a well-known fact that the direct computation of the vacuum expecta- 
tion value of the current operator in an external electromagnetic field by ex- 
pansion of the operators in powers of the coupling constant and the external 
field gives rise, not only to a gauge invariant part, which after mass- and 
charge-renormalization contains only finite, observable terms, but also to terms, 
which are not gauge invariant. As has been pointed out by several authors! 
these latter terms will vanish in the e?-approximation if the expressions are 
made finite by means of a suitable regularization procedure. It might be of 
interest to investigate if such a regularization would have the same effect 
on the e*-approximation, especially as the e¢*-approximation of the charge- 
renormalization has been calculated under the assumption that the terms, which 
are not gauge invariant can be made to vanish by regularization.* 


To enable us to state our invariant regularization procedure we introduce the 
momentum space kernel K,,(q) to the vacuum expectation value of the current 
operator in a very weak external field by the equations: 


<O|j2(w) |O)=f da’ - AS (a) Ky, (x— 2’) (1) 


eeiake Pe | Get, (a). (2) 


1 Ww. Pautt-F. Vitzars, Rev. Mod. Phys. 21, 434 (1949). Cf. also R. P. FEYNMAN, Phys. 
Rev. 74, 1439 (1948). HE. C. G. StunckreLBEerRG—D. Rivinr, Phys. Rev. 74, 218 (1948). 
J. Scuwincrer, Phys. Rev. 76, 790 (1949). 

2 R. Josr—J. M. Lurrrncer, Helv. Phys. Acta 23, 201 (1950). 


bo 
bo 
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By reason of invariance we. have 
K,(q) zs (G dy — Oay q’) % A (q’) te Ory B (q’). (3) 


If our result is to be gauge invariant, we must have B(q’)=0, but a direct 
computation leads to an indeterminate expression for B(q@*), which must there- 
fore be defined by a regularization procedure. For the invariant regularization 
we use a modification of the analytic continuation method suggested by KALLEN.1 
In modified form the procedure can be stated as follows: The regularized 
momentum space kernel K3°%(q) is defined as 


oe" oe" 2 
reg —s t 
OD Oe (A OU) 


No>0 


No Ki, (q) (4) 


where « is the photon mass, introduced to avoid infrared divergencies. The 
analytic function is to be understood e.g. in the sense of a Riemann-Liouville 
integral.” 

It will be shown later, that for n, and n, sufficiently large, all the integrals 
in the e?- and e*-approximations become convergent and well-defined. 

It is convenient to compute not K,,(q) itself but the following two ex- 
pressions: 


1q,.K,, (q)=19, B(?) (5) 
and 
K,, (= —3¢A(q’)+4B(¢). (6) 


These two expressions give us A (q*) and B(q’), and hence Kj, (q). 


II. Regularization in the e*-approximation 


If we restrict ourselves to the case, where no real processes can take place, 
we get in the e-approximation (see the papers by KALLin? for notations and 
the general expression for the current operator): 


1k aaa ; : 
KP (= - 3 wee dp: Splya(ty(p+q)—m) y, (typ—m)]- 


[ Op? +m*) | 6((ptq? +m’) 7 
\(p+q)?+m? p +m (2 


* G. KAtnin, Arkiv for fysik 5, 131 (1952). 

* The method of analytic continuation for solving wave equations was first introduced 
by Riesz, and applied by him and FremBere to problems of classical physics. Quantum 
mechanical applications have been given by Gustarson, Nirsson, and others. Cf. e.g. M. 
Rresz, Conf. a la Réunion internat. des Math. Paris 1937, 153 (1938). M. Riesz, Acta Math. 
81, 1 (1949). N. E. Frempere, Proc. Roy. Soc. 188, 18 (1946). N. E. Frempere, Medd. 
Lunds Univ. Mat. Sem. 7, 1 (1946). T. Gustarson, Arkiv Mat. Astr. Fys. 34 A, No 2, 1 
(1946). 8S. B. Ninsson, Arkiv fér fysik 1, 369 (1949). 


2 G, KAuiin, Arkiv for fysik 2, 187, 371 (1950), hereafter referred to as IRCTE, UC IBE 
respectively. ; 
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From (5), (7) and the relation iyqg=iy(p+q)+m— (‘yp+m) we get 


|) ee ae 
7g, B® (q’) = 5 aap | AP -Splye (yp —m)]}-d (9+ me = 


iil ee 
~ 2 Qn dp: Spl[(vy (p+q)—m) yr]: 6 ((p +.) +m?) 
or 
iq B® (q?) = [ar Siig) ee dp (p+q)y:d((p+q +m 8 
Qn? ’ Git ae eer YD) m°). (8) 
As this expression does not involve mw’, we regularize it by differentiating n, 
times with respect to m?. 


eo" 
rs) (m”) ny 


2% 
(2.0)° 


| dp-p,-0 (p> + m*) — 


“ 


( ) 


For n,22 these integrals are convergent, and by reason of symmetry they are 
both equal to zero. Thus 


Bowe a0. (10) 


By taking the trace of (7) we get 


ib, wl . ; 
Kr (=~ 5 aap | t-Se ly (y@+g—m) y, (typ—m)- 
O(pe+m) _d6((pt+q)+m’*) 
Wl 
ane ptm ( ) 


We use the formula given by SCHWINGER! 


6((p+qy +m 
ptm 


6 (p? +m’) 
(p+q)+m 


| 
2 T 


af 
\az [ ano (p42 (pqvatgatm?) (12) 
0 


and evaluate the trace 


Spl (iy (pt g—m) » (typ —m)]=8 [(p (p +g) + 2m"). (13) 
Thus 


1 
Kyy (4) = sip | da [ar [(p (p + q)) + 2m?) 0’ (p? +2 (pq) at+gatm’). (14) 
0 


1 J, SCHWINGER, op. cit. 
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By regularization we get 


ee (2) 
rs) (m?)" vy 


(q)= 


ak 
= app | da | dp Uo +a) +2mt]-0% (p? +2 (pqgatga+t+m?)+ 
0 


1 
+ its [da [ dp-0™ +2 gaan my (15) 
0 


(2 


For n,22, the integrals are both convergent. If we now put p=p’—aq we 
obtain 


Qo" 
& (m2) (a) = 
1 
t , / / © 

= aap | dx [ar [p’*+(1—2a) (p’q)-—a (1—a) gq? +2m?]- 
: 5D (p+ ga (L— a) +m?) + 
il 

+ ats [da av -0? (p'? + q? a (1—a)+m?). (16) 
0 


This can be written 
oe" So = 
0 (m7) ”” 


1 
8 > 2 
= aap | da | av’ [Ep +g? a (1 — x) + m?]- 6* (p'? + g? x (1 — x) +m?) + 
0 


1 


[ ds. | d= 3% (p+ 2a (1a) + mt) + 


0 


8n, 
(22)8 


it} 
4 
+ app | dee(1~ 2a) | do’ (p'q) 8% (92+ g2a (1a) + mt) + 
0 


1 
192 
+ Gap | daa (la) a? f dp’-o™ Gta — a) + m?). (17) 
6 


Here the first two integrals cancel each other exactly!, and the third one is 
equal to zero by reason of symmetry. 


‘G. KAtnfn, Arkiv for fysik 5, 131 (1952). 
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Thus 
oe" 
amin Bn = ap) ax x(1—a)ats fd (!*6aPa(d—a)+m8), (8) 


By carrying out the p’-integration we obtain 


gm abe (n, — 1) | 1 
K2 (a) = " | 
B may Ke (@ ee) cdl el en 


From (6), (10), and (19) we get 


am SCT (1): 1 
pete [aeaa a rege em 


The renormalized expression then becomes 


oe" 5 = 
B (marl <4: (0) \ 


ge eae ae ; I edt 
= (20)° Javad ra ieee apace co 


21) 


Thus we have 


Are (q°) ra Are (0) ae 


1 


m 2-27. I'(n, + 1) 20 =2) | 1 1 A 
et (22) } da (ta —a) + | 

= 9) . ¢ 
- gp) dee 0— 9) og [2 +Ga—a) (22) 


and for q?<m? we get 
1 


a 2 2 es 
A (@)—A™ (0)= ae | dasa (ic) toe 


bat gn (23) 


which is the well-known Uehling term. 
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III. Regularization in the e*-approximation 


In the e!-approximation we get contributions from the following three Feyn- 
man diagrams (two of which are equal). j ae 


Fig. 1. 


Ki? (q) = 2 Uae (a )+ Vay (9) (24) 


jee ail 
Ui, (= 1 op | | dmdoe: 
‘Sp[ya(tv (pita) —m) y, (¢y D1 — M) Yo (ty Py — M) Yo (VY Py — M)] x 


x | 6 ((p, +q)* +m?) d(pzt+m?) — d((pi tq? +m?) 6 (pe = 94)? + w*) 
(pi + m?)? ((py— py) +o?) (pi + m*)? (p+ m*) 


= 
oo : oon) baa : 6 (pi +m?) 6 (py — p)° + #”) vs 
(pit m*) (py +9) + m*) ((Ps— Day +) (pit m*) (py +Q)° + m*) (pe + m*) 


4, O(n +m?) 6 (Pp D1)" + f°) (1+ € (Ds) & (D2 — P1)) \ 
(pt + m*)” ((p, +9)" + m*) 


Vinl= 4 Gap | | drdoe: 


‘Sp [ya (iy (pr +4) —m) yo (iY (Px +4) — mM) Yr (ty Pp —M) Yo (iy Dy — m)] x 


«(oe ((p + 4)" + m*) 6 (‘pa + 9g)” +m’) 0 (py +.@)" + m*) 6 (pz + m*) 
(pi +m”) rere: ) (De Py) + uw?) (pi +m?) (pe +)? +m?) ((p2— p,)? + pL?) . 


(25) 


, Hat q) +m?) 6 ((p_— p,)* + we”) 6 (pi +m?) 0 ((py +9)? +m?) 
* @itm *) (pa +m?) ((pp +)? +m?) (py +-q)* +m?) (p3 +m?) ((py— Dy)? + pM?) | 
6 (pi +m?) 6 (p3 +m?) 
a3 2 2 2 cy 
((py + @)? + m?) ((p2 + @)? +m?) (3 —D,)" + 2?) 
6 (pi +m?) 6 ((p_— p1)? + LH?) 
(py + @)" + m?) (p5 +m?) ((p +g)? +m?) 


bo 
bo 
or) 
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4 DMP +4) +m?) 5 (‘py = py)” + 2) (1+ € (De +Q) & (De — Dy) 
(pi +m?) ((py + q)* + m®) (p2 + m?) 
Heo (2 + m*) 6 ((py— py)" + wu?) (1 + € (ps) € (Dp — 4)) 
(pi +m”) ((py + @)? +m?) (‘pe +g)? +m?) Ga 


Multiplying (25) by tq, and using the same decomposition as after equation (7) 
we obtain! 


0% Ui, (a )= 
al 
a dp, Sp [Yo (ty Pz—M) Yo (tv (Dr + Q — mM) Y (ty py — m)] x 
Ps (py +)" +m?) d(pz+m?) _ 6 ((p, +)? +m?) 6 ((py— p,)? +p?) 
(pi +m?) ((D2 = p,)° +r jt”) (pi +m”) (ps + m?) 
d (pi +m?) d (ps +m?) 6 (pi + m?) 6 ((py— py)? + fe?) 


((p, + @)? + m?) (De — Py)? + we?) ((p. +)? +m?) (pz + m?) 


4, (pa + m*) 6 ((P2= Ps)” +.) (1+ € (pa) € (D2 — 14) 
(pi + m*) ((p, +g)? +m") 


1 


1 , . 
Aa) | [ dnar-sp [Yo (VY Da— M) Yo (UY Py — M) Py (VY Py — mM) ] 


i [5 6 (pi +m?) 6 (ps +m?) : 3 (pit m*) 6 ((Po— D1)" + bw’) 
\ (pi + m?) ((p.— py)? + 2?) (pi +m?) (p3+ m*) 
i 6 (p2 3 m*) 6 ((P2— Dy) i pe) (1+ € (D2) & (Dp 7 1) \ ; 
(pi +m’)? 


+ 


(27) 


We treat only the first of the two terms of 7q,U;,(q) in some detail, as the 
treatment of the other terms in 7q,U,,(q) and the terms of 7g, V3, (q) is rather 
similar 
iq, US) (gq) = 

Jk al : : : 
= 4 Gn) dp, dps Sp [Yo (ty P2— M) Yo (by (Py +9) — ™) Yo» (VY D1 — ™)I * 


4 
. |? (p,+q) +m) _ 5 (pit+m’) | ‘ | S(pa+m*) (os py) Fi 


pi tm ' (p,+q)2 +m = pi) + ptm 
6 (pa+m?) 6 (Dy — py)” + W’) (1 + € (D2) & (D2 — Pr) 
1 2 2 2 2 : (28) 
(pi + m*) (pi +a) +m’) 
; 6 (p2 +m?) . ' 
1 The indeterminate expressions Sree are most simply given a well-defined meaning 
ne 
with the aid of an adiabatic switching off of the charge at minus infinity. It then appears 
5 (2 2 J ty 2 
that e.g. the expression (p*-+m?*) + 2 So ae has to be understood as ae 2 [p? — (py +) 2+ m?] x 


6 (p?-+-m?) 
B*— (po + 26)? +m 
been used in eq. (27). 


=6(p?+m?). Cf. e.g. F.J. Dyson, Phys. Rev. 82, 428 (1951). This has 
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In order to combine the terms of (28) the following formula will be used 


fd py- 5 (p3+m?) 6 ((py— 1)? + w*) (1 + € (D2) € (P2 — Pr) = 


1 it 
Sate . 29 
2 | 4 | dca Fartt Ona m+ ape? it 
To derive (29) we observe that by KII (116), (117) we have 
| ape-3 (8+ m*) 6 (,—pa? +12) (2) € (D2 v1) = 
a 23 d py 
5 | (pe +m”) (De — px) +e) 80) 
We thus have an expression of the form 
Lys ol 
Using the well-known integral representations 
Be 1 iwa 
oo dw-:e (31) 
and 
ne x |e isa 
Pes es (32) 
we have 
$ (a) 3(8) - =P = ia) [ende ei 1 atiw,d, |i “is | 
| w, w. | 
mele dw erent |= 
27" al 
0 
= AG 1 
laa (1— a) oP ey 
Use has been made of the transformation 
W,=Wa 
(34) 


W,=w (l—«). 
From (30) and (33) we can immediately derive (29), 
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Using (29) and (12) in the form 


6 (pa +m?) 6 ((p2— p,)° + pe?) 
((p,—p,) +p”) pe +m 


— [ano (p3 — 20 (pe py) + opi + (1 — a) m2 + & p22) 


and the relation 


Yo (tY Py — m) Yo= —2 (ty p,+2m) 
we obtain 


ig, US? (q) = 


dp, dp: Sp[(typyt+2m) (vy (p, + 9) — m) yy (ay py — m)] x 


bo 


«fa eee. +4 m*) 6 (pi +m?) 


2 +m Gora emt | 8 (ot 2a (or) + 


+a pi+ (1—«) m+ ou?) + 


+ . 
2 (pi +m?) (py + a + mi) (D3 — 2 a (Dy py) + aDe + (1—a) m+ a4)? 


(35) 


The p,-integration cannot be performed, as the integral is divergent. If, how- 
ever, we differentiate the expression n, times with respect to w?(n,2 1), it will 
become convergent 


go” 


qd) 
oe 


1 
el . | 
2 aap | | amdp. | dx-a"-Sp [ty po+ 2m) ((y (pp +q) —m) Vy (typ, —m)]x 
0 


; 6((p,+Q? +m 6 (pi +m’) | ees ¢ 
x et 62 (pp — 2 1 Mi 
| ptm (p,+q7? +m OS : 

+ (L—«a) m*+ a ps") + 


1 (=) Get)! b 
2 2 2 2 2 2\n,+2 (36) 
re? (pet m?) ((p, +g) + m2) (ps — 2a (Py D,) + api + (1—a) m+ aw u?)"**? J 


+ 


By the transformation p,=p+ap, we get 
ty Do +2m=typta (typ, +m) + (2—a) m. (37) 


As the p-integration is convergent for n.21 the term linear in p can be put 
equal to zero by reason of symmetry. Thus 
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Us , qd) = a3 — US fg athena a o” . us» 
ees ag C 38 
a (u?)" Vd U4 (q) a (u? Ne V (9) é (u 2)" a ) ( ) 
where 
ja MEE = — 5 [ a"! Sp [(ty (p+ a) —m)y0] x 
O (u?)” AU hy 2 ( 
hats eae a (1 a) pit al a) m? + & u?) + 
ae (= 1)" (ng+1)! | 2 
ap = (ppt gq)? + m?) (p? + a (1—«) p+ (1—a) m2 +0 p?)"**? | ( ) 
oO” an A, 
é (ue)? Ui, (7) 


l'm “ ; Len 
=o sep | | dode | dae 2(2—a)-Sp[(vy (yp, +4) —m) vy, (typ, — m)] x 


" (|° (mrtg? +m’) 6 (pi+m*) 


| S(t] 2 = 2 = 2 2 

pit me rea Oe (B+ aL — a) pat (L— apm + opt) + 

naire (—1)"2(n, +1)! 7 
a” (pi +m?) ((p, + Q)? + m?) (p? +a (1— a) p+ (1—a) m? -- oc *) "st? 0) 


The p-integration can now be performed 


| an: 672 arb ( p?+A)= axJte) te ev (P* 24 A). -(iw)” ati _ 


= es in iwA No—1 Ww a3 
9 | aw e (42) ‘a 
a (—1)"*"*(m.—1)! 
vars (41) 
and in the same way 
(—1)"*(n,+1)! 1 n 
= 1? EAS 7a = 0: 0 54) (42) 
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From (39), (41), and (42) we now have 
o”" 


a eS oy es ee 
) (uz) 2 A (q) a 


1 
[ax att. Sp [(oy ( (1, +9- m) yy] 
hy 


2 


ge oo + q)? + m?) (—1)"27! (n, ~ 1)! 
(pia (l—a) +m? (1—«) + uu? a)" 


‘: 62) (pt a (1 — a) +m? (1—«) +? a) 


(p, +)" +m cy 
The trace is easily evaluated and gives 
Sp [ty (py +9) —m) yr] =47 (01 +9)>- (44) 
By writing (12) in the form 
e 1 
ot), 20) | as-0(axa—pa) (45) 
0 1 
and differentiating it n,—1 times with respect to b we get 
= neat = (My— a 
6 (a) ( aie His 1) - 6 -- fava yrs -1, 5(7») (Bat 1—f)b). (46) 
Thus 
6 ((p, +g)? +m?) (—1)"2 1 (me— 1)! OP (pix (L— a) +m? (L— a) + wa) _ 
(pia (1—«) +m? (1—a«) +p? a)” ) (p, +49)" +m 
1 
=, | ¢p—py* 
[x(1—o)P*, 
6") ( ots 24m?) + (1—B) | rial )) : (47) 
5 B (Py q) Pi a i 63 


From (43), (44), and (47) we obtain 


go" a a 
Bua O- ams |e (I=) 


« 6% (nt +28 (ra) + Bat +m (p+ =) a ee) 


py". fe Dy (Py + Mv * 
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By differentiating , times with respect to m* we have 


eo” Ng 


(m2) 0 (ue) 


ip toast = fara Bie (g++ +P)" fan, (p, + @)yX 


xO ae (vi-+28 (oa) + Bat +m (a =F + i=). (49) 


on Oe (7) a 


Putting p,=p—fq and again equating the terms linear in p to zero in the 
(convergent) p-integral we get 


x ne — (1—B) +m’ irs - : iat) ¥ 


Loy 


- Gags) @xe—ayh [ag a—py(ap-+ 1p) 


x [ ap-a™9 9+ 088 1 B)a tla) +m (ep + 1—f)(l—a)+y?(1—) a). (50) 
As the computation of the other terms of 7q,U;,,(q) follows the same lines, we 
give only the result: 


oe" 
) (m?)" é (u?)"? 


1G U4.(q) = 


Ud 


~ aap] dat =a {ap SNe. (a B+ i —pym | dp-ors (p?+ A) — 


0 


im d, 


= gt | dara” (1— a)" a0 [aac A "M(B +1—B,)" ys fara —29y 


a [ar 2 66214 Mt) (p> +B) = 


ae Vy 


i fdaoat ayaa fant Ay (48, +1—B,)"- 


Bu 
| €B, 0-29): [dp-ommo(pt + B) (51) 
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where 
A=@8(1—f)a(1—a) +m? (aB+1—) (1—a) +p2(1—f) «. (52) 
B07 8a (l= ps). a (1 — a) + m* (% By + 1— By) (1—a«) +? (1—,) a. (53) 


In the same way we find 


F,) (m?)" S (u?)"* Cr Va» (q) = 


24d, n n,—-1 n 
=~ amy | daa". ae 


21m? gq, 


One fas a"? (1— a)" (5 20) fan (1—8,)"*7 (« 8, +1—8,)™ 


By 
- | dB (1-28) | dp- omen” (gt + B+ 
0 


24 i Dp n n,-1 Ny—-1 -1 
+ Cs 2) | dBA)" ep +1- A)” 


Bs 
- | dpa (1— 28) | dp-0%™? p+ B) (54) 


It is obvious from (51) and (54) that ae DE 


Mm 21, n.21 and that 


7q, KY (q) is convergent for 


e™ No out o™ 


: (4) 
a (m?)™ é (uw )" 19, Ky (q M= 0 (m?)™ é (u:”) 


my (4G Vay (Q)+20Q,U1»(Q)=0 (55) 


and from (5) that 
VO (a )\=0, (56) 


at 


: ‘ 0 one a 
We will now show that the integrals in KS (q) are also con- 
A (m?)" 0 (u?)" 


vergent for n, and ng, sufficiently large. As the treatment of K® (q) is anal- 
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ogous to the one for ig,U,,(q) given in (28) to (51) we do not give the details 
here. The result is 


2 f , 
= ii 


ip lt att! (1 — a)" ana- B,)"*-} (xB, +1—By)™ 


By 


| dpa (m? — By q”) fap: uieae he 1G 953 | 
0 


: 
ue fd eth (] — "17 fan (L=p,)"? “(@ p+ 1l=6))" = 


fen finan (p+ B) 
0 


4 2\2 : 
— ee | deat 1a)" BO ofa (T= Bye pres ae 


Qn), 


fap, (P1— Bo) [a pO a) Sp ee 


i 1 


8 1 : Not1 n 
meepesetl BL: [ daa (1—a)""(2—a) | dy 1 —y)"* (a +1)" 


0 


By 
| | dB (Bx — Bs) | dp 54" (p24 By — 
42, (n,— 1) Weed heed : 
— Sa) | dao (L=a)"* (2a) | df, (1B) (wf, +1 pyre? 


By 
+ | dB (Bs —Pa) | dp-6™*"9 (p24 B) + 
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, 4m’ ng? d n ath Ny oi yr -1 
* On) aH ee 2—«) fo (l= By) (a Bp l= Bx)" 


fino Ba) a | a: SMF M42) (p24 B) + 


+ oe Wt [ae a”et? (1 — a)" (2—«) fas le=5,)"* “*(%B, +1 = fy)" 


( 4 Bs (Bx — Bs) Bo | dp -8*"*) (p24 B). (67) 
0 


pe eee 


Bmp (aye 


=— con (aes f doy-ot*—oar* [appr (anor p) 


: [ar «jut Ba) (p* ik C) i. 


pea ie -a2(1— ca fap fer, (1 = By)" (a By +1 — By) 


2 [ao ott Mat D (p? + D) es 


ay 


a re aoaa (l—«a,)” - fan fan VS hi) alee py 


{dpa (p+ D)- 
Bis [ae [ eee ap? (1 — a) v fan fae. (1S pi)" (2814 1— 6)" 
[dpa (Ws D)+ 
1 ay 
= a | de { doce ad *( (1 — a) fa fan Li) * (oy Oi LPs 
Cae 0 


[Eat +Eame]: | dp: t+ D+ 
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1 a, 1 By 
4An Ne= N.— n gi 
: st, | day { day: od ies) ap. d8.0—B) * (a, f, +1— fy)": 
i 0 e Y 


-&,° | ap-omer (p? + D)— 


Be ealeor aoa fan { apa)" (op+1— 8 


“En (+ pgm? +2 (m2) x | dp- 5+" (p24 D)— 


‘[mg? + 4m*]- | ap-gmene (p? + D) — 


tae fay ao? (1 — a5) fan aaa Bay? 


“(0257 Dp: [a tO ES pee Ww). 


Here A and B are given by (52) and (53), 


= [e+ OBO — a (pees. | 


Oe ==> le 


+ m* (a, 8 + 1—B) (1— a) + u? (1-8) ty 


= oo aie (2, a= A) =) | 


Fm (Hy) + LB) (1 a5) )+ uw? (1—B,)« 


Ve 


= 608 (8+ © — Pa) amy UOa,—46, loan) (a 1=pntmay re 


Me ae 


+ £ (2 (1 — 4)? — 2 (1 — a) + a4) 


= 20 (aos f day: adh(—ayy* { ap, { ap," (x, 6, +1) 


(58) 


(59) 
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m= 28 ( pp CF 8)" — ag 405 (1 — ey) (a ea)" 


—(6—4(1—«,)) (3. Wh) =a) Hel (64) 


La 


All the integrals in (57) and (58) are convergent for n,2=1, n,=1. Thus the 
mass- and charge-renormalizations consist of subtracting finite terms from (57) 
and (58). If we make these renormalizations, the remaining terms will be the 
observable part of the vacuum expectation value of the current operator. 


During the completion of the manuscript, the result of a computation of the 
contribution to the Lamb-shift from fourth order vacuum polarization was 
published by Barancer, Dyson, and Sauperer.! As the method of regulariza- 
tion, which we have used here, might be of interest, and as the calculations 
on the vacuum polarization were started mainly to see, how this method works 
on the e*-approximation, it seemed worth while to publish these calculations. 
On the other hand it is of little interest to make the somewhat tedious inte- 
grations in order to get a numerical value for the observable terms. 


I wish to express my gratitude to Professor T. Gustarson for the kind 
interest he has shown in this work. My thanks are further due to Dr. G. KALL&EN, 
who suggested this investigation, for many valuable discussions and good advice. 
Finally, I thank the Swedish Atomic Committee for financial support 


Department of Mechanics and Mathematical Physics, University of Lund. 


1M. Barancer-F. J. Dyson—E. E. Sarpetur, Phys. Rev. 88, 680 (1952). 


Tryckt den 4 december 1953 
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Communicated 10 September 1952 by Manner SiseGBaHn and Erik Hutratn 


Measurements of conversion coefficients with a scintillation 
spectrometer 


A series of 8 papers by I. Bercstrém, K. Nypo}, S. Tauri, 
A. H. Waprsrra2, and B. Asrriém 


For the determination of conversion coefficients $-spectrometrical methods have 
been most commonly used. These methods, however, fail just in the interesting 
case of isomers not following an intense branch in 8-decay or K capture, or in cases 
where the conversion coefficient is high. In these cases comparison of +y-intensities 
is inevitable. For this type of measurement we have used a. scintillation spectrometer 
built at this institute. 

The construction of the spectrometer is described in I, and its calibration in. II. 
In III and IV measurements of some internal conversion coefficients are reported. 
The next paper, V, describes an additional measurement on Xe!” necessary for 
the interpretation of its decay discussed in HII. VI, VII, and VIII describe some 
measurements on isotopes which were found to be useful for the calibration of the 
instrument and were therefore included in this series. 

Two of us (K. Nypo and A. H. WapsTrRa) are greatly indebted to Professor MANNE 
SIEGBAHN for giving us the opportunity of working at the Nobel Institute of Physics. 
One of us (A.H.W.) has also to thank the Nobel Institute and the Netherlands 
Foundation for Fundamental Research (F.O.M.) for grants. 


This series consists of the following papers: 


I. A scintillation spectrometer, by B. ASTROM ......5......0.0eee00s 241 
II. Calibration of a scintillation spectrometer for comparison of y- and X- 
ray intensities, by B. Astrom, A. H. Warstra, 8S. THULIN, and I. Brra- 
STEROME 5 5 one chow oe ORM OMIIG UE Coen on good OEE nc clon umcoe Dod oto Olan 247 
III. K-conversion coefficients of 7-transitions in the decay of Kr®5m, Xel?°m, 
Xel31m, Xel83, and Xe1%3m, by I. BeRastROm, 8. Tourn, A. H. WarpstrRa, 


ACR aeA STON Reem een eet Ma cies RELI eG susie ore 255 

IV. K-conversion coefficient of the isomeric y-ray in Ag?°®, by A. H. Wapstra 265 

Wiehe decaymor cleo) by Se UEEUMUTN ere ely apenas onesie lie eels oles oo eee 269 
VI. Conversion coefficients of the isomeric y-ray in the decay of Bats’, by 

INTER, WARREN. 3's cle Seo o Ole Us Oekolo Mowc.o Ulmos cilD cn Deo Ue 275 

VII. The decay of Bi®®’, by A. H. WAPSTRA ...... 222 6ei ences ee ee eee 279 

VIII. On the decay of Hg?®, by S. THurrn and K. NyBO ............. 289 


ee EE ee 


1 On leave from the University of Bergen, Norway. 
2 On leave from the “Instituut voor Kernphysisch Onderzoek”’, Amsterdam. 
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A scintillation spectrometer 


By Bsérn Astrém 


The design and’ performance of a scintillation spectrometer using Nal (Tl) crystals is de- 
scribed. A method of improving the overload characteristics of a linear amplifier and the circuit 
of a simple one-channel differential discriminator is given. 


Introduction. The great usefulness of Nal (Tl) crystals for the measurement of 
the energy of particles and quanta emitted in nuclear transitions has been described 
in several publications (see for instance 1, 2). The purpose of this paper is to give a 
description of a scintillation spectrometer using Nal (Tl) crystals which has been 
used in this laboratory. 

As a scintillator for spectrometric measurements, Nal (Tl) has proved to be 
superior to any other material so far known. The use of only one type of scintillating 
material giving light pulses of a certain well defined shape also made possible some 
simplifications in the electronic part of the instrument. 

The working principle of a scintillation spectrometer can be summarized as fol- 
lows. A y-quantum being absorbed in the crystal causes a light flash which is “seen” 
by a photomultiplier. This generates an electrical pulse which is amplified in a 
linear amplifier. Pulses with different amplitudes are sorted in an amplitude selec- 
tive device — the differential discriminator — and counted separately by a scaler. 
All processes involved are linear, and a curve showing the number of pulses of a 
certain amplitude versus the amplitude gives information about the energy spectrum 
of the absorbed radiation. 

A block diagram of the instrument is shown in Fig. 1 and a description of the 
various parts will be given in the following sections. 


SAMPLE 


oe di San 


(T) CRYSTAL 


SCALER 
PHOTOMULTIPLIER 


PRE - LINEAR 
AMPLIFIER AMPLIFIER 


Fig. 1. Block diagram of the scintillation spectrometer. 
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7000pF 
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Fig. 2. Circuit of the photomultiplier and preamplifier. The multiplier is mounted directly on 
the case containing the preamplifier. 


1. Crystal arrangement 


A clear crystal and an efficient light collecting system are essential for good 
spectral resolution in a scintillation spectrometer. A general-purpose arrangement 
is indicated in Fig. 1. A 10 mm cubic crystal of NaI (Tl) which has just been cleaved 
from a larger piece of material is dipped in paraffin oil and placed directly on the 
top of the photomultiplier. Crystals that have absorbed humidity on their surfaces 
can be used again after washing in ethyl methyl ketone. Light leaving the crystal 
through the outer surfaces is reflected towards the photocathode by a highly polished 
aluminium cap, which at the same time keeps out humidity. Other crystal arrange- 
ments are used for special measurements, see (3). 


2. Photomultiplier 


The photomultiplier used was of type EMI 5311. The circuit of the multiplier 
and the preamplifier connected to it is given in Fig. 2. Here the shape of the pulses 
generated is also indicated. 

Because of a saturating effect resulting in nonlinearity it is not possible to utilize 
the full amplification of the photomultiplier. The amplification can be decreased 
either by lowering the voltage between the dynodes or by connecting the last three 
dynodes to the collector, thus decreasing the number of amplifying stages. The 
last method was preferred, because a high voltage between multiplying dynodes 
improves the focusing of the electrons and thus favours good statistics in the multi- 
plier. 

The amplification in the photomultiplier is a very sensitive function of the total 
voltage between cathode and collector. In a certain measurement this voltage was 
900 volts, and a change of 2 volts caused the amplitude of the pulses to change by 
about 1%. When the AC line was connected to the scintillation spectrometer throu gh 
a constant voltage transformer this degree of stability was achieved over long periods 
with the high voltage stabilizer described in (4). 
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3. Linear amplifier 


If one wishes to measure low energy y-rays or X-rays in the presence of high energy 
y-Tays, it 1s necessary that the amplifier used should have good overload charac- 
teristics. This means that the overshoot pulse following a large pulse that has satur- 
ated the amplifier should be as small as possible. 

In the spectrometer described a model 500 amplifier (5) was used. The overload 
characteristics of that amplifier were improved by inserting two germanium diodes, 
one 1n series with the coupling condenser between the two first tubes and the other 
in parallel with the grid leak of the 6AC7 tube preceding the 6AG7. After this mod- 
ification the overshoot was about 3% of the overloading pulse causing it. This 
mine that in the presence of 1 MeV y-rays it was possible to measure down to 

eV. 

The amplifier is adjusted for best response to the Nal (Tl) pulses by varying the 
trimmer condensers in the feed-back loops. A clipping time of 5us is used. 


4. Differential discriminator 


The sorting of pulses of different heights is done with a single-channel discrimina- 
tor, the circuit of which is shown in Fig. 3. 

Two Schmitt trigger circuits D, and D, are biased from the common potentio- 
meter P;. A small voltage can be added to the bias of D, by varying Py. Pulses with 
an amplitude between the two levels thus obtained will therefore trigger D, but 
not D,, and an anticoincidence arrangement connected to the output of the two 
trigger circuits will only record pulses within that amplitude channel. Potentio- 
meters P, and P, are used to set zero discriminator level and channel width re- 
spectively. Small pulses also appear at the output of the anticoincidence circuit when 
both D, and D, are triggered, and the sensitivity of the scaler connected to the out- 
put should be adjusted so that only real anticoincidence pulses are counted. 

In measurements where y-ray intensities are compared (3) it is essential that the 
channel width should be constant over the whole discriminator range. This can be 
checked by measuring the area of a well-defined photopeak at different positions 
~ (using different amplifications) on the discriminator scale. A constancy better than 
1/,% was achieved, with selected 6AC7 tubes. The range of the discriminator is 
“100 volts and the channel width most often used was 2 volts. The number of pulses 
larger than the dark-current pulses that can be handled by the instrument without 
serious piling up effects is about 100 000/min. 


Measurements 


The spectrometer described has been used for several measurements of y- and 
X-ray energies, usually in cases where the activities were too low to be measured in 
a -spectrometer (6, 7). The weakest sample measured was ~10 *® mc (Xe!**) and 
the lowest energy 12.5 keV (Kr®*). The instrument has also been used for the mea- 
surement of y- and X-ray intensities and the determination of conversion coeffi- 
cients (3). Two spectrometers in a coincidence arrangement with 0.25 us resolving 
time have been used in order to investigate cascade relations in decay schemes (8). 
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Calibration of a scintillation spectrometer for the comparison of 


Y: and X-ray intensities 


By B. Astro, A. H. Warstral, S$. Tuuin, and I. Berestrém 


The efficiency of a Nal (Tl) scintillation spectrometer for detecting electromagnetic radiations 
of different energies is determined by absorption methods, and by measuring isotopes with 
simple decay schemes and known internal conversion coefficients. 


Introduction. The purpose of this investigation was to calibrate a scintillation 
spectrometer (1) for the comparison of y- and X-ray intensities. As it is difficult to 
separate Compton continua belonging to y-rays of different energies in the same 
sample, it was decided to use the area of the photopeak in the scintillation spectrum 
as a measure of the intensity of the absorbed radiation. For intensity comparison 
it is then necessary to know the efficiency, defined as the ratio Npn/Ntot. Here Non 
means the number of pulses under the photopeak, and N;,; is the total number of 
quanta of corresponding energy entering the crystal. 

It should be possible (2, 11) to compute the efficiency for different energies from 
theoretical absorption coefficients for the photo and Compton effects. As it 1s nec- 
essary to include second order effects — e.g. Compton effects followed by absorp- 
tion in the crystal of the scattered y-quantum, resulting in an increase of the photo- 
peak — this computation would be rather difficult and probably not very precise. 
Only in the region where the Compton effect is relatively unimportant is such a 
computation feasible. It is then however advisable to use experimentally determined 
absorption coefficients (see section 4.1). 

For higher y-energies the efficiency can best be determined experimentally by 
measuring isotopes with simple well-known decay schemes (see section 4.2). 


1. Experimental arrangement 


The experimental arrangement is shown in fig. 1. An aluminum ring with polished 
inside surface was cemented with Glyptal to the top of the EMI 5311 photomulti- 
plier. A 12 mm thick Nal (TI) crystal with cross section 14 x 16 mm?® was placed 
in this ring, and the remaining space filled with paraffin oil. A 2.4 mg/cm? Al-foil 
was placed on top of the whole assembly. This arrangement proved to be satisfactory 
in preventing detoriation of the crystal due to humidity. 

From the optical point of view the arrangement was usable. It was found that the 
relative half-width W, of several photopeaks corresponded fairly well to the formula 
Wi = 0.010 +0.0085/H (# in MeV). The first part will be mostly due to the inhomo- 
genities in the photocathode. This might be improved by using a spacer between 
photocathode and counting crystal. The last part indicates that the absorption in the 
crystal of a y-quantum of energy 1 MeV liberates 870 electrons at the photocathode. 


1 On leave from the ‘Instituut voor Kernphysisch Onderzoek”’, Amsterdam. 
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Fig. 1. Arrangement of the counting crystal. 


As sample holders, disks of perspex were used, which could be placed on another 
aluminum ring. When necessary, electrons were absorbed by inserting 3 mm of 
beryllium between the sample and the crystal. 

The distance between sample and crystal was only about 5 mm in order to obtain 
a large solid angle and make it possible to measure weak samples. This arrangement 
has the disadvantage that the computation of the y-efficiency from absorption 
measurements becomes rather complicated (see section 4). The relative efficiency 
for different y-energies is also a rather sensitive function of this distance. 

In cases where weak samples were measured a | mm thick lead cylinder was put 
over the aluminum light shield in order to diminish the background. 

The electronic part of the spectrometer has been described in (1). 


2. Properties of the scintillation spectrometer 


Scintillation spectra were obtained by measuring the pulse size distribution with 
a differential discriminator. This means that the number of pulses within a narrow 
amplitude band or channel were counted as a function of the setting of this channel 
in the pulse height scale. The correct way of plotting the spectrum would be to divide 
the number of pulses found at each setting of the channel by the actual channel 
width. The measurement of one well-defined peak at different positions in the pulse 
height scale (by changing the amplification) showed, however, that the channel 
width was constant to within 0.5 % over the whole range of the discriminator scale. 
It is of course necessary that the channel width be only a fraction of the whole dis- 
criminator scale; we generally used a 2 volt channel and a total range of 100 volts. 
For precise measurements we also measured the photolines to be compared at the 
same position on the discriminator scale. 

The energy scale was not quite linear and the discriminator setting corresponding 
to zero y-energy was at —1.6 V. In order not to spoil the constancy of the channel 


width, however, we did not try to eliminate these defects, which were unimportant 
In our Investigation. 


3. Discussion of the line shapes 


As already discussed in the introduction, the photolines are used for the comparison 
of intensities. However, for some energies the photolines show satellites. The question 
then arises whether these satellite lines should be included in the photoline or not. 
For this reason the line shape as a function of energy is discussed. 
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For energies below 33 keV (this energy being the K-absorption limit in iodine), 
the absorption is mostly due to the photoeffect in the iodine L-shells. As the very 
weak L X-rays are to a great extent absorbed in the crystal, one gets a peak at 
the total energy of the absorbed X- or y-ray. 

Just above 33 keV the absorption in the crystal is high, due to K-shell photo- 
effect in the iodine, and all rays are absorbed as soon as they enter the crystal. 
Many of the iodine K X-rays generated have therefore a large chance of escaping 
from the crystal. Two peaks are thus found: one at the energy of the y-ray and one 
at about 30 keV lower energy (the so called “escape peak’, see for instance fig. 5). 
With increasing energy the y-rays penetrate deeper into the crystal, and the escape 
peak therefore diminishes. Moreover the relative distance between the two peaks 
decreases and the two peaks are not separated. This process is almost finished at 
80 keV, where only a slight broadening at the low energy side remains. For inten- 
sity measurements the escape peak is included in the photopeak. 

For y-rays in the neighbourhood of 150 keV (Kr8*, Xe8) (3), a satellite line at 
about 50 keV lower energy is found. This peak is certainly not due to secondary 
processes in the crystal, since in absorption experiments it was found to be absorbed 
faster than the primary y-rays. It was therefore not included in the photopeak area 
for y-intensity comparisons. This peak is rather small, however, so the uncertainty 
introduced into the results is not large. 

For higher energy y-rays a Compton continuum appears. The shape of this con- 
tinuum is important as in some cases it must be subtracted as a background (see 
next section). It consists of a rather broad ‘“‘Compton peak’, followed by a low energy 
tail that does not go to zero for zero energy, due to the fact that the resolution is 
proportional to the inverse square root of the energy. 

In scintillation spectra of y-rays with energies of about 0.5 MeV (annihilation 
radiation, Cs!37, Zr®*) a peak (a in fig. 4) is found at about 0.2 MeV. This peak is due 
to Compton scattering of the y-rays before reaching the crystal (2). Probably the 
same explanation holds also for the satellite lines of 150 keV y-rays discussed above. 


4. Determination of crystal efficiency 


4.1 Absorption measurements. In the energy region where every y-ray 
absorbed in the counting crystal gives a light pulse only due to photoabsorption, 
the efficiency of the NaI (Tl) crystal for a collimated beam of y-rays can be deter- 
mined in the following way. The scintillation spectrum is measured with and without 
_an absorbing Nal (TI) crystal placed between the y-source and the counting crystal; 
the ratio of the photopeak areas in these two cases is 


*: =exp(—Ad), 
in which / is the absorption coefficient and d the thickness of the absorbing crystal. 
The efficiency e of the counting crystal (thickness D) is then 
Se Did 
e=1-—exp( 1D)=1-(F) : 


The situation is somewhat more complicated if a collimated beam is not used. We 
give the computation for a cylindrical counting crystal having radius R and thick- 
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Fig. 2. Symbols used in the calcula- 
tion of y-ray paths in absorbing and 
counting crystals. 


ness D, with a point source of y-rays situated on the axis at a distance h from the 
surface of the counting crystal (fig. 2). If then the distance to a certain point on 
this surface is r, the length | of the path of the y-ray in the absorbing crystal 
becomes rd/h, and in the counting crystal 


l=rD/h for r<hV1+ R?/(h+ Dy? =r’ 
l=r(R/Vr2—h?-1) for 2’ <r<Vh?+ R?. 


The photopeak area with absorbing crystal interposed then becomes: 


Sa=cl (A, d), 
where aoe 
V hat Re 
I (A, d)= | inesp{= 4) exp ~2i rar. 
h 


Without absorber we obtain S =cI(A, 0). The efficiency is 1 if all y-rays incident 
on the crystal are absorbed: 


S)=cl (oo, 0). 


For other cases, using the definition S =eSp», we therefore have 


In order to obtain this efficiency from the experimental results, Sa/S = 1(A, d)/I(A, 0) 
and e are computed numerically and plotted as a function of 2. From the first plot, 
and the experimental value of S/Sa, 1 is obtained, and e is then found from the 
second plot. 

In the actual case of an extended source and a counting crystal in the shape of 
a rectangular parallelepiped the computation becomes more complicated. We there- 
fore still used the formulas above for the computation, taking a R2 equal to the actual 
upper surface of the counting crystal. The errors introduced by this approximation 
are mainly errors in 1 ~e; in the case of large absorption coefficients (the first two 
cases in Table I) the errors in e are therefore small (estimated error 1 %). In the other 
two cases the error in é is estimated to be about 10 % of its value. 
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Table I 


Efficiencies computed from absorption measurements. 
reac ee ae ant 2 le alles 2 a 


Nuclide H keV e 
Xe" 30 0.968 
Xe 81 0.916 
TRS 150 0.60 
Extensa 164 0.55 


4.2 Comparison of X- and y-ray intensities. At higher energies the method 
discussed above is not convenient, because of low absorption and the uncertainties. 
introduced by the Compton continuum. In this case we have therefore used an- 
other method. 


If S,, and S,, are the areas of two photopeaks in a scintillation spectrum we obtain 


Sy _ C1 Ya, 
Sy2  ey2 Yo 


Here y, and y, are the intensities of the two radiations, and e,, and e,, the crystal 
efficiencies. In the special case where y, =y is a y-ray and y, = X is the correspond- 
ing K X-ray, the ratio between the intensities becomes 


2h Si oo Wx) 
Y 


where ax is the A-conversion coefficient and Wx the Auger conversion probability 
e.g. the fluorescence yield of the K X-rays. 
The ratio of the areas of the photopeaks is then 


Sx ex 


(Sen ey 


ax (1 o% We) 


This formula can be used to compute e, if «« and Wx are known and if ex is deter- 
mined with method 4.1 described above. 
The results obtained for some nuclides are given in Table II. 


Table IT 
Efficiencies determined from scintillation spectra of nuclides with one converted 
| y-ray. 
a 
Nuclide E keV OK 1Wer Sx/Sy ey 
OS Oe ee ee EEE EE ————e————————— 

Xels5 250 0.054+ 0.005 (4) 0.84 (4) 0.180 +0.010 0.245 + 0.024 

Hig ste 279 0.154+0.015 (5) 0.95 0.63 +£0.06 0.220 + 0.030 

Aul%8 411 0.030 + 0.002 (6) 0.95 0.30 +£0.03 0.089 + 0.013 

@sis4 612 0.095 +0.005 (7) 0.85 1.46 +0.10 0.055 + 0.005 
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Fig. 3. Scintillation spectrum of Xe!*>, Nae Fig. 4. Scintillation spectrum of Cs!87 


photopeak of the 250 keV y-ray. Nee = Comp- a =satellite peak discussed in section 3. 


ton distribution of the 250 keV y-ray. X54) = 
photopeak of the 30 keV Cs X-ray, measured 
with two different pulse amplifications. 


eounts/min 


tf 


} 10 20 30 Discriminator-setting(voits) ° 10 20 30 —Discriminator-setting(volts) 


Fig. 5. Scintillation spectrum of Hg? Fig. 6. Scintillation spectrum of Au!®8, 
b=escape peak. 
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Fig. 7. Crystal efficiency as a function of y-ray energy. 
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In these determinations the precision is partially limited by the difficulty of sep- 
arating the X-ray peak from the Compton distribution of the y-ray. In the cases 
of Xel*> (fig. 3) and Cs!8? (fig. 4) this could be done rather precisely, as the shape 
of the X-ray peak was known fairly accurately from a study of the nuclide Cs!*1, 
which emits only X-rays. The result also gave an indication of how the Compton 
background should be drawn in the scintillation spectra of the other two cases 
studied (Hg? , fig. 5, and Au, fig. 6). 

Fig. 7 shows the efficiency curve obtained with the two methods described above. 
This curve might be improved by a more complete study of the Compton back- 
ground and by using nuclides with better known conversion coefficients. The spectro- 


meter calibrated in this way has been used in order to classify several y-transitions 
(2, cia,0 0,410), 
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K-conversion coefficients of y-transitions occurring in the decay of 
Kr®", Nee xeain Xe'?, and Xe'33™ 


By I. Brerestrém, S. Toutin, A. H. Warstral, and B. Astrém 


The K-conversion coefficients of y-rays in the decays of Kr85™, Xel2°™, Xe1s1m, Xe133, and 
Xe1#8™ have been measured by a combination of 8-spectrometer and scintillation methods. The 
empirical K/L curve of Goldhaber and Sunyar for M4 transitions has been slightly corrected. 


Introduction. In a previous paper by one of us (1) a $-spectrometrical study was 
made on mass-separated samples of the isomers of krypton and xenon. It was, how- 
ever, not possible to determine from these studies the K-conversion coefficients of 
the isomeric transitions, which is still the best way to determine the multipole order 
and thus classify the isomers. We have therefore tried to determine the internal 
conversion coefficients by using a scintillation spectrometer. Its construction and 
calibration have been described earlier (2, 3). 


Determination of internal conversion coefficients with the scintillation 
spectrometer 


For determination of the K-conversion coefficients two methods, A and B, have 
been used. 


Method A: In cases where only one y-ray is emitted the A internal conversion 
coefficient a, can easily be found, by comparing the y- and X-ray intensities in a 
scintillation spectrum, as follows: 


bee Awe Sx/ex 
yi Ee See ath We) 


(1) 


aK 


where K =intensity of K-conversion electrons 
X =K X-ray intensity 
y =y-ray intensity ‘Ane eA eee 
Sx/S, = measured ratio of the areas under the X and y-photolines in the scintillation 
; spectrum 
F = fluorescence yield 
W« =1-—F =internal conversion probability of A X-rays 
ex and e, = X- and y-ray efficiencies? in the scintillation crystal. (These values are 
obtained from (3) fig. 7.) 


1 On leave from the ‘Instituut voor Kernphysisch Onderzoek”’, Amsterdam. 
2 The efficiency is defined as the ratio e SN nl cot: Here N,,, is the number of pulses under 


the photopeak in the scintillation spectrum and N,., is the total number of quanta of the corre- 


sponding energy entering the crystal. 
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This formula is applicable to Xe!#™ and Xe!*. We checked this method with the 
81 keV y-ray following the 8-decay in Xe”, the conversion coefficient of which was 
already known from 8-spectrometer measurements. The agreement between the 
values determined with the two different methods was satisfying. It turned out, 
however, that in this case the value of the conversion coefficient determined with 
the scintillation method was far more precise than the 8-spectrometer value. This 
is due to two circumstances: 
1. The 8-spectrometer value follows from the formula 


K 
jh 


(2) 


In the case of large conversion coefficients the sum of the intensities of the con- 
version electrons K+L+M+...is comparable with the intensity 6 of the 6- 
spectrum, so the relative error in their difference becomes very large. 

2. For low energy (for example 81 keV) y-lines, as well as for the X-lines, the 
efficiencies e, and ex are very nearly 1, so they can be determined with fair precision 
by an absorption method (3). 


Method B: In some cases it is not possible to measure the X-ray intensity ac- 
curately. The X-ray line may be partly obscured by dark current pulses (low X- 
ray energy), or a y-line may overlap the X-line, making a measurement of the X- 
ray intensity difficult. In these cases, however, the K internal conversion coefficient 
ax of a y-ray can be obtained from a combination of scintillation and 8-spectrometer 
measurements, as shown in formula (3) below. This method can be used when there 
are two (or more) y-rays in the same sample, the photolines of which can be resolved 
with the scintillation spectrometer. If the A-internal conversion coefficient ax, 
of one y-ray is known we then obtain: 


Ks yy _ Ky 8y,/ey, 
© Ky Ye = ‘Ky, S,,/ ey, aed ©) 


ak 


Here K,/K, is the ratio of the intensity of the K conversion electrons, a value which 
can be obtained by ®-spectrometer measurements. S,,/S,, 1s the ratio of the area 
under the y, and y, photolines in the scintillation spectrum. e,, and e,, are the ef- 
ficiencies of the y, and y, rays in the scintillation crystal. These values are obtained 
from (3). In this case it is thus not necessary to know the X-ray intensity. 

The internal conversion coefficients of the isomeric transitions in Kr8*™ and Xe33™ 
were obtained with method B. 

The same method was also used for Xe!2°™, In this case, however, there was a 
slight complication due to the presence of a y-line with an energy near the energy 
of the X-line. : 


Measurements 


Kr, Kr8 decays partly by a 305 keV isomeric transition to the ground 
state of Kr§> and partly by a 6-transition to a 150 keV excited state in Rb®> (1) 
We have redetermined the conversion coefficient «x. of the 150 keV y-ray and the 
ratio of the conversion lines (K+ L,.+ eK ae ee ---) with the intermediate 
image (-spectrometer (4). In correcting for the presence of L- and M-conversion 
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counts/min 


4 10 20 30 Discriminatorsetting (volts) 


Pl = photopeak of 


150 keV y-ray. y32=photopeak of 305 keV y-ray, measured with a lower pulse amplification. 


Fig. 1. Scintillation spectrum of Kr®5™. a=satellite line discussed in text. y 


lines which were not separated from the K-lines we used for the 305 keV transition 
K/(L+ M) =7 (1); the same ratio for the 150 keV transition we assumed to be ~10(1). 
We then find 

ax, = 9.040 + 0.003 

a (4) 

2 

= = Oar al 

EK, ISS On 
The scintillation spectrum is shown in figure 1. It clearly shows a satellite line (a), 
at about 100 keV, belonging to the 150 keV y-ray (3). The efficiency of our counting 
crystal for the 150 keV y-ray was determined by absorption experiments as de- 
scribed in (3). The efficiency for the 305 keV y-ray was taken from the efficiency 
curve (3, fig. 7). With these values the ratio of the y-intensities becomes 


Vi/¥2=5.7+0.7. (5) 


Here the largest contribution to the uncertainty is due to the errors in the efficiencies. 
Using these data in formula (3) the K-conversion coefficient of the isomeric transition 
~ becomes 

ax, = 9.41 + 0.06. (6) 


From the data of Ross e¢ al. (5) we find «x = 0.48 for a pure M4 and 0.85 for a pure E5 
transition. Our value thus indicates an M4 transition, since the K-internal con- 
version coefficients for E4 and M3 radiations are much lower than 0.41. 


Xel29m, As earlier supposed by one of us (1) the 196 keV isomeric transition in 
this isomer is followed by a second y-transition. Another paper (6) in this series 
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Discriminator-setting (volts) 


Fig. 2. Scintillation spectrum of Xe°™, X,,= photopeak of 29 keV Xe X-ray, measured with 
two different pulse amplifications. 


describes the discovery of this transition, which proved to have an energy of 40 keV. 
This means that the low energy y-ray cannot be separated from the 29.2 keV 
X-line in our scintillation spectrometer. The ratio & of the intensities of the X +y, 
and y, peak in the scintillation spectrum thus becomes: 


Attn Kit Kk,-Atry 
V2 V2 


R 


(7) 


in which K, and K, are the intensities of K-conversion electrons corresponding to 
the y-rays y, (40 keV) and y, (196 keV), and A the intensity of the K Auger electrons. 
We eliminate K, using the cascade relation 


Ky, +L, += K,+L,+ 72. (8) 
Here LZ, and LZ, include the M, N ... conversion electrons. We then find: 
Ra 14 ax, (24+ Lgl Ky- 9). (9) 
2 Ke 


The ratios L,/K, and (A + L,)/K, are determined with the 8-spectrometer. Thus the 
overlapping of the A and L, lines does not influence the intensity relation above 
(cf 6). Using the values given in (6), Table 1 we find: 


eee hoes 
> 1.76 £0.07 


ak 


(10) 


Xe! was difficult to prepare in sufficient intensity in the isotope separator, 
due to the saturation effect caused by the large abundance of stable Xe!29 (6) and 
to the fact that the unconverted y, ray is rather weak. 

Fig. 2 shows one of the two scintillation spectra that were measured. The con- 
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counts/min 


ie) 10 20 30 Discriminator-setting (volts) 


Fig. 3. Scintillation spectrum of Xel1™. q@=satellite line discussed in text. 


version electrons were absorbed with 2 mm Be. From these spectra and using the 
efficiencies determined in (3), we find R = 20 and therefore! 


ax= 1143, (11) 


The tables of Ross et al. (5) give ax = 14 for M4 transitions and ax = 9 for E5 tran- 
sitions. Our value would thus indicate a mixture of M4 and E5 radiations. This, 
however, is in disagreement with the intensity ratio K/L =2.76, which indicates 
pure M4 transition (fig. 6). (According to GOLDHABER and Sunyar (7) K/L should 
be less than 1 for E5 transitions). The isomeric transition in Xe!2™ is thus most 
probably due to a pure M4 transition, and the K-internal conversion coefficient of 
the isomeric y-ray in Xe!*°™ determined with the scintillation method is therefore 
probably somewhat too low. 


Xel3im_ This isomer decays by the emission of only one y-ray, of energy 164 keV. 
Fig. 3 gives one of the several scintillation spectra that were measured. At about 
107 keV it shows the satellite a of the 164 keV line discussed in (3). In this case 
we were able to show that this peak was not directly due to the 164 keV y-line. In 
absorption experiments (by placing a thin Nal crystal between the sample and the 
counting crystal) this satellite was more absorbed than the y-line itself. From these 
spectra, using the value 0.16+0.02 for the internal conversion probability Wx 
and the previously determined efficiencies (3) of our crystal for the 164 keV y- 
and the 29 keV X-rays, we find according to Kq. 1 


an=29+4. (12) 
Here the error is almost entirely due to the uncertainty in the 164 keV y-efficiency. 
The value is to be compared with the theoretical values 34 for M4 and 21 for E5 


transitions (15); it is in better agreement with the M4 value. This result agrees with 
the former assignment based on the K/L ratio. 


1 For the X+y¥, peak we used the efficiency for the X-peak alone, as the admixture of y,; 
rays is only of a low intensity and the efficiency of their detection is only slightly different. 
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Fig. 4. Scintillation spectrum of Xe}, 


Xe!33, If the Xe!%3 is separated from fission gases the activity of the 5.3 day 
ground state is much stronger than that of the 2.3 day isomeric state (1). After 
some weeks it is thus possible to get almost pure 5.3 day Xe!*? samples. 

Fig. 4 gives a scintillation spectrum of such a Xe!*3 sample. The 81 keV y-line 
(following the $-decay) and the K X-rays due to its K-conversion are not quite sep- 
arated, partly due to the low energy tail of the 81 keV photoline (escape peak, 
see (3)). This is a pity, as the high precision with which the efficiencies can be deter- 
mined in this case (see (3)) would allow a very good determination of the conversion 
coefficient if an analysis of the lines could be made accurately. We therefore tried 
to determine a “‘window curve” for the 30.2 keV X-line. For this purpose a sample 
of Cs! was used. This is a K-capturing nucleus emitting only X-rays, of which the 
K, X-rays have the energy 29.1 keV. The K X-ray peak of Cs!8! was shifted by 
computation to the position of the 30.2 keV Cs K X-ray in Xe!*8 and used as window 
curve. It is estimated that the systematic errors introduced by this method are of 
the order of 1% or less, the random errors being of the same order. Three different 
scintillation spectra measured and computed by different observers gave intensity 
ratios X/y agreeing within 1%. Again using the K internal conversion probability 
0.16+0.02 (1), and the crystal efficiencies determined by absorption, we find using 
Kq. 1. ; 

ax=1.47+0.05. (13) 


In this case the greater part of the error is due to the uncertainty in Wx. This 
new value is in agreement with the value 


ax =1.50+0.15 (14) 


which was #-spectrometrically determined as discussed previously (1). It indicates 
a pure Ml-transition (cf. Table 1). 


Xel83m_ This isotope decays by the emission of a 232 keV y-ray to the ground 


state of Xe1%3, which by B-emission decays to a level in Cs!33 from which an 81 keV 
y-ray is emitted. 
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Fig. 5. Scintillation spectrum of Xe135™, 


From the B-spectrum of Xe1m + Xel8 the intensity ratio K,/K, of the K-con- 
version lines corresponding to the 81 and 232 keV y-rays can be calculated. After 
decay correction to the time when the scintillation spectrum was measured we 
obtain: 

KP he= Ser 2. (15) 


The scintillation spectrum is shown in fig. 5. In order to separate the 81 keV and 
the 232 keV peaks the spectrum was remeasured nine days later. At this time the 
Xe33m had decayed far more than the Xe, so after multiplying the second spectrum 
by the decay factor for Xe! the difference of the two spectra should give a good 
idea of the shape and intensity of the 232 keV photo-line. The initial ratio of the two 
y-peaks, using the crystal counting efficiencies derived from (3), then becomes 


Va) Yo = 24. (16) 


Using now the conversion coefficient of the Xe!? 81 keV y-ray (Eq. 13), we find, 


from Kq. 3, 
an, =4.42 1.4. (17) 


This value should be compared with the theoretical values 6.6 for M4 and 4.1 for 
E5 transitions (15). So our value might indicate admixture of H5-radiation. This 
explanation is at variance with the experimentally found K/L ratio 2.9 (1), which 
classifies (7) the isomeric transition in Xe!™ as an M4-transition. (A pure E5 
transition would according to GoLDHABER and SuNYAR require a value of K/L = 1.0.) 
This disagreement may however at least partially be explained by the difficulties 
in this measurement due to the low intensity of the 232 keV line in both 6-spectrum 


and scintillation spectrum. 
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Fig. 6. K/Z ratios for M4 transitions. 


Conclusions 


The results of our measurements are collected in the table below: 


Table I 
Nuclide y-energy Lie Theoretical values 
KePae 305 keV 0.41 + 0.06 C.48 (M4) 0.85 (E5) 
xem 196 Wl tec! 14 (M4) 9 (E5) 
Bien 164 29) 4 34 (M4) 21 (B5) 
Xena 81 1.47+0.04 1.4 (M1) 2.6 (E2) 
Xe 232 4.4 +1.4 6.6 (M4) 4.1 (5) 


In this table we find that the results are in good agreement with the spin-orbit 
coupling theory, which suggests M4 or (and) Ed transitions in the isomers of Kr8®™, 
Xel?9m, Xelslm, and Xen, However, the interesting question whether these transi- 
tions are due to pure M4 or a mixture of M4 and E5 transitions cannot be answered 
unambigously for Xe!#°™ and Xe!8™ by measurements with the rather weak samples 
available to us. The semi-empirical K/L curves for magnetic transitions given by 
GOLDHABER and Sunyar (7) might therefore in these two cases give a more unam- 
biguous classification. The ratios of the intensities of the K and L conversion lines 
in Xe!?™ and Xe'5!™ found by one of us (1) were, however, considerably higher than 
those given in the plot for M4 K/L ratios in the paper of GoLDHABER and SuUNYAR 
(7). As our values were considered to be rather accurate we rechecked the papers 
mentioned by GOLDHABER and Sunyar. It turned out that many of the ratios 
included by them were K/(L+M) ratios. In Fig. 6 we give therefore another plot 
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including only values for which it is reasonably sure that they are K /L and not K/ 
(L+M) ratios. We have also included Ba!8™ (8) and Pt19™ (9). The errors indicated 
are estimated by us if not mentioned in the original papers. From fig. 6 it is clear 
that the shape of the experimental plot is now in better agreement with the theoretical 
one computed by Trai and Lowen (10), though their values certainly are too high. 


Nobel Institute of Physics, Stockholm 50, Sweden. 
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K-conversion coefficient of the isomeric y-ray in Ag"? 


By A. H. Wapsrrat 


By scintillation spectrometer measurements the K-conversion coefficient of the 40 sec. Agi oem 
isomeric transition is found to be 9.5+1 (E3 transition). 


_ Introduction. The 40 sec. isomer Ag!™ is produced both by the 13 hr 6-transition 
in Pd?° (1) and by the 470 days electron capture in Cd! (2). In both cases it is 
difficult to determine the conversion coefficients from @-spectrometer measurements, 
for reasons similar to those mentioned in the case of Xe183 (15). We therefore planned 
to measure this conversion coefficient using scintillation spectrometry. In this 
determination we need to know the internal conversion K/(Z+M) ratio. Since 
the reported values were controversial (1.3 (1) and 0.86+0.07 (2)) we also redeter- 
mined this ratio. Published values of the A-conversion coefficient are 26.6 (1) 
and 8.8+1.5 (2). 


The K/(L+M) ratio 


In order to determine this ratio we used an intermediate-image B-spectrometer 
(4) with a resolution of 5%. The sample was Cd! prepared by a (d, 2n) reaction on 
silver, using the 28 MeV deuterons of the Philips Synchro-cyclotron in the ‘‘Insti- 
tuut voor Kernphysisch Onderzoek” in Amsterdam. It was used in the form of 
CdO spread on an 0.15 mg/cm? Al backing. The quality of the sample can be judged 
from the K and L+M conversion lines shown in fig. 1 and from the fact that the 
Auger lines (18 and 22 keV) were almost separated. The intensity of the conversion 
lines was not influenced by absorption in the Geiger window as its cut-off was only 
9 keV. The ratio of the intensities of the conversion lines in two runs with different 
samples agreed well and gave a value K/(L+M) =0.80+0.04. The energy of the 
K-conversion electrons was 62.0 keV, and of the L electrons 84.2 keV, yielding values 
of 87.5 and 88.0 keV for the energy, using the calibration discussed in another paper 
(5). The last value is of course influenced by the unknown admixture of M con- 
verted electrons. Our best value 87.5+0.8 keV is in agreement with former values 
89 keV (2), 87 keV (1) and 87.5 keV (6). 


The K-conversion ccefficient 


The scintillation spectrum of Cd1 is shown in Fig. 2. It shows a strong K X-line 
and a much weaker 87 keV y-ray. The low energy side of the K X-line does not go 
back to zero, as may be seen more clearly in a spectrum taken with higher ampli- 
fication (inset in fig. 2). There appears to be a line at about 6.5 keV, the origin of 
which is unknown. (It should be noticed that zero energy corresponds to — 1.6 Vi 


1 On leave from the ‘Instituut voor Kernphysisch Onderzock”’. 
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Fig. 1. Conversion lines of the isomeric y-ray in Agl™. 


on the discriminator scale (14). We assumed that this is a real line, so that there is 
not a continuously rising background below the K line; we therefore extrapolated 
the low energy end of the K line as shown in fig. 2. The ratio x KY of the intensities of 
the X-rays and the 87 keV y-rays, using the crystal efficiencies determined before 
(14) is then 33.8+2.5. 

In order to compute the conversion coefficient we assume that all electron capture 
processes in Cd! lead to the isomeric state (2). If now a fraction X of these transitions 


are K-captures (the rest bemg L, M ... captures) the number of K-vacancies per 
decay is 
ak 
Ene A Meer ere h 


The second term in this expression is due to K-conversion of the isomeric transition 
(L, means L+M+ ...). The number of y-rays per decay is 


1 
"te ag( + La) 


so from the ratio R = K,/y we can compute ax. We find 


ed R-X , 
X (1+ L,/K) +1 


ak 


Theoretical reasoning (see appendix) gives a value 0.78 for X. R is related to the 
ratio Xx/y determined above and the internal conversion probability Wx of the Ag 


K X-rays by the formula R= i 7 — For Wx Huser et al. (3) measured a value 
a K 


0.17+0.02, rather lower than the theoretical value 0.22. This should, however, 
be compared with the agreement between the theoretical value 0.15 and the experi- 
mental value 0.16 + 0.02 for Xe (7). We therefore assumed a value 0.20+0.03 for Ag; 


R then becomes 27.1+2. With the values mentioned the K-conversion coefficient. 
of the 87 keV isomeric transition in Ag! becomes 


ax=9.Da 10. 
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Fig. 2. Scintillation spectrum of Cd1*, The inset shows the K X-line taken with higher ampli- 
fication. 


This value is only in agreement with the theoretical value 11.0 for an E3 transi- 
tion (13). It should be compared with the value 8.8+1.5 (2), which value is, how- 
ever, not corrected for the presence of Z-capture, as is also the case in a very recent 
paper (3) of the same group (after such a correction it comes out to be 9.5). 


Appendix. Computation of the relative number of K-captures 


Apart from K-capture only L;-capture is important for allowed transitions. The 
ratio between these is given (7) (see also 16) by the formula 
Lee (Fa) (¢ a) 
K 8\Z-0.40/ \A-—Bz 


in which A is the decay energy, B, and Bx the binding energy of the L- and K- 
electrons, (Z —4.15) the effective nuclear charge for the L,-electrons, and (Z—0.40) 
that for the K-electrons. We first tried to obtain A by plotting the difference in 
binding energies of the Cd-Ag isobaric pairs for the mass numbers 107 (8), 111 (9), 
113 and 115 (10). We thus found a decay energy of only 95 keV for the Cd1° — Ag! 
decay. Since for such low energies the L/K capture ratio is rather sensitive to small 
alterations in A we also tried to determine A by comparing the K-capture half-life 
with that of the similar transition in the 6.7 hour Cd!°?, The decay energy of this 
“transition is known to be 1340 keV from the 6* transition between the same states 
(8); the above formula yields L/K =0.101 for this transition. As the intensities from 
transitions to other levels, and also from the 8* transition, are very low (8), the partial 
half-life for K-capture becomes 7.4 h. The half-life of Cd! is 470 days (11), so the 
partial half-life for K-capture is 470/X days. Now the A-capture half-life is pro- 
portional to the inverse square of the energy of the outgoing neutrino (4 — Bx)* 
(12), so using the values Bx = 25.5 keV (Br = 3.8 keV) and Ay, = 1340 keV it follows 


that 
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Aio9 — Bz = 33.6 VX. 


Inserting this result in the above formula and using the relation L/K = (1 — X)/X 
we compute X =0.78. With this value A becomes 56 keV, which is indeed some- 
what lower than the value 95 keV derived above; from the latter value follows 
X =0.86. We consider the first value to be far more reliable. 


Nobel Institute of Physics, Stockholm 50, Sweden. 
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The decay of Xe'?”™ 


By Sicvarp THULIN 


A second y-transition in the decay of Xe!2°™ has been found. The energy of the corresponding 
y-ray is 40.0+0.5 keV, and the K/L + M ratio 4.3+0.7. A decay scheme is presented. 


Introduction. The 8.0 d isomer of Xe!”° was discovered in 1951 by BerastTRo (1). 
The technique of electromagnetic isotope separation was used to prepare a 6-sample 
of the isotope from pile-irradiated Xe. 8-spectrometer measurements showed the 
presence of K and (1+ M)-electrons of a 196 keV y-ray. The K/(Z+M) ratio (2.1) 
indicated that the y-ray was probably due to an M4 transition. In terms of the 
strong spin-orbit coupling model (2) this would mean a transition between a hi), 
and a ds), state. The ground state of Xe!?*, however, is known to have the spin !/, 
(s1),). In order to obtain agreement with the j-j model it was therefore plausible to pos- 
tulate a second y-ray in the Xe¥*™ decay, corresponding to a ds), —s1), transition. Hix- 
perimental support for this prediction was also found in an investigation of BoRKOWsKY 
and Brost (3), who have reported a 39 keV y-ray in the decay of ['®°, which might 
be emitted from a low-lying state in Xe!?®. The presence of y-cascades of the type 
hu),—ds,,—s1,, 1 various Te and Sn isomers also favoured the assumption of a 
second y-ray in the Xe!" decay. The plot published by Hitt (4), showing the 
changes of the relative energies of the hy), ds,, and s1,, states as a function of 
neutron number for several isomers, indicated that the ds,,—s1), transition in Xe!® 
should be of low energy. Our measurements indeed showed the presence of a 40 keV 
y-ray (5, preliminar report), in addition to the earlier known 196 keV y-ray. 


B-spectrometer sample 


The $-sample of Xe12°™ was prepared by means of electromagnetic isotope sepa- 
ration. The obtainable activity is seriously limited by the presence of the stable 
Xe!29 isotope, which has an abundance of 26.2%. Experiments have shown that 
saturation effects occur when amounts of the order of 2 ug/cm? of a rare gas are 
collected on an aluminium disc. The maximum obtainable Xe!”® activity is there- 
fore determined by the specific activity of the Xe sample and is limited by satura- 
tion of stable Xe!29 in the target. This phenomenon explains the rather weak activ- 
“ity of the 6-sample used. , ' 

Due to the presence of Xe!9 it was also impossible to use very thin collector foils, 
which would have been burnt. We therefore used a 70 mg/cm? aluminium foil as a 


backing for the §-sample. 
B-spectrometer measurements 


The electron spectrum was measured in the intermediate image spectrometer witha 
resolution of ~5 %. The GM-counter was provided with a nylon window having a cut- 
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Fig. 1. a) Electron spectrum of Xe’°™. b) The components of the low-energy line group, as 
obtained when using the normalized Auger lines of a similar Xe™'™ 8-sample for the analysis. 


off! of 9 keV. The electron lines of Xe!2°™ are shown in Fig. 1 a. In addition to the 
Auger lines A; of energy Ex—E,—E;, and Ay of energy Ex—H,—Ey, and the 
earlier reported AK and (£+M) conversion lines of a 196 keV y-ray, there is an electron 
line at the energy 34.5 keV. This line is interpreted as an (ZL + M) line, mainly on the 
grounds of the Auger line intensity. The K X-ray conversion probability (1 —fluore- 
scence yield) for Xe is known to be 0.16. This value has been experimentally ob- 
tained by measuring the intensity ratio of the Auger lines and the K,,, conversion 
line of Xe!3™, (thin GM-window, no Auger line absorption) (6). The Auger line 
intensity of Xe!?°", however, is ~ 0.4 times the Kyo, line intensity. This means that 
a considerable part of the Auger electrons are due to K conversion electrons of 
another y-ray. The intensity of the corresponding A-line should be 7 times higher 
than the intensity of the 34.5 keV electron line. The 34.5 keV line is therefore most 
probably the L-line of a 40 keV y-ray. Moreover, the tail on the high energy side of 
the 34.5 keV line indicates the presence of an M-line. The corresponding K-line has 
an energy of 5.4 keV and could not be detected with the GM-window used. 

The presence of Auger lines close to the low energy conversion line (cf. Fig. 1) 
can be used for the energy determination of the corresponding y-ray. The uncertain 
ties due to remanence in the magnetic lens are eliminated by using the A, line as 
a calibration line. From X-ray data and theoretical calculations of the relative in- 
tensities of the different Auger line components (7) the energy of the A; peak is 
expected to be 24.4 keV (6). Using this line for calibration, we obtain the energies 
34.5, 34.5 and 34.6 keV for the Ly) line, measured in three different runs. In order 
to compute the energy of the corresponding y-ray, it is essential to know the rela- 
tive intensities of the L;, L;; and Ly; conversion electrons. According to the curves 
of Traut and Lowen (8) the ratio of the magnetic internal conversion coefficient 


‘The cut-off is here defined as the energy at which the linearly extrapolated plot of the low- 
energy part of the Co" @-spectrum cuts the energy axis. 
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for the Lz; shell to that for the LZ; shell is ~ 0.03 and the corresponding ratio for 
the L;; to the L; shell 18 ~ 0,05. These values are valid for M1 transitions and Z = 
35, but may be considered as a justification for using the L, binding energy in the 


calculation of the y-ray energy from the 34.5 keV L line. We then obtain E,, = 40.0 
keV with a maximum error of +0.5 keV. 


K/L+M ratio of the 40 keV y-ray 


The K/(L+M) ratio of the 40 keV y-ray can in principle be determined by two dif- 
rent methods. In this case method IT below is the most reliable. 


Method I. The total intensity of the K conversion lines can be calculated from 
the relation 
A,+Ayt::: 
Wx 


Kyo + Kige 


where Ky, Ky, Az, and Ay denote the intensities of the corresponding lines, and 
Wx =0.16 is the conversion probability of K X-rays. Dividing by the intensity 
(L+M), and rearranging, we obtain 


Kay Ar+Ay Ki9¢6 2 (1) 
(L+M)y We(L+M)y (L+ M) 4 


The intensity ratios on the right-hand side of Eq. (1) are obtained by comparing 
the areas of the corresponding electron lines. This demands an analysis of the low 
energy line group and an estimate of the GM-window absorption. For this purpose 
the electron spectrum of Xe!*! was measured under the same conditions as for Xe!9. 
The Auger lines of Xe!!™ are then normalized to the A; peak of Xe!?°™, as shown 
in Fig. 1 b. The absorption of Auger lines in the GM counter window was obtained 
by comparing the intensities of the Auger lines and the K,,, line in Xe!#4™, This 
ratio should be 0.16, as mentioned above. The discrepancy obtained indicated an 
Auger line absorption of 20%, which was corrected for in the area comparisons. 
The GM window absorption of the £4, line was probably less than 5% and has been 
neglected. 

Table 1 shows measured intensity ratios from three different ®-spectrometer 
measurements on Xe?2®, and calculated K4)/(LZ+M)qo ratios. 


Table 1 


Intensity ratios of the electron lines of Xel?*™, 


a SS 


Measured Calculated 
Run 
(Ar+Am)/Kig¢ | Krge/(Z+ M)io6 | (LZ + M)go/Kigs | Kao/(2+™M)ao 
1 0.462 2.04 0.276 6.9 
2 0.442 Dele 0.259 6.8 
3 0.455 2.00 0.262 Holl 
M.Y. 0.45 + 0.06 olan Obl Of27 az70:03 6.9 + 2.4 
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The consistency in the data from different runs does not indicate the real ac- 
curacy. Due to the statistical errors there are uncertainties In the shapes of the Auger 
line group and the (LZ +M)j4 line. In Table 1 we have given maximum errors. Though 
this method for the determination of K/(Z+M) ratios does not give accurate re- 
sults in this case, it should in principle be usable. It illustrates another use of the 
appearance of Auger lines in @-spectrometer work. 


Method II. The Ky4/(ZL+M),9 ratio can also be calculated from the cascade 
relation 


Ky + Lag + Mag + -*-Y40 = E196 + L196 + Mage + *-- 71096 (2) 


where K, L, M...¥y denote the relative intensities of the corresponding radiation. 
From (2) we find 


Kigg (1 Se | 1 


Ky  _ (L+M)a0 Kiv6 AK196 (3) 
(L “tc M)4o 1 de walls 
AK40 


where ax = K/y. The relative line intensities on the right side of (3) are obtained 
from Table 1. 

By the scintillation spectrometer method ax,,, has been found to 11 (9). For ax,, 
we have used a theoretical value, the computation of which demands an assumption 
on the radiation type of the 40 keV y-ray. According to the nuclear shell model (2) 
this transition should be of M1 (or M1+E2) type. Using the curves of AxEL and 
GoopricH (10) and the formula of Dancorr and Morrison, as presented by FLUGGE 
(11), we obtain for M1 ratiation ax, =7.81 which, inserted in Eq. (3), gives 


It is to be noticed that the result above is not very sensitive to different assump- 
tions regarding the radiation type of the 40 keV y-ray. In the case of total conversion 
of this y-ray, for example, we obtain the largest possible value K4/(L+M)q) =4.8 
+0.7. Thus we conclude that the value 6.9 obtained by method I is too high. 


Classification of the y-transitions. Decay scheme 


The internal conversion coefficient of the 196 keV y-ray, determined by the scin- 
tillation spectrometer method (9), indicates that the isomeric transition is of the 
M4 + K5 type. An independent classification of this transition can be obtained from 
the empirical curve of the K/L ratio for M4 transitions given in (9). The experimental 
Kyg6/(L + M)15, ratio is 2.1. The L/M ratio for the M4 transitions in Xe!!™ and 
Xelm is 0.20 (6). Using the same L/M ratio for Xe!2™ we obtain Ky9¢/L494 =2.7. 
This value fits well to the K/L curve for pure M4 transitions. We therefore conclude 
that the isomeric transition in Xe!?°™ js essentially of the M4 type. The value ag = 


11-3 obtained in the scintillation spectrometer measurements (9) is probably some- 
what low. 


* A rough estimate of the K-conversion coefficient made by BorKowskt and Brost (3) gave 
the value Fan 6. 
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An indication of the multipole order of the 40 keV y-radiation in Xe!2°™ can be 
obtained from a comparison with the 81 keV y-ray in the decay of Xe183, This y- 
_ transition is of M1 type, from the measurements of ax,, (9). The K/(Z+M) ratio is 

4.9. Our value for the K/(Z+M) ratio of the 40 KeV y in Xe!?°™ is 4.3+0.7. Remem- 
bering that the K/L ratio increases slowly with energy for M1 transitions (8, 12) 
we conclude that the 40 keV y-radiation in the decay of Xe2®™ should also be of 
M1 type. The possibility of a mixture of M1 and E2 radiations cannot be excluded. 

The decay of Xe!°™ is thus in agreement with predictions of the nuclear shell 
model (2). The level scheme is shown in Fig. 2. 


8.0d Xe/29m , 
va 


S) 
Goaanare Ve 


Fig. 2. Decay scheme of Xe1?°m and [9, 


The 39 keV y-ray reported in the decay of I}29 (3) is certainly identical with the 
40 keV y-ray found by us. The maximum energy of the @-particles of I** is reported 
to be 120 keV (3). The level scheme of [??° is therefore probably related to that of 


Xe!9 as shown in Fig. 2. 

It should be noticed that A-capture transition from Xe!2™ to [129 would be energet- 
ically possible, according to the decay scheme of Fig. 2. Xe12°™ would then be able 
to reach its ground state in two ways. The high Auger line intensity in our measure- 
ments might indicate the occurrence of K-capture. However, the probability of K- 
capture should be extremely small compared to that of y-radiation. 


Nobel Institute of Physics, Stockholm 50, Sweden. 
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Conversion Coefficients of the isomeric y-ray in the decay of Ba‘ 


By A. H. Wapstra! 


From £-spectrometer measurements on Cs!87 the K-conversion coefficient of the 662 keV 
transition in Ba8’™ was found to be 0.093 +0.006 (M4 transition) and the K/L ratio 5.8 +0.3. 
The Kurie plot is straight down to 75 keV if a special correction factor is used. 


Introduction. For calibrating the scintillation spectrometer (11) the 662 keV 
y-ray (1) in the 157 s isomer Ba18™ following the decay of 35 year Cs!3? would be 
very useful, if the K-conversion coefficient were accurately known. Moreover the 
K/L ratio would give an improvement in the plot of K/L conversion coefficient 
for M4 transitions (10) in the region of low Z?/H. As we had at our disposal a carrier- 
free sample of Cs!87, prepared for a precision determination of its y-energy, the op- 
portunity was taken of remeasuring both these values. 

Older measurements had yielded the following values for the K-conversion coef- 
ficients: 0.10 (after correcting the total conversion coefficients given in this paper 
with the K/(Z+M) ratios discussed below), 0.118 (3), 0.081 (4) and 0.097 + 0.003 (5) 
(the last reference came to our attention after we had completed our measurements). 
The older determinations of the ratios of the intensities of the conversion lines were 
all measurements of A/(Z+M); the reported values were 4.8+0.3 (5) and 5.0 (4). 


The K/L ratio 


In order to separate the Z- and M-peaks we had to use a spectrometer with a 
high resolving power. For this purpose the double focusing spectrometer of this 
Institute (6) (7) is almost ideally suited. 

Fig. 1 shows the L and M+N conversion lines of the 662 keV transition, using 
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Fig. 1. ZL, M and N conversion electrons of the y-line in Cte 


1 On leave from the “Instituut voor Kernphysisch Onderzoek”, Amsterdam. 


bo 
J 
or 


A, H. WAPSTRA, Conversion coefficients 


wW-— 


Fig. 2. Fermi-Kurie plot of the 8-spectrum of Cs1*’, The dashed line shows the Kurie plot with 
the usual correction factor G. 


the same sample that was used for its energy determination (1). From this B-spectrum 
(the K-conversion line, situated at about 11840 Q, is not shown) we derive a K/L 
ratio 5.8+0.3. As the relative distance between the lines is rather small the fact 
that the transmission of the instrument varies somewhat with the energy is of 
almost no importance. The ratio of the intensities of the Z and the M + N-coniver- 
sion lines is 4.5+0.5. With this value we derive from the K/(Z+M) ratios men- 
tioned in the introduction the values 5.9+0.4 and 6.1 for the K/Z ratio, in sufficient. 
agreement with our value. 


The B-spectrum and the conversion coefficient 


In order to determine the K-conversion coefficient we measured the $-spectrum 
in an intermediate image spectrometer (8) with a resolution of 5%. Our active 
sample was prepared from the same carrier-free Cs!’ used for determining the 
y-energy, spread with insulin on an 0.15 mg/em? Al backing. 

Vig. 2 shows the (forbidden) Kurie plot, made with the improved correction factor 
G’ =(W,—W)?+ A(W2—1) defined by Osopa (4). The factor A was taken from 
fig. 2 in Osaba’s paper. (It should be mentioned that there appears to be an error 
in this plot, as is immediately clear from the fact that G = (W§—1) =1.04 for W = 1; 
this error, however, seems only to be a constant factor.) The dashed line in our fig. 2 
shows the Kurie plot that would result if the usual correction factor G were used 
(A = 1); it is seen that the use of G’ instead of G gives an enormous improvement: 
the plot is now quite straight, down to 75 keV. The deviation below 75 keV is partly 
due to straggled electrons, but also to the presense of Auger electrons. The cut-off 
of the Geiger window (defined as the low-energy extrapolated end-point of the Cos 
spectrum) was 9 keV, so absorption was not serious for the Auger lines. The maxi- 
mum energy found from this Kurie plot is 519+5 keV. 
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In order to find the total intensity of the 6-spectrum we recomputed the low energy 
part from the Kurie-plot. The total conversion factor then comes out to be 0.110 + 
0.005. With the ratios of the intensities of the conversion lines found above we 
derive a K-conversion coefficient ag = 0.090 +0.006. As it is not sure that the correc- 
tion factor G’ is valid for low momentum electrons we also recomputed the spectrum 
from the broken line through the experimental points in fig. 2. The difference of the 
two plots will certainly be a strong overestimation of any deviation, because of the 
influence of straggled and Auger electrons. With this recomputed spectrum the 
K-conversion coefficient comes out only 0.004 less, so we probably need not correct 
for such an effect. Another fact that may influence the result is the presence of a 
higher energy ($-transition directly to the ground state of Ba!87. From our measure- 
ments we estimate the high energy spectrum to have an intensity of about 3%, 
in approximate agreement with the former values 5% (3) and <5% (4), but in 
disagreement with the 8% found by Lancer and Morrar (9). The ratio between 
counting rates at the conversion line and at the end-point of the main spectrum is 
only about half as large in our measurements as in figure 1 of Langer and Moffat’s 
paper, in spite of their better resolution. This may be due to scattering of conver- 
sion electrons in their rather thick sources. With our value for the branching ratio 
the low-energy spectrum becomes about 2% lower, so our final value for the K- 
conversion coefficient becomes 


ax = 0.092 + 0.006. 


This should be compared with the value 0.097 +0.003 determined by WaGGonER 
(5), and the theoretical value for a M4 transition, 0.094. 


Nobel Institute of Physics, Stockholm 50, Sweden. 
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The decay of Bi’” 
By A. H. Wapstrat 


Bi?°? decays by electron capture, 80 % of the decays leading to a 0.9 sec. isomeric state in 
Pb?°? which deexcites by the successive emission of a 1060 keV and a 565 keV y-ray, and 20 % 
to the 565 keV level. The total decay energy is 2050 keV. The Auger conversion probability for 
lead is 0.043 +0.015. 


0. Introduction. A 50 y Bi K-capturing isotope was discovered and studied by 
NEUMANN and PERLMAN (1), and was assigned by them to Bi2°7, A 565 keV and a 
1063 keV y-ray were found. These y-rays were also found by Grace and Prescorr 
(2), who proved them to be in cascade. These y-rays are probably identical with the 
0.5 and 1.0 MeV y-rays found in the decay of a 0.9 seconds Pb isomer by CAMPBELL 
and GooprIcH (3). 

NEUMANN and PERLMAN (1) also report four y-rays with an energy >2 MeV. 
This is in disagreement with our former estimate 1.7 MeV (4) for the decay energy 
of Bi?°7?, Though admittedly this value is somewhat low, the difference from the 
minimum decay energy 2.5 MeV following from Neumann and Perlman’s result 
seemed difficult to explain. Therefore we thought it useful to reinvestigate this iso- 
tope. 


1. Q-spectrometer investigation 


An active Bi-sample was prepared by bombarding lead with 180A hr of 27 MeV 
deuterons in the Philips’ synchro-cyclotron at the “Instituut voor Kernphysisch 
Onderzoek’’, Amsterdam. Bi was separated from this sample by a chemical pro- 
cedure similar to that mentioned by Gite et al. (5). A rather thick sample (designated 
I) was prepared on a 4 mg/cm? Glasan paper backing. A much thinner sample (II) 
was prepared later by electroplating on a gold foil of about 4 mg/cm?. The energy 
values of the lines discussed are derived from measurements with this sample. Both 

-gamples were measured in the intermediate image (-spectrometer described by 
SLAtis and SrecBaHn (6), in the order shown in Table I (which also mentions the 
scintillation measurements described in section 2). 

The most important result of the present investigation is that in the region above 
the K- and L-conversion lines of the 1060 keV y-ray only a 1685 keV electron line 
was found, as shown in fig. 1.? 


1 On leave from the ‘Instituut voor Kernphysisch Onderzoek’’, Amsterdam. 

2 In this figure the counting rate is plotted against the current on a logarithmical scale. This 
method, used earlier e.g. by VERSTER ef al. (7) has for line spectra definitive advantages over the 
normal method of plotting N/I against I on a linear scale: 

1. the line form and the line width is the same for all currents; 

2. for single lines the line height itself is proportional to its intensity; 

3. it is not necessary to subtract the counter background in the drawing as it is now constant. 
With both methods the line area is proportional to its intensity, which is important for unresolved 
lines. 
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Table I 


Survey of Bi?°7-measurements. 
ee 


Time after Type of 
No. Sample bombardment measurement 
1 III 84 days se 
2 III 118 se 
3 I 139 8 
4 if 153 B 
5 I 164 8 
6 I 166 6 
Hh Il zs: se 
8 II 175 B 


The expected positions and intensities of the 6 lines with energy >1.1 MeV 
found by NeuMANN and PERLMAN are indicated; all of them are here found to be 
at least 10 times less intense than reported by them. The 1685 keV line decayed, 
as shown in fig. 1, so it does not belong to the very long-lived Bi?°’. Its origin is 
discussed in section 5. 

The 6 lower energy lines reported by Neumann and Perlman were also found in 
this investigation (fig. 2, 3, 4; same logarithmic current scale); they are collected 
in Table I, which also gives their relative intensities (top counting rates) as measured 
with the thinner sample. The low energy lines are found at a somewhat higher energy 
than indicated by Neumann and Perlman. Our energy values agree with an inter- 
pretation as Auger lines (KLE =56 keV, KEM =68 keV). The disagreement with 
Neumann and Perlman’s values is not due to remanent magnetism in our case, 
which a separate investigation (8) showed to be unimportant. The difference between 
the relative intensities of the Auger lines in Neumann and Perlman’s work and those 


Table II 
Bi?°7 electron lines. 


Present investigation Neumann and Perlman 
Energy Intensity Energy Intensity 
57 keV 40 49 110 
69 keV 23 62 50 
477 keV 75 477 70 
554 keV 25 5ol 8 
972 keV 340 975 370 
1054 keV 100 1050 89 


found in the present experiments is probably due to absorption, as even in our thin 
sample (fig. 2) the Auger lines were much broadened. The relative intensities of the 
477, 554, and 968 keV lines in both our samples agree very well; the 1050 keV line 
appears somewhat higher in the thick sample measurements, but this is probably 
due to the somewhat better resolution obtained with the thinner sample. 


Other weak lines found in the 8-spectrum decayed with a half-life that indicates 
that they belong to 14.5 day Bi25, 
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Fig. 1. High energy part of the B-spectrum. 

The positions and intensities of the electron 

lines found by Neumann and Perlman are in- 

dicated. The 1685 keV line decayed, as is clear 

from its intensities at different times (3, 4 
and 6 table I). 
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Fig. 3. Conversion lines of the Bi?’ 565 keV 
y-ray. 
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Fig. 2. Lead Auger lines in the Bi2? §-spec- 
trum. 
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Fig. 4. Conversion lines of the Bi?’ 1060 keV 
y-ray. 


2. Scintillation spectrum 


We also measured a Bi2°7 sample in the scintillation spectrometer. The first 
measurement (1 Table I) did not show clear lines, probably due to the fact that Bi°°® 


and Bi2° were still stronger than Bi?°’. 


Table III 


Intensities of photolines. 
a Hl le ee ee 


Measurement | K X-rays | 565 keV | 1060 keV | 1800 keV 
| | 
27.4 (2900) 
Da Weblo) ane .tetatcrarsrs 9050 (9730) | 258 (4200) | 98 (4450) | 
7 es i) COOH Oe | 3470 (3730) 258 (4200) 68 (3100) 5.5 (580) 
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Fig. 5. Scintillation spectrum of Bi?°?, measured on two data (2 and 7 table I). The right hand 
part gives the high energy part of the spectrum six times amplified. 


Later measurements, however, (2 and 7 Table I), see fig. 5, clearly showed photo- 
lines of the K X-rays, and of y-rays of 560, 1060, and 1800 keV. Their intensities in 
the two above measurements are collected in Table III. 

The figures in brackets give the relative intensities of the y-rays, as computed with 
the help of the efficiency curve for the scintillation spectrometer (20). The decay of 
the 1060 keV line may be due to an admixture of 6.4 day Bi?°* at the time of our 
first measurement: y-rays of 1020 keV and 1097 keV are known in the decay of this 
isotope (9). This, together with the presence of 14.5 day Bi?®5, may also explain the 
decay of the K X-rays. Accepting this explanation the intensity of the 1060 keV 
photoline in measurement 7 (Table I) should be due wholly to Bi?’. 


3. Assignment of the Pb2°™ y-rays 
From the definition of conversion coefficients it follows that 
Q4:Oxn,:Ox,=Ar/Xx: K,/y,:Ky/y2 


in which Ax, K, and K, are the relative intensities of the K Auger electrons and the 
conversion electrons, and Xx, y, and y, are the relative intensities of the K X-rays 
and the y-rays (The conversion coefficient a4 of the Auger electrons is connected 
with the more commonly used conversion probability Wx by a4 = Wx/(1—Wx). 


It is rather difficult to find a good value for the intensities of the Auger lines. The peak coun- 
ting rates listed in Table II are certainly an underestimation, as their shapes indicate a strong 
absorption in the sample. The total area of the lines may give a somewhat better estimate: 
comparing this with the area of the 477 keV line we find a total intensity of about 130 in the 
scale of Table II (derived from the measurement with the thin sample). This is to be compared 
with a value 160 derived from Neumann and Perlman’s measurement. In our measurement 
there was still a certain amount of another activity (see section 5). The same is true for Neu- 
mann and Perlman’s measurement, as indicated by the presence of the lines not found by us. 
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These lines may, however, be due to activities with lower atomic number, and which therefore 
make no contribution to the Auger lines. We will therefore accept an intensity 150, with a rather 
large estimated error (say 30 1) 


We then get for the ratios mentioned above, 
Qa: dr, : ax, =0.042 : 0.018: 0.110. 


From these ratios we can obtain the conversion coefficients of the two y-lines, 
using the Auger conversion coefficient. For the conversion probability of these lines 
in lead we find a theoretical value Wx = 0.045 (11); this gives a conversion coefficient 
0.043. The conversion coefficients found in this way are compared in Table IV with 
the theoretical values (12). 


Table IV 
K-conversion coefficients. 
y-line Experimental Theoretical 
565 keV 0.018 0.0063 (E1) 0.0169 (E2) 0.042 (E3) 
1060 keV 0.113 0.040 (5) 0.065 (M3) 0.110 (M4) 0.185 (M5) 


The estimated error of the experimental values is rather larger (35%) due to 
the uncertainty in the intensity of the Auger electrons (The ratio of the two values 
is thought to be good within 15 %). Our values thus indicate that the 565 keV line 
is an E2 transition and the 1060 keV y-ray an M4 transition. This is in agreement 
with the predicted assignments (13) of the levels found in the decay of the 0.9 sec. 
isomeric state (3) in Pb?°7, which is illustrated in fig. 6. The same conclusion was 
reached by Grack and Prescott (2). 

We can check the assignments of the y-transitions with the ratios of the intensities 
of their conversion lines (see Table V). 


Table V 


Intensity ratios of conversion lines. 


: Experimental : F z s 
v-line | K|(L+M) | Semi-theoretical K/L (13) (21) 
565 keV 3.0 4.1 (E2) | 2.8 (3) | 6 (M3) | 3.1 (M4) 
1060 keV 3.4 4.5 (H3) | 3.1 (H4) | 8 (M3) | 5.2 (M4) 


This confirms that the 565 keV line is an E2 transition. The 1060 keV y-ray could 
also be an E3 transition, but then the half-life of Pb2°’™ should be much less than 0.9 
sec. Moreover our K/(L+M) ratio for this transition is probably somewhat low 
because of the insufficient resolution of these electron lines. 


Tt should be remarked that the only experimental value for the Auger conversion probability 
in this region of the periodic table gave a value 0.107 +0.006 for Wx in At (14), which is much 
higher than the theoretical value 0.045. We think that our measurements are a strong indication 
for a value much nearer to the theoretical value. If we consider the assignment of the Pb?°” 
levels to be already certain, because of: 

a. nuclear shell theory considerations; 
b. the ratio of the conversion coefficients of the two y-rays; and 
c. the K/L ratios, 
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Fig. 6. Decay scheme of Bi??. fe) Pi, 


we may consider our measurements as a determination of Wx; we then deduce a value Wx = 
0.043 +0.015, the main error being due to the uncertainty in the relative intensities of the Auger 
electrons. The deviating value found by GeRMAIN (14) may be due to the presence of low-energy 
conversion electrons in the At?!!—Po2!! decay. The very recent value Wx =0.054+0.008 for 
Hg (22) agrees with our result. 


4. The decay scheme of Bi?” 


From the approximately equal intensities of the 565 and 1060 keV y-rays it is 
clear that the larger part of the capture processes in Bi?°7 lead to the 1625 keV 0.9 
sec. isomeric state in Pb?°’. Part of the difference in the intensities may be explained 
by the larger conversion coefficient of the 1060 keV ray. Assuming the theoretical 
conversion coefficients mentioned in section 3, we find that the relative intensity 
of the 565 keV y-ray following the 1060 keV transition should be 3470, as compared 
to the 4200 given in Table III. Thus from the scintillation measurements we find 
that 17+13 % of the transitions go directly to the 565 keV level (assuming no cap- 
ture processes to the ground state). Analogous considerations of the intensities 
of the K-converted lines in the 6-spectrum (Table II) give a value 23+16 %, the 
mean value being 20+11 %. 

The fact that electron capture to the 565 keV level occurs, but is less intense 
than the decay to the 1625 keV state, fixes the state of the Bi2°’ ground level. 
The spin is 9/2, otherwise the transition to the 565 keV level should be at least 3 
times forbidden and therefore would not be found. Now for both transition discussed 
the spin difference is 2, and, as the transition to the 1625 keV state is found to be 
less forbidden than to the other, this should be a (AI =2, yes) transition. So we find 
the Bi?°? ground state to be an h 9/2 state, in agreement with the prediction of the 
nuclear shell model, and with the fact that the similar nucleus of Bi2 is also in an 
h 9/2 state. The decay scheme deduced in this way (fig. 6) allows very few electron 
capture transitions directly to the ground state, as we assumed above. 


5. Impurities in our sample 


In the next section we will try to estimate the decay energy of Bi2°? from the 
ratio of L to K capture. For this reason it is necessary to discuss how much of the 
K X-rays in Table HT belongs to Bi?°7, An indication of the presence of other activ- 
ities than the Bi?°> already mentioned, is found only in the 1685 keV line in the 
6-spectrum. From the three 8-spectrometer measurements it seems to decay with a 
half-hfe of 28 days; from the two scintillation measurements, however, we find a 
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goyactivity 


120 140 160 180 days : 120 140 160 180 days 
time after bombardment time after bombardment 


Fig. 7. Decay curve of the 1685 keV & line Fig. 8. Decay curve of the K X-radiations. 
(and 1.77 MeV y-line). 


shorter half-life. This indicates that the decay is complex. It is rather obvious that 
this line is partly due to 14.5 day Bi?®>. The corresponding y-ray energy will then be 
1.77 MeV, in approximate agreement with the value 1.84 MeV found before (10). 
Later measurements (18) indicate that some of the activity comes from a much 
longer-lived nuclide (> 300 days), With the help of this assumption we constructed 
the decay curve shown in fig. 7.1 

In the same way we constructed a decay curve of the K X-rays, or what should 
be the same, the Auger lines (fig. 8), assuming that the activity is the sum of a long- 
lived part and a part with half-life 14.5 days. Comparing the intensities of the 14.5 
day components in fig. 7 and fig. 8, and assuming that about one K-quantum will 
be emitted per Bi? decay, it is found that the 1.77 MeV y-ray then occurs in 37% 
of the decays. 

The long-lived part of the A X-rays has an intensity 3350 (in the intensity scale 
of Table III). It is an open question whether part of these K quanta belongs to the 
long-lived nuclide. The almost exact coincidence of the 1685 keV electron lines 
suggests that this nuclide may be an isomer of Bi?°, In that case it should give an 

-addition of about 450 to the K X-peak if the y-ray occurs to 100 % in its decay. We 
therefore assume that the intensity of the K X-rays of Bi2°7 is 29007909; the upper 
error is thought to be large enough to include the possibility that the long-lived activ- 
ity does not emit Pb K X-rays‘ and the lower error allows that the 1.77 y-ray may 
only occur in 30 % of its decays. 


1 In a recent scintillation measurement by Prescorr, a 1.76 MeV gamma ray was found with 
an intensity agreeing with the long lived part of the 1.76 MeV gamma ray found by us. It 
is in coincidence with the 570 keV gamma ray, which indicates strongly that it belongs to 
Bi27 (we had assumed that it did not belong to Bi?” as it was not found by NEUMANN and 
PERLMAN); it appears to be only 7% in coincidence with K X-rays, suggesting that this branch 
is preceded for the greater part by L-capture. Then the ratio of K- to L-capture in the branch 
to the isomeric state of Pb2°7 is higher than assumed in section 6 and therefore the decay energy 
is also higher. This is also indicated by the existence of a 2.47 MeV gamma ray, reported by 
PreEscort, with an intensity that is not excluded by our results presented in fig. 1. We thank 
Dr. Prescorr for permission to mention his results. 
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6. The decay energy of Bi?” 


Fom a paper of MarsHak (15) we derive the following formula for the ratio of L 
to K capture: 


oe ee ee atl 6. 
K n 


A— Bx lox 9x A- Bz) R'gx 
in which n indicates the degree of forbiddenness, A the transition energy of the decay 
in question, and B; and Bx the binding energies of the L and K electrons (and there- 
fore A —B is the energy of the outgoing neutrino). H, is 0, 9, 30, and 63 for 0, 1, 2, 
and 3 times forbidden transitions. According to Rosg and Jackson (16), g7 , lox is 
0.150 in lead; from the values mentioned in table IV in Marshak’s paper we find by 
extrapolation that the second term /7,,/g% is small and that 2 gi,,,/R°gx is about 
0.008. Now in our case we have a two times forbidden transition (to the 565 keV 
state) and a (AI = 2, yes) transition. The transition probabilities in the latter, once 
forbidden special case are obtained by multiplying the transition probabilities for 
normal once forbidden transitions by the square of the energy of the outgoing neu- 
trino, so that the formula becomes the same for both cases except for the factor Hy: 


ig (Ale 
K \A-88 


6 
{0.150 +2000 H,/(A — 16)?}. 6.2 


(Strictly speaking this is only true for low Z-values; but the same is true for formula 
6.1 itself. However, the experimental data are so rough that this probably does not 
matter). 

With the help of formula 6.2 and the decay scheme discussed above we computed 
the intensity of the A X-rays as a function of the total decay energy (fig. 9, intensity 
scale of Table I). From this plot, and the experimental intensity of the K X-rays 
discussed in a former section, we deduce a decay energy 2.057923 MeV.1 This corre- 
sponds to a L/K capture ratio 0.79 in the main transition and 0.24 in the transition 
to the 565 keV state. 

From the data given above we may compute the {7 values for the two transitions. 
For the transition to the 565 keV state we find (with help of the graphs given by 


1 See however the footnote on page 285. 
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Moszkowskr (17)) log 7 = 11.8, in approximate agreement with its assignment as 
a second forbidden transition. For the main transition we find log q?ft = 9.6. (The 
factor q?, the square of the neutrino energy, is the equivalent of the factor (Wé--1) 
for electron emission decays in the AI = 2, yes, class). Up till now no {7 values have 
been reported for electron captures of this kind; moreover Moszkowski pointed out 
that in our case the error in the {7 value would be somewhat larger than 0.2 in an 
unstated direction. It is still probably significant that the value given above lies 
within the range of values found for $-transitions of this kind. If anything, both {7 
values are somewhat low, indicating a somewhat higher decay energy. 

A last check on the Bi?°? decay energy is the /7' value for the K-capture decay of 
At?11, Its decay energy can be computed from the «-energies of At?! and Po2!4 
and the decay energy of Bi?7; it is found to be 0.5 MeV. Log fT is then 5.6. This 
value is in agreement with other f7 values for first forbidden transitions in this 
region of atomic masses (19). 


Nobel Institute of Physics, Stockholm 50, Sweden. 
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On the decay of Hg”” 


By Sicvarp THuLiIn and Kart Nysoé! 


The maximum energy of the Hg? @-continuum is found to be 210+2 keV. The K internal 
conversion coefficient of the 279 keV y-ray is 0.154+0.015 and the K/(L+M) ratio is 2.8 +0.2. 


Introduction. For measurements of internal conversion coefficients «x with the scintillation 
spectrometer (1) it is necessary to know the efficiency of the Nal crystal arrangement for y- 
quanta of various energies. In this investigation (1) an efficiency curve was obtained from mea- 
surements of ax for several y-rays for which «x has been (-spectrometrically determined. 
One of the y-rays chosen for this purpose was the 279 keV y-transition in Tl2%. As «x for this 
y-ray was not earlier determined with sufficient accuracy the 8-spectrum of Hg? was remeasured. 
The results of this investigation will be reported below. 


The 43.4 d Hg? is known to decay with 6-particles of maximum energy Emax ~210 
keV to an excited level in Tl?°, which reaches the ground state by emission of a 
y-ray of energy 279 keV (2). The determination of Hynax from the Fermi plot of the 
B-continuum normally gives uncertain results, for two reasons. Firstly, the low 
specific activity of the activated mercury makes it necessary to use thick samples. 
The large back-scattering and straggling effects in such samples cause a serious 
distortion of the $-continuum. Secondly, the K conversion line of the 279 keV y-ray 
hides the 6-continuum near its end point. SLATIS and SIEGBAHN (2) avoided this 
difficulty by using a coincidence method for the determination of Hyax. They ob- 
tained the value 208 keV. Saxon (3) has reported the value Emax = 205 keV. This 
agreement is probably fortuitous, since Saxon used a very thick (@-source ( ~2.4 
mg/cm?, GM-window 0.05 mg/cm?). His Fermi plot is a straight line down to 40 keV, 
but this is most probably due to an accidental balancing of back-scattering and ab- 
sorption effects. 

The technique of electromagnetic isotope separation offers a simple method of 
‘preparing carrier-free 3-samples of Hg?, deposited on thin backing foils. Our mea- 
surements were performed with such a sample, prepared from pile-irradiated mer- 
cury (Harwell). Mercury vapour was fed to the ion source of the isotope separator 
and the ions of mass number 203 were collected on an Al foil of thickness 0.15 mg/em?. 


B-spectrometer measurements 


The 8-spectrum of the separated Hg? was repeatedly measured with a magnetic 
lens spectrometer (resolution ~5%). A Fermi plot of the 6-continuum 1s shown 
in Fig. 1. The deviation from the straight line begins at ~80 keV. It is partly due to 
the presence of Auger lines. According to earlier measurements (4) the Fermi plot 
of a ®-spectrum measured with -samples of this type gives a deviation from the 


1 On leave from the University of Bergen, Norway. 
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Fig. 1. Fermi plot of the Hg? 6-spectrum. 


straight line at an energy of ~50 keV. From four different Fermi plots we obtain 
the values Emax = 209.5, 210.0, 210.0 and 212.0 keV respectively. 

The Fermi plot was used for a computation of the low-energy part of the 6-con- 
tinuum. By comparison of the areas under the 6-continuum and under the conver- 
sion lines Koy and (LZ +M)o79, we obtain the K-conversion coefficient by the formula. 


K K 
i, Bake 


Ak 


where 8, y, K, L, M ... denote the intensities of the @-particles, the y-quanta and 
the K, L ... conversion electrons respectively. 
Table 1 gives the values of K/(Z+M) and ax for two different runs. 


Table I 
K 
eae L+M a 
1 2.85 0.157 
2 2.71 0.151 
WE A 2.784: 0.20" 0.154 = 0.015* 


* Maximum error. 


As pointed out by GoLDHABER and Sunyar (5), the 279 keV y-ray in T12° is. 
one of the few experimentally known cases where a y-transition between a low- 
lying excited state and the ground state appears to correspond to a mixture of 
M1 and E2 radiations, the reported value of the experimental K conversion coef- 
ficient lying between the theoretical values (6) for M1 (81x =0.49) and E2 (ax = 
0.073) transitions. Our experimental value ax =0.154+0.015 is somewhat lower: 
than that earlier reported (3), but the above reasoning is still valid. A computation 
of the proportion of M1 and E2 radiations from our value of ax gives 20 % M1 and 
80% H2 quanta. The simultaneous existence of M1 and E2 quanta may indicate. 
that the y-ray is due to a transition between a ds /, and a s1,, state (7), since the ground. 
state of Tl? is known to have the spin 1/5. 


Nobel Institute of Physics, Stockholm 50, Sweden. 
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Communicated 8 April 1953 by G. Boretius and O. H. Faxtw 


Some aspects of the change between laminar and turbulent 
flow of liquids in cylindrical tubes 


By E. Rune Linpcren 


With 12 figures in the text 


The purpose of this paper is to give a preliminary interpretation of some experi- 
mental observations on the stability of axi-symmetric Poiseuille flow. The con- 
clusions suggested by these experiments are rather remarkable, though it is clear 
that the experiments should be repeated and extended under stricter conditions 
of accuracy and control. If, however, such new experiments should confirm the 
statements in this report, it would be stated that laminar flow in smooth, cyl- 
andrical tubes never has given any experimental evidence of instability. 

The experiments here described show a general need for both experimental 
and theoretical investigations of some striking properties of fluid motions that do 
not seem to have been taken into consideration earlier. It is also doubtful that the 
Reynolds number alone determines the state of motion of liquids in pipes, as 
is currently believed. 


Introduction 


Theoretical investigations of the instability of viscous fluid motions, especially 
the plane Poiseuille and Blasius flows, have been carried on very extensively in 
recent years, climaxing in the works by C. C. Lin [1], C. L. PEKEris [2] and L. H. 
Tuomas [3]. The paper by Lin also contains a valuable summary of earlier works 
together with the references necessary to give a general idea of the theoretical in- 
vestigations in this field. 

Lin’s results indicate instability of plane Poiseuille flow under certain dis- 
turbances at various Reynolds numbers. His results are questioned by PEKERIS 
who uses another technique in determining constants of stability. He finds 
stability at the Reynolds numbers where, according to Li, instability should 
-occur. THoMAS later performed the calculations by the aid of an electronic computer 
and has shown that instability occurs at a lowest possible critical Reynolds 


number of 


~5750=R, (1) 


Pee: 
V 


in agreement with Lin’s result R,, = 5300 (U = mean velocity of the flow, d = distance 
between the two fixed, parallel walls and y = kinematic viscosity). 


9) 
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However, experimental verification must be obtained before this problem can 
be considered finally solved. eo 

For several reasons it is doubtful that the stability conditions of the plane Poiseuille 
flow can be transformed and applied to the same axi-symmetric flow. J. PRETScH, 
1941 [4], directly attacked the axi-symmetric Poiseuille flow theoretically and found 
this type of fluid motion always to be stable. As the experimental results commonly 
seem to be considered to prove instability of this type of laminar flow, the works 
by Prerscu and other authors! that indicate stability have been neglected?. 


Earlier experiments 


The existence of two different types of flow in tubes has been mentioned already 
by Poncexer and St. Venant. The first experiments to obtain quantitative knowl- 
edge in this subject were undertaken by G. Hacun, 1854 [5]. However, the first 
systematically performed experiments were published in 1883 by O. ReyNoxps [6]. 
He introduced dimensional analysis so as to obtain the smallest possible number 
of independent variables to specify the character of the flow and thus indicate when 
the change between laminar and turbulent motion should occur under different 
circumstances, provided one case was known experimentally. With a slight modi- 
fication of his original formula, ReEyNoLps found that the flow in a cylindrical 
pipe can be described by the value of the dimensionless expression (1), where in this 
case d is the diameter of the tube. 

REYNOLDS obtained two different values of the critical Reynolds number R, 
where the laminar flow changed to turbulent 


1) R, = 12000 
2) R, = 3800.3 


The first value was obtained with water running through a rather short, smooth 
circular glass pipe, with care being taken to prevent any disturbances from appearing. 
The second value was obtained when a 5 m long smooth lead pipe was directly 
connected to the tap-water system. In the first case the occurrence of turbulence 
was observed by aid of coloured bands of fluid’, in the second by pressure measure- 
ments. 

After REyNoLDs, a number of followers tried to improve the experimental technique 
and verify the results of ReyNotps. However, the phenomena only seemed to be- 
come more and more a mystery as almost every experiment gave different values of 
the “‘critical” Reynolds number, which at last came to cover a range of 200-51000. 
The latter result is due to V. W. Ekman [7] who worked with water in ReyNoLps 
original apparatus (glass pipe). Ekman concluded that there is no critical REYNOLDS 
number, if all disturbances are prevented carefully enough. 

In 1921 L. Scuiuier [8] presented a paper describing systematically performed 
experiments by which he was able to give plausible reasons for the discrepancies of 


1 For references see ref. [1]. 

2 Professor OE: Paxrn points out that A. van HecKxE [20] has concluded from known 
experiments in the literature that the laminar flow in smooth, cylindrical tubes is stable at 
finite Reynolds numbers. 

* This is the original value. ScuiLtER [9] states that this rather should be 2100. 

* For explanation of this technique see ref. [6] and [7]. 
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most earlier works within a certain limit. ScHILLER accepted EKMAN’s idea of no 
upper limit of the critical number and introduced a lower limit of R,, which is 
defined as the value of R where laminar flow remains laminar, independent of how 
great disturbances are introduced with the flow at the entrance of the tube. This 
lower limit is the currently accepted definition of the critical Reynolds number R,. 

SCHILLER introduced maximal disturbances by a plate at the entrance of the 
tube. When the plate was moved nearer the tube entrance, the “critical” Reynolds 
number decreased until a certain limit was reached. If the plate was then moved 
still nearer the opening no further change of R, could be observed (see Fig. 12). 
SCHILLER supposed that he thus had introduced the limit of the maximal disturb- 
ances necessary to secure the lowest possible R,. Also he found that a certain “‘dis- 
tance of onset” (entry length) (~130d) is necessary in order to obtain a sharply 
defined value of R,. In addition it was shown that the smoothness of the tube 
walls is not significant as regards this lower R,. 

In this way ScHILLER (by pressure measurements) obtained a sharply defined 
“critical” value 


R, = 2320. 


Later, SCHILLER [9] published an excellent review with a summary of earlier 
experimental methods and their results. Here he was able to give reasons for the 
earlier experimental discrepancies and thus could verify that his own measurements. 
were correct and single-valued. 

Among research workers in hydrodynamics this problem now seemed to be 
considered as settled experimentally, although Wo. Ostwa.p [10] in later experi- 
ments with water and glycerine believed he had obtained a single-valued “‘critical’’ 
number of about 250. 

In 1934 ScHILLtER published another paper [11] giving connections between the 
wave lengths of the disturbances and a modified Reynolds number. However, 
no papers by SCHILLER give any information towards a clarification of the initiating 
of turbulence. 

It appears that a most valuable experimental investigation regarding the in- 
stability of the Poiseuille flow has been done in recent years by A. M. Binnie 1945 [12], 
who visually observed the flow of a double-refringent weak suspension of (0.25%) 
benzopurpin in water between crossed nichols. These experiments certainly fulfilled 
the critical requirements due to SCHILLER, except perhaps that the entrance dis- 
turbances possibly can have been less intense than what is claimed by SCHILLER. 

According to ScHILLER the pressure measurements show that, with too short 
a distance of onset, there is a continuous transition between laminar and fully 
developed turbulence. If the distance of onset is long enough, the onset of turbulence 
occurs instantaneously without a transition zone. It seems probable that this transi- 

_tion zone could be regarded as caused by the ‘‘turbulent flashes’?! reported by Rryn- 
~ oxps. Evidently ScHILLER made such an interpretation of his observations. However, 
Binnie stated that the transition between laminar and turbulent flow occurred 
continuously although the distance of onset was clearly long enough. With in- 
creasing velocity, turbulent flashes occurred more and more frequently until fully 
developed turbulence was established. Flashes appeared at a Reynolds number 


1 These can be described as short lengths of turbulent motion in the fluid moving with the 
otherwise purely laminar flow. See ref [6]. 
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of R=1960 and complete turbulence was established when R attained a value of 
2900. At still higher velocities the intensity of the turbulence was continually in- 
creased. 2 

Brynte concluded from his experiments that he had in the main verified ScHIL- 
LER’s results, but, as will be shown later, other conclusions may be drawn. 


Experimental procedure 


The following experimental investigation of the change between laminar and 
turbulent flow in a cylindrical pipe has been carried out along lines similar to those 
followed by both ScuiLtLteR and BINNIE. 

Double-refringent suspensions of White Hector bentonite in distilled water as well 
as pure distilled water have been used in the experiments. The bentonite sus- 
pensions have been of concentrations from 0.08% to 1% in weight (up to 2.5% in 
rare cases). White Hector bentonite was used because the clay particles of this type 
of bentonite are known to be specially small. Indeed, no individual particles could 
be observed in examining samples in an electron-microscope with a magnification 
of 30000 diameters. It could be observed that when the bentonite concentration 
exceeded about 2% the suspension behaved like a thixotropic gel. Likewise even 
the more diluted suspensions cannot be expected to behave exactly like pure 
Newtonian fluids. These anomalous properties of the suspensions (see, for instance, 
R. Houwrnx [13] on this subject) must of course be considered in connection with 
the experimental evaluation of the fluid motions. 

The suspensions were prepared several months before the experiments were 
started and no aging effects have been observed during the measurements. These 
were in each case performed after first agitating the suspension by circulating it 
through the apparatus for a while. The viscosities were measured, after vigourous 
shaking of the samples, both by means of an Ostwald capillary viscometer and a 
Hoeppler viscometer and were finally checked by the free fall of a glass ball in larger 
samples of the suspensions. No systematic difference between the results from the 
three methods of measuring the viscosities has been observed. 

The arrangement of the apparatus (which was placed vertically, thus differing 
from most earlier experiments) is shown in Fig. 1. Plexiglass tubes of three different 
diameters (20, 10 and 6 mm) but of the same length were used. Pressure measure- 
ments were performed only in the 10 mm tube, with the manometer holes situated 
as marked in the figure. Unless otherwise expressedly stated, the visual observa- 
tions of the flow through the crossed nichols always were done in the position 
shown in Fig. 1. The quarter-wave length plates for Na-light were built in together 
with the nichols, but serve no purpose in these experiments. 

The necessary inflow disturbances, in accordance with Schiller’s statements, were 
secured by a plexiglass plate at a distance of 0.5 mm from the tube entrance. 

The pressure holes in the middle tube were made after all other measurements were 
completed. A close visual inspection through the nichols along the tube showed 
that the flow was not at all disturbed by the holes, provided the levels in the mano- 
meter tubes were constant. 

The fluid motions have also been pictured by means of cine-cameras. Arrange- 
ments can be seen in Fig. 2. i$ 
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| Fig. 1. Experimental equipment. 


1. Disturbance plate. 2. Measuring 
tube. 3. 1/,-wavelength plates. 
4. Analyzer. 5. Manometer holes. 
6. Opaque glass plate. 7. Na-lamp. 
8. Polarizer. 9. Cocks. 10. Pump. 
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Polaroids etc. (see f/g.1) 


16mm standard 
cine -camera 


Measuring fube 


32 mm contactor 
c/ne-camera 


Stroboflash lomp : 


Fig. 2. Arrangement of the photographic equipment. 


Observations 


ScHILLER states that there is an instantaneous change between laminar and 
turbulent flow at a ‘“‘critical’? Reynolds number, when the crucial conditions are 
fulfilled as in these experiments. However, this was never to be seen in the visual 
observations. BINNIE’s observations on the other hand were confirmed in every 
respect, that laminar flow continuously changes to turbulent by an increasing 
number of turbulent flashes with increasing velocity, until fully developed turbu- 
lence is established. With still increasing velocity the “‘turbulency’’ continuously 
increases. 

The development of the fluid motion with increasing velocity is illustrated by 
Fig. 3. (These pictures have been taken with arrangements as indicated in Fig. 2 a.) 

To avoid any misunderstanding it should be mentioned that no streamlines can be 
visualized by the method used. Instead it should be understood that the brightness 
at every point in the flow is approximately proportional to the corresponding shear 
forces. “Absolute darkness” means zero shearing force. Although the cylindrical 
form of the tube complicates the interpretation of the pictures, it can be seen that 
the laminar flow has something like a Poiseuille velocity distribution. This is important 
as the pictured flow (0.25% bentonite concentration) could be expected to show 
non-Newtonian behaviour. 

Corresponding pictures taken with synchronized cine-camera and strobo-flash 
lamp (see Fig. 2b) are shown in Fig. 4 (only one picture of laminar flow). From the 
last pictures it can be seen that the vorticity is very much concentrated near the 
tube walls. 

Owing to a misunderstanding, no pictures of complete turbulent flashes can be 
shown. They always appeared, however, in the form drawn in Fig. 5. The striking 
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Hig. 3. The appearance of the flow of 1/,% bentonite suspension at different velocities in 

the 20 mm tube under maximal entrance disturbances. Increasing velocity from left to right. 

The arrow indicates the direction of flow. These pictures are taken with the equipment 
shown in Fig. 2 a. 


feature of the turbulent flashes was their arrow-like shape. The disturbances first 
appeared in the middle of the tube. They dissipated to the walls and disappeared. 
After that laminar flow was re-established. 

The visual observations of the transition from laminar to turbulent flow can be 
summarized thus: At rest all the fluid is dark. With beginning low velocity the 
outer parts of the fluid begin to brighten with continuous transition to darker 
parts in the centre of the flow. With increasing velocity the dark area gradually 
diminishes to a thin black line in the middle of the flow. At a certain velocity it can 
be observed how this line begins to make slow oscillatory motions indicating a 
tendency to instability. A small increase of this velocity induces rare turbulent 
flashes. With increasing velocity an increasing number of turbulent flashes occur 
until complete turbulence is established. Still higher velocities continuously increase 
the “turbulency”’ (vorticity). 

The described observations are valid for flows of all the used suspensions, if 
turbulence occurred at all (at 2.5% bentonite concentration in the 10 mm. tube, the 
velocity could not be raised so high that any instability could be observed). 

In the first series of quantitative observations the flow of fluid (volume per time 
unit) has been measured for the different suspensions just as complete turbulence 
visually was established (this point was thought to correspond to the momentary 
change between laminar and turbulent flow in accordance to SCHILLER’s measure- 
ments of the pressure fall). If these “‘critical” flows are plotted against the corre- 
sponding bentonite concentrations of the fluids, the graphs of Fig. 6 are obtained. 
~ These values divided by the respective tube diameters give approximatively straight 
lines for the ‘critical data’’ as functions of the bentonite concentration (at low con- 
centrations). This is shown in Fig. 7. If, instead, the “critical’? Reynolds numbers 
are plotted in the same way, the curves become more complicated as can be seen in 
Fig. 8. 

Evidently the experiments show (Fig. 8) that with increasing bentonite concentra- 
tion, turbulency occurs at increasing Reynolds numbers until a maximum is reached, 
whereafter still higher concentrations cause a decrease of the “critical” Reynolds 
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Fig. 4. The same flow as in Fig. 3, but pictured with the equipment shown in Fig. 2 b. 
Increasing velocity from upper left to lower right. 


number. At the present state it is impossible to decide whether these effects depend 
on structural properties of the bentonite suspensions or if the variation of the viscosity 
alone can induce such behaviour. According to the hitherto general opinion the 
latter possibility is absurd, but, really, earlier investigations do not contradict even 
such an assumption. The further discussion will make this more believable. However, 
new experiments are urgently needed. 

From Fig. 8 it can be seen that the wider the tube is, the lower is the “‘critical 
datum’ obtained for the same fluid (< 1% cone.). Extrapolation of the graphs in Fig. 8 
would give very vague results. Instead, the straight lines in Fig. 7 are drawn out to 
intersect the ordinate-axis and the values thus obtained are divided by the actual 
value of the kinematic viscosity for aqua distillata. So calculated, the ‘critical’ 
Reynolds numbers for pure water will be about 3300, 3000 and 2500 for the tubes 
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Fig. 5. Typical appearance of a turbulent flash. The arrow indicates the direction of flow. 
The flash moves with the flow and disappears gradually downstream. 


of 6, 10 and 20 mm diameter respectively. The ‘critical’? Reynolds numbers are 
considerably higher than the values according to ScHILLER except for the widest 
tube. However, the onset distance for this tube is only about 90d instead of 130d 
as claimed by Scur~ier. The fact that the “‘critical’? Reynolds number increases 
with decreasing tube diameter can be explained either as a direct dependency on 
the diameter or as depending on the distance of onset. 

Of course there are fewer points of observation than is desirable. However, the 
tendencies are so very distinct that no objections can be raised against the general 
conclusions derived from the experiments (every point in the graphs, of course, is 
the mean value of several measurements). 

Both Brnntz’s and the present measurements show continuous transition between 
laminar and turbulent flow. As demonstrated above, the present measurements also 
show some striking discrepancies from general accepted ideas due to SCHILLER. 
Thus the next natural step is to repeat SCHILLER’s measurements. For this purpose 
simultaneous visual and pressure observations have been performed on flows in the 
10 mm tube. Distilled water and bentonite suspensions of 0.1 and 0.6% con- 
centration were used in these measurements. The remarkable results can be studied 
in Figs. 9, 10 and 11. 

The measurements for pure water (Fig. 9) of part 3 (the number refers to the part 
of the tube as numbered in Fig. 1), which has an onset distance of about 110 diameters, 
are in good agreement with ScHILLER’s results. Part 4, with an onset distance of 
about 160d, has a higher “‘critical’’? Reynolds number. Corresponding statements 
can be made for the measurements with the bentonite suspensions (see Figs. 10 and 
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Fig. 8. 


(When the bentonite concentration increases to 2%, the Rx for the flow in the 20 mm tube 
decreases to a value of about 3300). 


11). By this the earlier results of this report are verified, and it can be considered as 
proved that the “critical”? Reynolds number increases with increasing distance of onset. 

It can be mentioned that if the measurements are carried out on the two parts 
3 and 4 together as one “measuring distance’, the “critical’’ Reynolds number 
thus obtained has a value between the “‘critical’? numbers of the parts 3 and 4 
respectively (slightly higher than for part 3). This means that not only the distance 
of onset but also the length of the measuring distance affects the value of the “critical” 
Reynolds number. It should also be noticed that the pressure discontinuity is sharply 
defined only for the parts 3 and 4 in full agreement with ScHILLER’s statements 
(igs 9): 
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Fig. 9. The onset of turbulence for flow of pure water as indicated by pressure measurements. 
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Fig. 10. The onset of turbulence for flow of 0.1% bentonite suspension as indicated by pres- 
sure measurements and visual observations. 


The Figs. 10 and 11 give some very interesting information. The most important 
fact is that the pressure discontinuity does not seem to signify a sharp transition between 
laminar and turbulent flow as has been the general opinion ever since REYNOLDS 
performed his experiments. Instead, this discontinuity occurs somewhere in the 
continuous transition zone when the turbulent flashes appear with a certain fre- 
quency depending on the velocity. Of course, it can be questioned if pure water does 
have the same transition character as even weak gel-forming colloids. However, the 
similarity of the graphs in Figs. 9 and 10 definitely verifies such an assumption. 

In Fig. 10 it can be seen that curve 3 does not give a sharply defined pressure 
discontinuity as was the case in Fig. 9. This must depend on the higher velocity 
necessary to create turbulence as compared to pure water. This is quite natural. A 
higher velocity should require a longer distance of onset to create a similar type cf 
flow than a lower velocity. 

The characteristic differences between Figs. 9 and 10 are still more pronounced in 
Fig. 11. Here no sharp discontinuities occur at all. The curves are rounded and seem 
to have changed their character completely. To what extent these changes depend 
on the high velocities necessary to create turbulence or perhaps on the non-Newtonian 
properties of the fluid, cannot be judged from these preliminary experiments. This 
the more, as it is not known whether the increase of the “critical” Reynolds number 
with the bentonite concentration is an effect of structural changes of the fluid [14] 
or perhaps only an effect of the increase of the viscosity. As already mentioned, 
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Fig. 11. Pressure measurements and visual observations of the onset of turbulence for flow 
of 0.6% bentonite suspension. 


especially here must new experiments be undertaken. The changed character of the 
curves can however be understood as only the lower parts of the corresponding 
curves in Figs. 9 and 10. 

The double branches of the curves 1 show that there possibly exist two different 
states of motion for the entrance flow. Such double branches also could be traced for 
the curves 2, but so few points were obtained that no curve could be drawn. These 
points have been omitted in the graphs. It is also puzzling that the viscosity as 
indicated by curve 3 always has a higher value than the corresponding value indicated 
by curve 4. None of these phenomena can yet be explained, but this does not change 
the validity of the other observations reported. However, more accurate measure- 
ments are necessary. 

As a final investigation, the flow of the 0.6% bentonite suspension was closely 
examined visually along the whole length of the tube at different velocities. It was 
found that the vorticity (turbulency) continually decreased with the distance travelled. 
This was the case at all velocities where any change of the turbulency possibly could 
be observed as limited by the relatively short length of the tube. One typical case 
will be described: Fully developed turbulent flow entered into part 1 and frequent 
flashes were observed in part 2. Only a few flashes occurred in part 3 while no flashes 
at all could be observed in part 4. All degrees of such behaviour were observed at 
different velocities. 
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The preceding examination of the experimental results evidently shows that the 
pressure discontinuity 1s not any crucial quantity indicating an instantaneous transition 
between different states of fluid motion. Instead it has been shown that the change 
between laminar and turbulent fluid motions proceeds continuously and that this 
change occurs at higher velocities with increasing distance of onset. Finally, direct 
visual observations show that the vorticity decreases with the distance travelled. 

The statements above are in agreement with a work by R. HERMANN [15] who 
has performed measurements on flows in a circular pipe with an entry length of up 
to 225 diameters at Reynolds numbers up to 1900000. He stated that the re- 
sistance (vorticity) slightly decreased with the entry length up to the value men- 
tioned. Measurements with still longer inlet lengths have not been found in the 
literature. 

However, in experiments with undisturbed entrance conditions, SCHILLER! and 
others [16] have found that in this case the “‘critical’’ Reynolds number decreases 
with increasing distance of onset and reaches a lower limit of about the same 
order (though always higher than) the commonly accepted value of R,. These 
observations are in close accordance with measurements made by Moestus [17]. 
From his measurements it has been concluded that with undisturbed entrance 
conditions at high Reynolds numbers, the specific flow resistance increases with 
increasing inlet length and finally reaches about the same values as obtained 
by Hermann. These results cannot yet be discussed in connection with the 
observations reported by HeRMANN and in this paper.2 Extended measurements 
are needed. 

Also it should be mentioned that observations of flows with maximal entrance 
disturbances reported by R. R. Rorurus and R. 8. PRENGLE [18], definitely 
could be considered to contradict the experimental results presented in this paper. 
In order to clarify this state of affairs, the experiments by R. and P. have 
been repeated by inserting a thin metal rod through one of the manometer 
holes into the 10 mm tube. The flow then was observed visually by using 0.60 % 
bentonite suspension. In this way it could be shown that the observations reported 
by R. and P. are due to disturbances caused by the rod. Thus the position 
of the transition point between laminar and turbulent flow, which was questioned 
by R. and P., is identical with the position of the inserted measuring device 
in their experiments. 


Some final remarks 


ScHILLER, who performed his measurements with great care, already has mentioned 
some of the statements in this paper. However, as pressure measurements evidently 
seem to verify instability of the Poiseuille flow, SCHILLER explained the observed 
“deviations? in his experiments as accidental occurrences instead of examining these 
phenomena more closely by extended measurements. ' 

Further, Fig. 12 (which is taken from ScHILLER’s work *) suggests some interesting 
‘subjects for closer investigation. For instance, which mechanism induces the in- 


1 See ref. [9], p. 583. 
2 Here, also the paper by vAN Hecke [20] should be noted. 


3 See ref [8], p. 441, rows 23-32. 
4 Ref. [8], p. 443. 
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Fig. 12. The onset of turbulence in circular pipes for different entrance disturbances ac- 
cording to ScHILLER. 1=specific flow resistance, o = measuring points under undisturbed en- 
trance conditions. Other points are very well concentrated on their respective lines. 


stantaneous change of flow resistance (pressure fall) when the appearance of turbu- 
lent flashes reaches a certain frequency? Can this be explained by the principle of 
extreme values, and are statistical methods applicable to this problem? The signifi- 
cance of point B is another problem, and why does the line CF for laminar flow 
deviate from the Poiseuille line CD? According to SCHILLER this depends on the onset 
distance necessary to establish a fully developed parabolic velocity profile, due to a 
theory by Ep. Hacenpacu [19]. Good agreement between theory and experiments 
has been obtained. With respect to the present investigation this could just as well 
be an effect of the kinetic energy of the flow at the tube entrance in general. 


SUMMARY 


The discussion of the results from the experimental investigations described in 
this paper makes it probable that: 

a. The transition between laminar and turbulent flow in smooth, circular pipes 
proceeds continuously (at least up to Reynolds numbers of 3300), 

b. The pressure discontinuity (resistance increase) at certain Reynolds numbers 
does not mean an instantaneous onset of turbulence, 

c. The vorticity of flows with high entrance disturbances in smooth, circular 
pipes decreases with the distance travelled (to some extent this has been observed 
at Reynolds numbers up to 1900000), 

d. The Reynolds number by no means is a crucial variable that alone determines 
whether the flow shall be laminar or turbulent, 

e. The classical experiments in determining the lower “‘critical’ Reynolds 
number have been misinterpreted and that there does not exist a critical Rey- 
nolds number of the value R,~2 300, 


f. In defining the state of motion of flows in smooth, cylindrical tubes, the 


Reynolds number may be replaced by an expression in the form F (=4, 4 > 
v 


where /= distance travelled, 


g. As the tendency to create turbulency depends on the bentonite concentration, 
a secondary conclusion is, that in running model tests with bentonite suspensions 
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(and surely also with other gel-forming double-refringent colloids) care must be taken 
so that no false predictions are made as regards the flow of the original liquid. Model 
_ tests should not be performed with higher bentonite concentrations than 0.1-0.2%. 
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An optical uncertainty principle and its application to the 
amount of information obtainable from multiple-beam 
interferences 


' By Erik INGELsTaM 


With 9 figures in the text 


1. The one-dimensional optical uncertainty formula 


In modern physics, great importance is attached to the uncertainty principle of 
Heisenberg, as it clearly expresses the limit which the wave structure of matter 
sets to the conceptions of classical mechanics. Its most usual formulation as 


Az:-Apr~h (1) 


deals with the degree of precision with which a length coordinate x and that of the 
component of linear momentum p in the same direction can be defined. The A signs 
have no rigorous meaning, giving only the order of magnitude of the uncertainties, 
depending on how they are defined in any special case; thus the amount at the 
right of the sign may vary by a factor of say 2 or 2 z. It is also well known that the 
two variables can be changed in many ways, being for example energy W and time tf, 
or any canonically related pair, as is discussed by HEISENBERG [1] and in most text- 
books, but these modified formulations still express the same law of nature. 

It has often been realized but is sometimes forgotten that HEISENBERG’s principle 
corresponds to still more obvious principles in the propagation of waves of any 
kind. This connection was first made clear by Bour [2], who related the new 
concepts to the wave-theoretical laws so significantly expressed by Lorp RAYLEIGH 
in the field of optics. In the present state of physical optics, it 1s of great 
interest to examine classes of uncertainty relations which can be deduced from the 
same fundamental arguments, with the wavelength of monochromatic radiation. The 
writer will return to these more general questions in later sections of this article. 

As a parallel case to that considered in equation (1), let us imagine a plane wave 
front containing certain parallel borders dividing up the field. As indicated in 
Fig. 1, the zy plane is taken parallel to the wave fronts, with the borders, such as 
Pm and Py,,, determining the y direction. This means that in all the following 
arguments no variation is assumed in the y direction, everything being thus one- 
dimensional and occurring as a function of z. The character of the borders Pm and 
Pyn+1 can be quite different: the domain PmPm,, may be a slit and the rest of the 


1 The writer is indebted to Prof. O. Kiern for his kind interest in the present questions 
and his advice concerning references to the early literature. 
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Fig. 1 a and b. Notations and coordinate relations of formulas (2) and (8). 


screen opaque: the contrary may be the case, or PmPm,, may introduce a phase 
shift with or without an amplitude attenuation with respect to the rest of the field. 
The first-mentioned disturbance is the most often considered and the one to which 
equation (1) is most directly applicable. 

Let the front, of width X, be divided into zones with, generally, the widths of 
Az,,. Within them, the complex amplitude distribution F,,,(z) may be constant, as 
indicated just now, or, a case we will consider more generally, having the modulus 
constant, the phase being variable. As is well known, the wave front is diffracted, 
and the distribution of amplitudes with the angle of the incident wave normal is 
the Fourier transform of the functions F,, (2): 


I+Ary, I+AL,, 


27 
G (sin 3) =G4(u)= 5 | Fale ets dra { i, (a) eo: Baie (2) 


ru 


m 
zx 


In the last member, the x component of the wave number vector k has been 
introduced for convenience, this vector having the modulus 1/4 and the direc- 
tion of the wave front normal, k;=ku=u/A. 

For the zones within which F,,,(~) = constant, this constant is taken out of the 
integral sign, and the corresponding function is the well-known Airy curve, having 
its central lobe within the total angle 2 where sin # =A/A z,,. The same is the case 
for a strip where a continuous and linear phase change occurs, but where the centre 
of the fan is inclined as demanded by geometrical optics. According to equation (2) 
and the schematic figure 1b, where part of a wave front is also indicated, the 
diffraction angles are greater the narrower are Az,,; they have all been assumed 
to be only a few wavelengths wide, as this is the interesting case. 

Information as to what has happened to the wave front at the zy plane is now 
contained in the diffracted fans, and the only physical method of studying them is 
by means of the energy distribution. Intensity measurements can be performed at 
the distant plane where the Fraunhofer condition is valid, or at the focal plane of 
a lens giving a linear scale of f-w, where f is its focal length. The intensity is however 
always spread out, regularly for the zones with uniform phase, and irregularly for 
the others. The intensity distribution is the function GG@*, and the meesurements 


3 


are most often made on its maximum value. The treatment according to wave 
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mechanical methods deals, with the domains of variables within which they can 
be varied in order to give GG* a not-negligible value. The formulation of 
this uncertainty principle which is most convenient for our purposes is [2] 


: 
A 


which, in optics with monochromatic waves, to which field we have limited 
ourselves in assuming a constant A, is best known as 


Ag-Ak,=Ag-— Au ~ 1, (3’) 


Az: Au=Az-:A (sin 3)~d. (3) 


In the most simple case just mentioned, this means that the main lobe of the 
diffraction figure corresponding to Az,,, is considered, the side lobes being neglected. 

This uncertainty principle states that a narrow pencil or slit of light is always 
undetermined as regards the angle. Attention should in this connection be drawn 
to the fact that (3) is an illuminating formulation of the well-known Abbe condition 
for optical systems. Equation (3) also involves the theory of the resolving power of 
the microscope, as the aperture of the microscope, sin ? or more generally n sin #, 
must be large enough to include the angles of the fan of rays just mentioned, 
giving the well-known expression for the resolving power A/2n sin #. 

If, in (3), the wave length associated with a particle is substituted, A =h/mzv, and 
it is observed that p, = mv sin ?, the Heisenberg relation (1) is obtained. Kq. (3) 
then gives the relation for the diffraction of particle waves in a slit, and everything 
that has been said above applies to them. 


2. Principles of the obtaining of phase information by means of multiple- 
beam interferences 


The diffraction angles entering in equations (2) and (3) are closely connected to 
the phase distribution in the wave front. It is therefore of interest to examine closer 
the modifications possible in the uncertainty principle when very accurate informa- 
tion of phases is aimed at. In particular, two recently developed principles or tech- 
niques in optics are of great importance in this respect, namely phase contrast and 
improved interference methods, especially the utilization of multiple-beam inter- 
ferences. 

This last-mentioned technique will be considered in some detail in this paper, 
under as general assumptions as possible. In order to illustrate the general principle, 
it is most convenient to take Fizeau fringes (of equal thickness), either in trans- 
mission or reflexion. Thanks to great improvements in the technique of applying 
highly-reflecting coatings, made possible by means of evaporation in vacuo, the inter- 

ference fringes appearing say in a wedge-shaped space between highly-reflecting 
surfaces can be characterized as real topography mapping lines closely following the 
variations in the optical path difference z, i.e. double the distance between the 
surfaces, and in this way the path difference can be measured with a precision of 
4/1000, or, which is the same, the phase may be found to within 1/1000 of a revolu- 
tion. Fig. 2 shows an example of an interferogram of this kind. The problem we set 
ourselves in this paper is: how truly does the z-coordinate of the intensity centre of 
the fringe express the real thickness variation of the film in the « direction? 
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Fig. 2. Multiple-beam interferogram in reflexion, mercury line 5461 A. The object is an optical 

flat coated with aluminium evaporated in vacuo, except for the central band. The whole plate 

is then coated with silver. The z coordinate scale, determined by the distance between the fringes, 
is 450 times larger than that of the x coordinate. 


We make the following assumptions using the notation of Fig. 3. The mono- 
chromatic light entering the interference space AB is exactly collimated, and thus 
the entrance pupil at the focus of the collimating lens is of negligible diameter. The 
surfaces A and B are both semi-transparent, their amplitude transmitivity and 
reflectivity, equal at all points, being ¢ and r respectively. This means an intensity 
reflexion factor of R =r? and a transmission factor of 7 =#?, the absorption, which 
has no influence here, being = 1— R— T. The interference space is viewed by means 
of an ideal lens L, its aperture assumed as large as to comprise all the diffraction 
angles from the space AB, no other associated stops being present. The lens is 
focused so as to image at the plane P’ a plane P in or near the space AB; often, 
P’ is the focal plane of a microscope, L being its objective, or, the film plane of the 
photographic objective L. We further should draw attention to the focal plane 
F of the lens L, as in this plane the Fraunhofer diffraction spectrum of the wave 
fronts appears. If w is the sine of any diffraction angle, the linear coordinate along 
that plane is f- w. 

An interference fringe is far from being an optical image in the ordinary sense. More- 
over, it has not been of any particular interest to relate it to any coordinates of the 
interference space at all, except for its “center of gravity”, which, as is well known, 
gives a topography, i.e. a phase information. For our purpose, however, it is of use 
to treat the problem as closely as possible by ordinary image theory. Referring to 
Fig. 4, we assume the amplitude of the incoming rays constant over the whole field, 
and so we can denote the #-independent amplitude of the first member taking part 
in the interference by A, (which is ¢ times a phase factor of the original amplitude). 
The next member is reflected twice and has undergone a phase delay on account 
of the distance between the reflecting surfaces, the next has undergone this effect 
twice, etc.: 
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Fig. 3. Imaging of a plane P in the Fizeau interference space AB, by means of an ideal and infinitely 

extended lens L with its rear focal plane at F. The diffraction spectrum of the modulated wave 

front occurs in this plane, and an integration from it to the image plane P’ gives the intensity 
distribution of the interferogram. 


The phase variation is wholly due to difference in optical path, so we can write, 
introducing the optical path coordinate z: 


Diage 
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We can assume that all the path difference is due to topography of the surface A, 
which, while it sets no limitation to the generality in our conclusions, makes the 
proof more graphic in certain sense. A thickness variation of Ae, a topographic 
height, is of course doubled in the wave-front, 4z =2Ae. 

One of the wavefronts, giving rise to components as just outlined, has a diffraction 
spectrum as a function of wu according to the usual treatment 


x 


G(u) = | eed 


0 


and no intensity variation at all is seen in P’, as the second integration from F to 
P’ only results in the constant amplitude 4,7r°”. 

What happens in the interferometric combination of the components is a more 
or less strong modulation of the undulations, in space or in phase, so that an extreme 
concentration of energy is achieved in maxima at «# near which z (x) equals NAif r 

“is so large as to make many components take part. The resulting spectrum origi- 
nates from the ordinary summation, and is 


is ate, felis 
dow) = | eT ene Ce She. (5) 


In this case, the resulting amplitude at the P’ plane is not constant, but under the 
given assumptions (z’ transferred to @ scale by the magnification factor g): 


313 


FE. INGELSTAM, An optical uncertainty principle 


(6) 


The most usual way to let the phases appear is to tilt B in respect to A around 
an axis parallel to the x axis, whereby to the topography to be examined is added 
a linear function z=ay; « being the small tilt angle. This only means that the 
amplitudes are spaced in a plane which can be denoted as an (z’z) plane, the last- 
mentioned coordinate z having the scale factor A/xy, corresponding to the spacing 
between consecutive fringes. The angle « is so small as not to introduce any 
falsifications in intensity distribution compared to that of the parallel inter- 
ferometer. The fringes give the two-dimensional energy distribution due to F 
(x, z(x)). See Fig. 2. In the general case, neither Gs(w) nor F’(x) can represent 
z(x) in an explicit way. In the analysis of the fringes shape, the intensity maxi- 
mum (or, in rare cases, another characteristic point on the intensity-curve, such 
as a steep slope on one side) is sought and accepted as the z(x) curve of the in- 
terferogram. 

The intensity maxima are characterized as the maxima of F’F’*. 


3. The uncertainty principle containing path length 


It is quite evident on account of the formulas (5) and (6) that the building up of 
the intensity of the fringe is intimately dependent on the diffraction angles w, as 
in the first factor of equation (5), the infinite sum, the argument is still increasing, 
while to this argument is added that of the diffraction factor. In the last integration, 
formula (6), all the w directions have been summed, but in the integrand the infinite 
number of terms combine with the z coordinate. Of course, our assumption that the 
lens comprises all angles w puts a limit to the slopes accessible by this method, a fact 
very well known to the experimenter. The only case when diffraction has no evident 
influence is when, for distinct portions of the x region, z(x) = constant, and in that 
case the interference fringes are exactly straight and the difference between the 
constant z values can be measured with theoretically unlimited precision. The 
sideways displacement of intensity for non-constant z(x) portions can be demon- 
strated in many graphic ways. Thus, an inclined part as S in Fig. 1 b gives a Feuss- 
ner surface for each member of the waves still more inclined, and so the image at 
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P’ is definitely out-of-focus for such a portion. Still simpler cases are dealt with in 
the next section. 

We now consider the relations between the measuring coordinates in this case. 
In the combined equations (5) and (6), w has been eliminated, and z has appeared, 
bearing its information. Physically speaking, the interference modulation condi- 
tion (5) for the intensity maxima selects close domains of the angular spectrum w. 
The variation of the wave number vector 2 component, which was A kz, =(1/A) Au, 
is, in the Nth order of interference in the interferometer, 4 ky = (1/A) A (2/N A). 
Geometrically, the variation (z/NA) is interpreted as the sine of the total 
variation of the wave number vector direction in the Aa region of the wave 
field of the interferometer. 

The intensity distribution F’F’* has, thus, a variation domain of 


ss Lec Vee! 1 é 
Ae: Ake=Aa-5A (5) = depo 2~1, (7) 


and the uncertainty relation valid for an interference fringe is then 
Az-Az~N 2. (7) 


This means that, the more we try to reduce the limit of error in locating and measur- 
ing the optical path values, 4 z, the more undetermined it will be to which portions 
of the interference space these path values really belong. Az is reduced by means 
of increasing the reflectivity 7 in formula (5), but the light then spreads more on 
account of diffraction in the x direction. In a well-dimensioned set-up, N will only 
be a few units, so it could be omitted when an ideal apparatus is being con- 
sidered. 


4. Treatment of some simple cases 


When approaching the problem of identifying the multiple-beam interferences 
practically, it should first be kept in mind that (7) only gives the order of magnitude 
within which the information is uncertain. A closer treatment of the probability func- 
tions in wave mechanics gives in Heisenberg’s relation a value reduced by 27, 1.e. corre- 
sponding to one radian in argument variation instead of one revolution. In the case 
of (7’) and (7), a more reasonable value than 4 would be 4/2, as is taken in other 
applications of information theory in optics [16]. When considering the practical 
consequences of (7) to the technique of precision measurement, it is advisable to 
take the narrower values just mentioned, and further, we pass over to the topography 
coordinate e instead of z, which is twice as great. Further, we include a factor we 
call «, increasing with N, which is intended to represent both technical imperfec- 
“tions and the influence of an increased number of the interference order. In this 
practical version we have thus 


9 


4 


Ae Aemars. (8) 


Fig. 5 shows very simply the meaning of Kq. (8). The multiple-beam interference 
technique, when properly exploited, is an extremely important way for obtaining 
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Fig. 5. A schematic outline of part of an interference fringe. The uncertainty rectangle is shown. 


information about depth variations, and instruments are also available for industrial 
purposes (‘“Multimi” of C. E. Johansson, Eskilstuna, Sweden). The method is espe- 
cially useful for measuring steps between planes and the uniformity of sheet thicknesses, 
etc. But we find from Eq. (8) that, when we try to reach very great sensitivity in 
depth information, we cannot also attain an unlimited sensitivity in the sideways 
representation of the contour by following the fringe. The interferogram as taken 
with a lower-power microscope indicates this itself, by providmg a much coarser 
scale for the x coordinate (see Figs. 2 and 5), and in this case the uncertainty is auto- 
matically taken into consideration in the practical evaluation of the interferogram. 
It is obvious that small raised regions, ridges etc. (see Fig. 5 at H) must be invisible 
or falsely represented when they have a Az less than that corresponding to the 
smallest Az which the fineness of the fringe allows to be detected. The phenomenon 
has often from a practical point of view been pointed out by ToLansky [8, 4] and 
collaborators, and Nomarski [5] has shown, by means of a semi-quantitative dif- 
fraction treatment, that small microscopical particles remain invisible in multiple- 
beam interferences. In particular, topographical diagrams showing very clearly depth 
structure must be interpreted with care regarding Az, if they are obtained when A 
and B are practically parallel and thus with a widely-spread intensity distribution. 
Here of course the assumption of one-dimensional variation is not valid, and intensity 
revealing z is a function of the a, y region imaged. The grainy structure often observed 
reveals crystallite topography, but does not image it. Nothing is gained in increasing 
the magnification of the microscope: even if the aperture is quite able to include 
even the extreme angles of diffracted light, the magnification is “empty” as regards 
the fringes. Of course a magnification chosen in order that the fringe may appear 
clearly to the eye or the photographic plate is of value, say of 10 up to 200 in linear 
measure, according to the topographies to be examined. Here the practical problem 
of constructing an objective with special corrections becomes of primary importance. 

Although several authors, as Brosset [6] and Faust [7], who have worked with 
multiple interferences, have pointed out that diffraction is a limiting condition for this 
technique, none has, to the writer’s knowledge, formulated the uncertainty principle 
(7) or (8). This may be due to the overwhelming mathematical difficulties of an 
exact treatment of this diffraction problem even in simple cases. None of the ordi- 
nary simplifications introduced in diffraction calculaticns are valid here, and the 
uncertainty principle indicates the reason why this is so. 

From the practical point of view, it may be of some interest to give some evidence 
for (8) by considering the method itself. Its theory is well-known. Assuming uniform 
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Fig. 6. Accuracy with which the centre of a multiple-interference fringe can be located, as a 


function of the reflectivity R of the interference plates. 


flat surfaces, and thus neglecting diffraction, the summation of the terms of (4), 
writing z(x) = const. = 2e, gives the resulting amplitude 


Ag 
ao 1—?r* exp (t-2%-2e/A) 


and the corresponding intensity AA* is easily expressed, putting 7? = R, as 
AG 


Peat 
(1—R)?+4R sin’? ate 


T= 


The maxima of intensity IJ are sharp insofar as m= 4 R/(1—R)?, Fasry’s sharp- 
ness coefficient, is large. The half-width of the intensity peaks is, expressed in z 
units, 2, =A/2 Vm. Practical experience indicates that a fringe can be located to one 
tenth of the half-width, and thus the practical 4z is given by 


Az=2z,/10=({1— R)A/20 a VR. 


This assumption, to which spectroscopists and interferometrists would agree, 
is conservative, as the contrast difference included in it, if calculated from the 
slope of the curve, is about 5 times as large as the threshold for visual contrast 
perception, often taken as a rule-of-thumb to be 2 per cent. Fig. 6 is a curve cal- 
culated from this formula, the abscissa being the reflectivity R within the hmits 
ordinarily used in practice. 

On the other hand, let us calculate by a semi-quantitative procedure the broaden- 
ing of the interference fringe in the « direction, also as a function of the practical 
~ parameter the reflectivity R. In the general diffraction treatment, equations (3)—(7), 
we have considered the imaging of the interference fringe, and have thus performed 
an analysis of the intensity actually obtained in a certain plane. Of course, for a more 
rough treatment of the interference, we can consider the interference space itself, 
especially an average plane in it, say midway between A and B. 

For this more obvious proof of the uncertainty relation (8) we may consider a 
small Az portion, say of width a, which is a few wave-lengths. It may differ from 
the rest of the field as regards z (or e), 1.e. be a ridge. 
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Fig. 7. Successive widening of the signal from a part a in a topography, on account of diffraction 
in the successive interfering rays; see the text. 


In this case, the central diffraction lobe has the half-angle #, assumed small and 
thus being @ =//a. We take this measure as characteristic for the angular widening 
of the “signal” indicating a, and if we like, the amplitude can be considered constant 
within this fan. In fact, for phase distributions within a other than the constant 
value here assumed, the amplitudes have another distribution, but the maxima 
always lie within this fan, as may be shown by a special study of phase gradients. 

When now Az// is diminished by increasing the reflectivity R following the tech- 
nical procedure, the sideways distribution is widened as more multiple waves take 
part in the interference. Being approximately in phase with each other, they add 
in amplitude, and the intensity is built up from their square. Fig. 7 gives a pictorial 
representation of these widened diffractions, Fig. 7 a showing the space AB itself, 
while in Fig. 7 b the rays are separated as if they emerged from successive mirror 
images of A and B, etc. Amplitude and intensity reflexion factors giving the relative 
value of the successive signals from A, A’, A”, etc. are r?, and R? respectively. Tak- 
ing into account that the fan spreads more and more for the successive reflexions, 
Fig. 8 gives the diffraction broadening for three different R chosen within the region 
covered by Fig. 6. They are to be considered as zones of probability for the intensity 
distribution due to the presence of a, and when they are used to characterize width 
of the possible extension in the x direction, when as indicated the fringe is localized 
at the intermediate surface M of Fig. 7 a, only values of the function so large that 
they are well over visual contrast perception need be considered. The block diagrams 
shown in Fig. 8 should of course, in the vertical direction, be normalized to the total 
area unity when comparing them, but this is of no interest here, as we only think 
of the sideways distribution. The absolute value of the broadening for a given value 
of a is obviously the abscissa values of Fig. 8 multiplied with $-NA/2. The values 
of Fig. 8 thus represent 4 42/NA, and we find by comparing the corresponding 
values of Fig. 6 with those of Fig. 8, that 


(2) (met 
yi Ni constan 


thus confirming the validity of the product relation independently of m or R, and 
thus of the degree of multiplicity chosen for the interference. The absolute values 
are reliable, and conform to experience. The present treatment indicates that « of 
equation (8) should be proportional to N; as we deal with probability blocks the 
function of N is in fact less dependent on this order of interference. This is specially 
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Fig. 8. Blocks showing the widening indicated in Fig. 7: the heights are relative intensities, 
comparable only within the same diagram; the widths are those of the fans in Fig. 7 b. 


the case for the small V most often used, where the approximations involved in the 
Fraunhofer assumption for this treatment are very rough. 

A very evident explanation of the relation is also that, in order to maintain the 
demanded accurate phase equality, or equality in optical path, for different diffrac- 
tion angles, the rays must spread out on the border between one detail and the 
others, in order to find a hill or a crest with an equal optical path for the successive 
angles. 

In conclusion, two remarks should be made concerning the applicability of for- 
mulas (7) and (8) to multiple-beam arrangements. The cases of transmission and 
reflexion are in this respect identical. It has been remarked by several authors that 
in the case of reflexion the presence of a term (first reflexion, ray 0, of Fig. 4) not 
included in the series (4) would cause a difference: the corresponding ray does not, 
however, improve the uncertainty condition, but only changes the intensity distri- 
bution. Further, it is also applicable to Fizeau mountings and to fringes of equal 
chromatic order, as, according to the arguments presented above, the fact is of 
fundamental nature. It goes without saying that all other more or less serious 
technical difficulties increase the value of « in (8), as in all practical applications of 
the Heisenberg relation in diffraction experiments etc. Of course, the principle 
applies to two-beam interferences (two members instead of an infinite series), but 
is there of less practical interest as the two factors are more equal in magnitude. 


5. Disturbances of the simple x, z information by intersections 


It is instructive to consider a wave as the means of transferring communication, 
as is now often done in other technical signalling methods. This has, for the domain 
of optics, been pointed out by ToraLpo pi Francia [8]. The wave cannot, on ac- 
count of its nature, carry more than a certain amount of information, and the 
“relation (7) should be an expression of this limiting condition. In a brief com- 
munication (unpublished) at the Paris Symposium on Phase Contrast (1951) 
TorALpo pointed out that it is not surprising that one can measure depth dif- 
ferences of even 1/1000. The wave nature of light sets a limitation only on the 
total number of informations avilable. We can get any degree of detail in the 
depth information, provided we give up some other information. This 1s ex- 


1 I should like to express my cordial thanks to Prof. Toraupo for stimulating talks and 
correspondance on these questions. 
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Fig. 9. A schematic case of superposition interference fringes: the interposed sheet differs from 

the surrounding space in refractive index, and therefore reflects at both its sides. It may be 

wedge-shaped, as here, and randomly inclined, both of which factors will influence the shape 
of the ‘“‘anamalous fringes’. 


pressed by Eq. (7). For multiple interferences, the special modulation has been 
forced upon the wave by dividing it up as the result of the summation of partial 
waves as given in Eq. (4), so that it should give an exact information of phase, or 
of z or of e. 

From this point of view, it is quite clear that any other stress on the same wave 
to give additional information will result in a modification of degree of information 
according to (7). The most striking example is the intersection of the multiple- 
interference space by reflecting layers tilted in respect to the surfaces A and B, as 
when introducing for example a glass or a mica sheet as shown in Fig. 9, which 
gives an intersection in one plane. The partial reflection at the two new borders 
gives new modulations to the same wave and the result is that the curves run in 
zigzags with quite definite amplitudes and spacings between the dents, depending 
on the new disturbance. The phenomenon, which is easily observed, was published 
[9, 10], but it was not considered as in principle correctly explained before an article 
of HuntTEr and Naparro [11]. Earlier, Potster [12] had however drawn attention 
to the same phenomenon in principle, and treated it briefly. 

By analyzing the zigzags a lot of interesting information can be obtained concern- 
ing the tilting angle, the reflectivities, the thickness, and the birefringence, of the 
interposed sheet. This is all new information about phases, i.e. of the detailed struct- 
ure of z. The total optical path, in this paper denoted by z, is still available as the 
average curve of the zigzag [13], in most cases without any correction. What is 
practically lost is the detailed 2 information concerning either of the surfaces. 

With techniques specially suited to the quality of information required in a special 
case, e.g. refractive index differences, or roughness of interposed surfaces, these so- 
called superposed multiple-beam fringes are also of great value. But it is important. 
to realize that the fringes obtained in such cases cannot be interpreted as simple 
(z, x)-curves. Special attention may be drawn to high-resolution interferences mi- 
croscopes, where unknown structures must be deduced from interference contrast. 
It is possible that details visible during adjustments or at certain settings of 
the important interference microscope of Dyson are of this type [13, 14]. Mr. Dyson 
has, after correspondence with the writer, examined this possibility and found 
that the large zigzag contours visible with mica sheets are not due to this ef- 
fect. He also considers that for biological specimens the reflectivity of bordering 
surfaces are moreover too small to disturb the main interference appreciably. 

When new techniques open new fields of investigation, there is always the possi- 
bility that the new information will be obtained at the expense of information 
obtainable by classical methods. This is the case when both information variables 
are connected physically, as here. The experiments must be judiciously planned 


within the laws of uncertainty in order that just the information required may be 
obtained. 
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6. Connections to other branches of information theory 


The formal information theory introduced by SHanNon, Wrener and others, and 
applied to signals, has also aroused interest in its application to optics and, more 
generally, to waves. Thus, Buanc-LaprerRe and Prrror [16] have drawn attention 
to the fact that Durrimux’s treatment [17] of the incoherent imaging through a 
lens system can be considered as an information problem. The wave trains travelling 
through an aperture carry an information quantity equal to its surface divided by 
/?/4, corresponding to the finite resolving power of the system in both dimensions 
x and y. It is here only a question of amplitude information. The ideas have a close 
connection with the new concepts of transmission or contrast reduction curves for 
establishing true values of “resolving power’’. 

The two-dimensional arguments presented in this paper deal with another question, 
namely position and phase in one space dimension, and if the uncertainty relations 
comprise the two space dimensions x and y, and include the phase function in every 
point, they should be considered as three-dimensional. Durrreux [17] has, ingeni- 
ously but only in a verbal discussion, pointed out many consequences of the inter- 
relationships between position and phase in the optics of coherent waves. ToRALDO 
DI FRANcrIA [8], and possibly others concerned with the actual techniques of micro- 
waves, have brought the discussions further. One striking fact, often neglected on 
account of thinking formally after Abbe’s formula, is that there exists no theoretical 
limit to the location by means of waves of two close points, and calculations have 
also been made recently of selective aperture screening causing an improvement of 
“resolving power” far above the classical value — while other information, namely 
the energy distribution in adjacent parts of the field, is reduced [18, 19, 20]. 


7. Application to phase contrast 


The diffraction conditions in phase contrast imaging can be summarized by an 
uncertainty principle extending that in (7). A difference lies in the fact that the 
phase contrast involves interceptions in the w function, which makes the uncertainty 
product dependent on the z entensions, while still valid when averaged, as is required 
by the method, over the whole coherent wave field. This will be dealt with 
elsewhere. 


-Optics Laboratory, Royal Institute of Technology, Stockholm 70, May 1953. 
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Communicated 3 June 1953 by ARNE WESTGREN and Lise Mperrner 


A critical comparison between some methods for measuring 


the strength of a Ra-Be neutron source absolutely 


By Kart-Ertk Larsson 


With 8 figures in the text 


Abstract. The neutron yield of a 250 mg Ra-«-Be source has been determined using 
two different methods, firstly by integrating the neutron density in a boric acid 
solution with a small BF,-chamber and secondly by integration of the neutron 
density in pure water, using gold foils and subsequent absolute counting of the 
induced activity. The values found for the yield are (2.57 + 0.12)- 10° neutrons/sec. 
with the BF; chamber method, and (2.62 +0.08)- 108 neutrons/sec. with the gold 
foil method. The neutron yield of this source has also been directly compared with 
the yield of a Harwell standard source, the result of the comparison being (2.64+ 
+0.13)-10® neutrons/sec., and indirectly with a Los Alamos source, giving the result 
(2.55 + 0.21)-108 neutrons/sec. 


I. General 


During the recent rapid development of neutron physics it has become increas- 
ingly clear that inaccuracy in the measurement of fast neutron fluxes (in the MeV 
region) has set a limit of about 10% to the accuracy with which absolute cross 
sections can be determined for reactions between fast neutrons and nuclei, or for 
processes in which the reaction of a charged particle with a nucleus results in the 
production of neutrons. For those purposes it is in general sufficient to use methods 
giving the absolute intensity of a mono-energetic neutron flux, which is easier to 
measure than a poly-energetic flux, since the methods of measurement available 
are energy-sensitive [1]. Although it is not often necessary to measure a poly-energetic 
flux, it is of some interest to measure the flux from a natural source, such as a RaBe 
source. This can then serve as a standard for the calibration of any other point 
source, by means of an energy-independent method such as the activation of a 
~ MnSO, solution. 


II. Principle of the method 


The neutrons from a RaBe source have a complicated and only partly known 
spectrum [2, 3, 4], and it is therefore hardly possible to measure the flux directly 
by a recoil method, since these methods are energy-sensitive. The simplest solution 
is to slow down the neutrons to thermal energies in a moderator, which must be 
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large in extent compared to the distribution of thermal neutrons round the source. 
If the moderator contains a material which absorbs neutrons, the problem is then 
to measure the rate of capture, which must be equal to the rate of production by 
the source. If the source emits Q neutrons per second, and their mean life in the 


moderator is t seconds, we have: 


(oe) 


9=*2 | oredr, (1) 


T 
0 


where 0 (r) is the neutron density at a distance r from the source. Measurements 
of this type were first described by AmMaLp1 and Fermi [5], and have since been 
used by several others [6, 7, 8]. The results have however varied greatly with the 
details of the methods used, and it is therefore worth while making a comparison 
between them. The measurements reported below were made using two different 
methods to determine the flux from the same RaBe source. 


Ill. Measurements 


A. Integration of the neutron flux in a H3BOz; solution, 
using a small BF; chamber. 


1. Method 


As follows from equation (1), the problem reduces to an integration of the neutron 
density over the whole of the volume occupied by the moderator. The neutron 
mean life is however given by 

iL 


AT 
Vth >. Nx Cxtn 


T= 


(2) 


where NV, is the density in the moderator of nuclei of type /, having thermal absorp- 
tion cross section oxtn, assumed to follow the 1/v law, and vy, is the average neutron 
velocity at therma] energies. The result therefore depends directly on the value 
of o,, for the moderator, which is a serious disadvantage, since the cross section is 
in general not known to better than a few percent. This difficulty can however be 
avoided in the following way. 

We shall assume that the moderator contains absorbing nuclei of type A; and 
cross section o; (v), and that the detector used to integrate the neutron density is 
an ionisation chamber containing nuclei of the same sort as the absorber. If, when 
it absorbs a neutron, this sort of nuclei emits a charged particle which can be counted 
electrically, it may be shown that the dependence on cross section can be eliminated, 
provided that the nucleous A; has a cross section considerably larger than the 
other types of nuclei making up the moderator. The number J of nuclear reactions 
occurring per unit time in an ionisation chamber containing n, nuclei of type Aj; is 
given by: 

oo 
I="; lo (r, v) 0: (v) udy, (3) 


0 
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where 0 (r, v) dv is the velocity distribution at a distance r from the source. If the 
cross section o;(v) obeys the 1/v law, it follows that 


T= 0 (7) Vin On %.- (3’) 
Combining (1), (2), and (3’) we get: 


N, 2 Ne onm r 
Q=4n 14 oNPE Jreae (4) 


Tf now N;, oitn > Nj, 0;tn, the cross sections enter only in as small correction terms. 
This simple result is valid only if all the cross sections follow the 1 /v law. 

The above requirements are fulfilled by boron, which in the form BF, is often 
used as a filling gas for ionisation chambers. If the neutron density in a water 
solution of boric acid is measured with a small BF, chamber, the source strength 
is given by the equation: 


ee eee (1 ! ca) | rar, (5) 
0 


V-Ne3 . Ga Ne 


where Ny and Ny are the number of boron nuclei per ce in the BF; chamber and 
H,BO, solution respectively, Ny the number of hydrogen nuclei per cc in the H,BO, 
solution, og and oy are the absorption cross sections for boron and hydrogen, 
and V is the active volume of the chamber. 

The term NVyoxn/Ngoxg cannot be made negligibly small, since the amount of boron 
present in the moderator is limited by the low solubility of boric acid in water, and 
by the need to maintain a reasonable counting rate. A relatively low concentration 
is therefore used, and the term og/oy 1s determined. This may be found integrating 
the neutron density in pure water and comparing the result with that for the boric 
acid solution. Then we have: 

OB ING | Sy 1) (6) 


oy Ne Suis 


where Sy and Sy,5, are the values of J Ir? dr for water and for the boric acid solution, 
respectively. From equations (5) and (6) we can then find Q, by measuring the 
density integrals S both in water and in a boric acid solution, using the same BF, 
chamber. This method was first used and described by Baurr et al. [9]. 


2. Apparatus 


The apparatus is shown in Fig. 1. A 250 mg RaBe source is mounted with alumin- 
ium clips on one end of a slender plexiglas rod, and suspended at the centre of a 
cylindrical tank 1 m in diameter and | m high, which is filled with the moderator 
liquid. The other end of the rod is fastened to a sliding carriage which can move 
along two parallel horizontal rails fastened to the upper edge of the tank. These 
rails also support another carriage, to which is attached a 5 mm brass tube 55 cm 
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Fig. 1. Experimental arrangement. 1. Water tank with steel rails. 2. Carriages. 3. Steel scale. 
4, Ra-Be-source. 5. BF3-chamber. 6. Housing for first amplification stage. 


long, at the lower end of which a small BF; chamber is mounted. The collector 
electrode of the BF, chamber is connected to a pre-amplifier on the carriage by 
means of a 0.02 mm tungsten wire, which is stretched down the centre of the brass 
tube and held in position with paraffin wax. A 2 mm glass tube running parallel 
to the brass tube carries a fine copper wire connecting the high voltage to the 
cathode of the chamber. The pre-amplifier is connected by a cable 1 meter long to 
the main amplifier, which is followed by a discriminator, scalar, and numerator. 
The movable carriage supporting the BF; chamber is fitted with a pointer running 
over a millimeter scale, so that the distance 7 between the centres of the BF, 
chamber and source can be read directly. The high voltage to the chamber is sup- 
plied by a stabilised 2 KV supply. 

The most important part of the apparatus is the BF; chamber and its input 
circuits, which have both been described in detail ina previous article [10]. It is suf- 
ficient to point out here that the geometry and gas filling of the BF; chamber must 
be chosen so that the integral bias curve of the pulse distribution has a plateau at 
the low-amplitude end, in spite of wall effects in the chamber. If this is achieved, 
there are very few pulses too small to be detected, and one can assume that 100 % 
of the nuclear reactions occurring inside the chamber are detected. This means in 
practice that the chamber must not be too small, and a compromise must be made, 
since the chamber should be as small as possible in order not to disturb the neu- 
tron distribution. 


3. Measurements 


Four different series of measurements were made. The neutron density was meas- 
ured over the range 3<r<40 cm, in pure water, and in water containing the follow- 
ing percentages of boric acid: 0.549, 0.946, and 1.390. The concentrations of boric 
acid were found by titration. The neutron distributions are shown in Fig. 2, where 
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Fig. 2. Neutron density distributions in water and boric acid solutions. 


Table I 
Ee cen- Area S (neutrons - em$- sec.—1) 
ration : 
Region % of || : O% Ok F % of || Total 
as (°%) (caleu- | Area | total | ape Area | total re penis Area | total || area 
wee <4 lated) area area | eoveuloned) area S 


0 0<r<5.3|/39 970] 12.3 || 5.3<7r<38.3 | 275 300] 84.4 || 38.3<r<co]10 750] 3.3 || 326000 
0.589 | 0<r<3.3] 7110] 6.4 || 3.3<r<35.3 | 98900] 89.2 ||35.3<r<co] 4890) 4.4 ||110 900 
0.946 |0<r<3.3} 5560] 7.0 | 3.3<7r<34.3 | 69700} 88.4 || 34.3<r<oo| 3660) 4.6 78 900 
1.390 |0<r<3.3| 3920) 6.7 || 3.3<7r<40.3 | 53100) 90.7 40.3<r<oco|] 1550) 2.6 58 600 


Tr? is given as a function of r. Before the intensity integrals can be evaluated it is 
necessary to estimate the intensities in two regions where they cannot be measured 
directly with the BF, chamber: close to the source (0 <r <3 cm), and far away from it 
(r>35 cm). In the region near the source the dimensions of the chamber are too 
large, and the cylindrical form of the source will give a neutron distribution which 
is not strictly spherical. The curves have therefore been extrapolated to zero assum- 
ing a gaussian distribution near the source [11], the curve being fitted to the first 
experimental points on the curve I(r)=f(r). Far from the source (r>35 cm), the 
intensity becomes too low for accurate measurement, but the curves I7? = (7) 
fall off exponentially beyond r = 20 cm?? (see Fig. 10 in reference 12), and an extra- 
polation may therefore easily be made. Table I lists the values found for the areas 
S under the curves, the contributions of the measured and calculated parts being 
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shown separately. In each case the measured part constitutes some 90% of the 
total, and small errors in the extrapolations will have little effect on the final values. 
Before the yield Q of the source can be calculated there are several corrections 


which must be considered: 

1. Absorption of neutrons in the walls of the chamber. 

2. Depression of the neutron density due to the finite size and absorption of the 
chamber. 

3. Absorption of neutrons in the source. 

The first of these corrections was determined directly by measuring the absorp- 
tion in the silvered glass walls of the chamber. A glass tube closed at one end was 
prepared, using glass of the same sort and thickness as that used for the chamber, 
silvered in the same way. The transmission through this tube was found using a 
BF, chamber small enough to go inside it. The measurements were made in water, 
at various distances from the source. The ratio of the counting rates without and 
with this absorber was found to be 1.015 and the values for S were therefore multi- 
plied by this factor. 

The other corrections are difficult to measure. The depression effect can however 
be estimated theoretically, using the calculations of DraPEr [13] for the efficiency 
of a BF, chamber in a block of paraffin. The calculations show that the depression 
in the neutron density is 1.5—2 % in the four cases considered here, and the S-values 
have therefore been multiplied by a further factor 1.017. 

The third correction must also be estimated. The total absorption cross section 
of the source, calculated from a knowledge of its construction, is > = 1.6 cm?. The 
neutron flux at 7 =1 may be calculated using equation 3 and assuming a gaussian 
density distribution. The result is 9-v ~ 2-10* neutrons cm-’sec~!. The absorbing 
material in the source is now imagined to be uniformly distributed throughout a 
sphere of radius 1 cm. The number of neutrons absorbed per second is then 0.03- 108. 
Since the total yield of the source is ~2.5-10® n.sec—!, the correction for self absorp- 
tion in the source is about 1%. The S-values have therefore been further multiplied 
by a factor 1.01. 

The ratio og/o% may now be calculated. The results are collected in Table IT. 


Table II 

o 

% HBO, a 

OH 
0.589 2270 
0.946 2280 
1.390 2260 
Mean value 2270 


If the determination of S, excluding the corrections, is correct to 1%, and the 
concentration of H;BO, is known to 0,5 %, the error in the ratio Op/On is + 2%. 
The result is thus: - 
OB caret 
—= = 2270 + 45. 
OH 
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The values found for this ratio by other workers lie between 1940 and 2380 [14] 
(see reference 14, p. 294). - 


: : o 
Using this value for = we can now calculate the yield Q of the source from 


H 
equation (5). The number of boron nuclei per cc in the chamber can be found from 
the pressure in the chamber, p =439 mm Hg at 17°C, and its volume, 3.34 cc, 
which was found by filling the chamber with water and weighing. The three values 
found in this way for Q are given in table III. 


Table IIT 


Concentration 


H,BO, (weight %) @ neutrons/sec. 


0.589 2.56 - 106 
0.946 2.57- 108 
1.390 2.59 - 108 

Mean value 22571 = 108 


4. Discussion of the sources of error 


The greatest source of inaccuracy in this measurement is due to an uncertainty 
about the cross section of boron. Mass-spectroscopic measurements by THODE et al. 
[15] have shown that the isotope ratio B,): B,, in different samples of natural boron 
may vary by as much as 3.5 %. It is also possible that the method [16] used to purify 
the BF, filling gas may have led to a small shift in the isotope ratio. Thus the cross 
section of the boron in the chamber may not be the same as that in the boric acid 
solution, as was assumed above, and this would influence the result directly, as 
may be seen at once if equation (5) is rewritten: 


_ 4a Npg OB | vee) 
O= TN On eles = 


(5’) 


Q is then proportional to og/oz, where 


Oz = cross section for boron in the boric acid, and 
Oy = cross section for the boron in the BF, counter gas. 


I 


The uncertainty in the result due to this effect may be taken to be 4 %. 

Other factors appearing in the expression for Q are the uncertainty of 0.5 % in 
Nz caused by the errors in the determination of the concentration of boric acid, 
and the uncertainty of 0.3 % in Ny emanating from errors in the measurement of 
the pressure in the BF; chamber. 

The area S, excluding the correction terms is known with good accuracy, the 
greatest uncertainty coming from the extrapolation of the curve I (7) = f(r) tor=0. 
As this calculated part of the area constitutes < 10% of the total area, and the 
error made in the extrapolation should not exceed 10 %, the uncertainty in S from 
this cause should be < 1%. Of the three correction factors, the correction for the 
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absorption of the chamber walls is known to an accuracy of about 10 %, which 
gives a vanishingly small error in the correction factor 1.015. The correction for the 
self-absorption of the source is based on the knowledge of the total absorption cross 
section, 1.6 cm2, of the source. As will be mentioned below, this cross section was 
measured at Harwell with the pile oscillator, the result being 1.4 cm?, in reasonable 
agreement with the calculated value. The error in the correction factor 1.01 is 
therefore believed to be very small. The most uncertain correction is made for the 
depression in the neutron density made by the chamber. Draper’s calculation was 
made assuming a constant neutron density, while the actual density distribution 
shows a gradient. The correction factor 1.017 for the depression effect should be 
regarded as an estimate, and the uncertainty is assumed to be 1%. The total error 
in S, including the uncertainty in the correction factors, is therefore taken to be 
2%. There is finally a slight chance that the sensitive volume of the chamber is not 
equal to its geometrical volume: we may allow an error here of 0.5 %. Summing all 
these errors we find a total estimated error of 4.6%, and the absolute neutron 


yield of the source is 
Q = (2.57 + 0.12)-10* neutron/sec. 


B. Integration of the neutron flux using gold foils in water 


1. Method 


Instead of using an ionisation chamber as neutron detector, one may make use 
of the radioactivity which is often induced in nuclei by neutron capture. The detector 
may consist of a thin foil. Let the foil be made of a material with thermal neutron 
absorption cross section oj, and atomic weight M, the total weight of the foil being 
m grams. The source strength as found by integrating the neutron density in water 
(compare with equations (1) and (3) is then: 


OxHth M 
Oeder 
On Mynx,0 


[ew r dr. (7) 


The quantity to be measured in this case is the specific activity O(r) = n/m, where 
n is the absolute rate of capture in foils placed at different distances from the source; 
nm may be found by an absolute determination of the induced radioactivity. 

One of the most reliable ways of measuring low activities absolutely [17, 18] is 
the coincidence method. If uncertain corrections are to be avoided, this method 
requires that: 


a. the deacy scheme for the detector element must be simple, preferably a single 
p-decay followed immediately by one or more y-quanta, and 
b. the internal conversion of the y-ray must be slight. 


Other requirements which the foil material must satisfy are that 


c. the absorption cross section for thermal neutrons must be large, because of the 
low neutron flux to be measured, 


d. the absorption cross section must follow the 1/v law, which was assumed in 
setting up equation 7, 
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. the half-life must be suitable, 


. It must be possible to prepare the element in the form of thin foils, which must 
be chemically neutral, so that no changes occur in them in the course of activa- 
tions in water lasting for a considerable time. 


ae) 


_ Gold (Au’®’) fullfils these conditions sufficiently well. Its most serious disadvantage 
is that its 1/v region is short, the first resonance occurring at 4.95 eV!®, The effect 
of the activity induced by resonance neutrons is allowed for as follows. The absolute 
activity n of the foil may be written: 


lee) 


n(r)=A | 9 (7, v) o(v) ody, (8) 


0 


where A is the number of nuclei in the foil. Now 


°Cd oe) 
Not (7) = A Oi Vin i o(rv)dv+A | o(7r, v) o(v) vd v= Ne (7) + Nees (7). (9) 
0 ’Ca 


It has here been assumed that the cross section follows the 1/v law up to at least 
the absorption cut-off of cadmium, voq. Of the two contributions to the total activity 
Not, We are here interested only in that due to thermal neutrons, . This is given 
by 

min (r) = Meot (7) “(1 — 1/R(r)); (10) 


where R(r) = ntot/Nres 18 the “cadmium ratio”. 

Cadmium difference measurements must therefore be made. In spite of this the 
method is simple, and should give an accuracy comparable to that of the BF, chamber 
method. 


2. Experimental procedure and apparatus 


a. Experimental procedure. The application of the coincidence method to the 
measurement of weak sources has been described in detail by several authors [17]. 
When the activity of the source decreases markedly during the course of the measure- 
ments, it can be shown that the activity, No, of the source at the beginning of the 
measurements is given by: 
: a N B N. Y, A 

Ney i= uae ¥” 


No (11) 


where Nz, N,, and Nz, are the total numbers of pulses recorded in time ih in the 
B, y, and coincidence channels, and / is the decay constant. These quantities must 
be corrected for background effects, and allowance must be made in Nz for any 
y-quanta which may be counted by the f-counter. In the case in question here the 
foils are activated for a certain time ¢ in the water tank be neutron irradiation from 
the Ra-Be source, and their activity at the end of the irradiation period is given by 


N,=n(l—-e-"’), (12) 


where n is the activity of the foil after an infinitely long activation period. Equations 
(11) and (12) give: 
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Fig. 3. Counter arrangement. 1. Stilbene crystal. 2. NaJ crystal. 3. Au foil. 4. Al reflector (0.15 
mg/em?2). 5. Al absorber and reflector. 6. Perspex window. 7. Removable Al absorber. 
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Nea ( Sex f) (1 —¢7*) : (13) 


This is the absolute rate of capture in the foil, which is the term inside the integral 
sign of equation (7). 


b. Apparatus. Since the RaBe source gives a relatively low flux, the activity 
induced in thin gold foils is low, and it is therefore necessary to choose the counters 
and counter geometry so that the efficiency for both 6 and y-counting is high. For 
this reason scintillation detectors were used. The experimental arrangement is shown 
im Figa3. 

Two photomultipliers of type EMI 5311 were mounted with their cathodes facing 
each other in a light-tight box. The scintillator crystals, which were mounted directly 
against the cathodes, were in one case a stilbene crystal 30 x 30 x5 mm, and in the 
other a Nal crystal 25 x 25 x25 mm. The Nal crystal was clamped between two 
small springs in an aluminium housing filled with paraffin oil. The housing had a 
perspex window on the side facing the cathode, while its opposite side consisted of 
a 2.5 mm aluminium plate, which served both as an optical reflector and as a screen 
to absorb the f-rays emitted by the gold foil. The stilbene crystal was enclosed on 
five sides by thin aluminium reflectors (0.15 mg/cm?2), cemented to the crystal with 
Canada balsam, the free side of the crystal being cemented, also with Canada balsam, 
to the cathode surface of the photomultiplier. The foil was mounted in a holder 
between the two crystals, as may be seen in Fig. 3, and provision was made to insert 
a 2.0 mm aluminium absorber between the foil and the stilbene crystal. The foils 
which were 20 x 20 0.01 mm, were mounted in small perspex frames by means of 
steel wires of diameter 0.05 mm (Fig. 4), in order not to disturb the neutron 
distribution in the moderator more than was necessary. The crystals were placed 
as close to the foil as was mechanically possible, to increase the detection solid angle: 
the space between the foil and the crystal surfaces was about 4 mm. 

The factors governing the choice of the crystal types were the following. For y- 
counting the crystal should consist of elements of high atomic weight, to give a 
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Fig 4 Foil mounting. 1. Perspex frame. 2. Au foil. 3. 0.05 mm steel wires fixed to the foil with 
araldite wax. 


Fig. 5. Block diagram of circuit. 


high efficiency: it is simplest to use NaI. With the arrangement used the total y- 
efficiency was about 8%. For the f-crystal, on the other hand, the y-efficiency 
should be as low as possible, since the y-counts in this channel must be found by 
an absorption method and subtracted from the f-counts. A thin stilbene crystal 
is suitable, giving in this case a f-efficiency of 30-35 %, while the y-efficiency was 
only 1 or 2 %, for the selected crystal. To reduce background effects the whole 
arrangement was screened by 5 cm of lead. 

A block diagram of the apparatus is given in Fig. 5. The pulses from the photo- 
multipliers were fed through cathode-followers to low-gain feed-back amplifiers, and 
then to a pulseforming circuit. From here they were fed out through cathode- 
followers to two scalars, and also to a coincidence circuit of the usual Rossi type, 
after which they were again shaped, and fed to a third scalar. By simultaneously 
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registering the counts from the f, y, and coincidence channels, the effects of drifts 
in the electronic circuits were eliminated. 

The minimum resolving time which could be used without loss of true coincidences 
was 0.4 us, as determined by screening the counters from each other and irradiating 
them with two small radium sources. The resolving time used during the experiment 
was 0.6 us. 


3. Measurements 


a. Activations. The foils were activated four at a time. They were suspended 
by means of fine steel wires stretched across a cubical frame-work of side 95 cm, 
at various well-defined distances from the neutron source, which was suspended in 
the same manner at the centre of the frame. The spacings between foils and source 
were measured with a cathetometer. The whole frame assembly was then immersed 
in water in the same tank as was used for the BF, chamber measurements. Hach 
foil, which was weighed before mounting, was irradiated for 10 days, and its activity 
then measured. The measurement procedure always began with a background mea- 
surement, followed by a two-hours measurement of the activity (N,, N,, Nz,), 
a two-hours measurement of the f-activity with the 2.5 mm aluminium absorber 
inserted, and finally another background measurement. At least two such series 
were taken for each foil. Eight foils were activated, at distances r between 4, 70, 
and, 13.12 "ems: 

The foils were subsequently wrapped in 1 mm cadmium sheet and reactivated, 
so that the correction could be made for resonance capture at 4.95 eV. Seven foils 
were activated in this way, for distances r between 4.74 and 11.69 em. It was not 
practicable to measure at greater distances from the source, because of the ex- 
tremely low activities of the foils (only 7 decays/sec at r = 11.69 cm). Instead of 
measuring the whole neutron distribution in the tank, one can make use of the very 
accurate results of the BF, chamber measurement described above. We need to 


oo 


4 f 2 
IHONCL Sen = | Cm? dr where Ci, = n/m. From the BF; chamber measurements we know 
0 


Spr, = | Ipp,7° dr, accurate to 1% not including corrections. The neutron distribu- 
0 

tion is of course independent of the detector used, and thus the ratio Cn/Tsr, 

should be constant and independent of r. This constant F = O,/Igr, was found, 

from eight measured values of Cy; and we therefore have: 


Sande a Spr,. (14) 


b. Effects of decay scheme and internal conversion. The use of the 
coincidence method for the measurement of absolute decay rates assumes that 
the decay scheme of the detector element is simple, and that the internal 
conversion of the gamma radiation is negligible. These two conditions are how- 
ever not strictly fulfilled by Au!8, since the currently accepted decay scheme 
[20, 21, 22] is shown in Fig. 6, and the experimentally measured [22] internal con- 
version coefficient is about 0.05. It can be shown [17] that the correction for the 
complex decay scheme is very small, since only about 1% of the decays do not 
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Hg 198 
Fig. 6. Decay scheme of Au?%8, 


follow the simple main branch, but the correction for the internal conversion effect 
is more important. If the internal conversion coefficient is «, one finds that 


Np Ny _ if l EB, )- 
Nay N (1 ae aH,j=n (15) 


/ 


where N is the true decay rate, and #, and F, are mean values for the counting 
efficiencies of the direct and converted f-rays respectively. Since EZ, and F, are not 
precisely known, the correction cannot be calculated. One may however vary E, 
by making a series of measurements with different absorbers, which will give different 
values for n, the true value being that corresponding to FH, = 0. 

In order to investigate these two effects, a gold foil was irradiated to high activity 
in the reactor JEEP at Kjeller, Norway, and the absolute activity determined, 
with aluminium absorbers of various thicknesses between the foil and the /-crystal. 
The results of the measurements are shown in Fig. 7. There is no change in n for 
absorber thicknesses up to 54 mg/cm?, but between this value and 81 mg/cm? there 
is a reduction of 4%. For thicker absorbers the value is independent of the absorber 
thickness. This is what one might expect if HZ, falls to zero between 54 and 81 mg/cm?, 
which corresponds to an energy interval of 0.2-0.3 MeV. If #, ~ £,~0.2, equation 
15 gives a correction factor 1.04 for « =0.05. The experimental values for n have 

been divided by this factor. 


c. Results. The results of the two series, with bare gold foils, and with the 
foils wrapped in cadmium, are given in Table IV, which also shows the corrections 
due to resonance absorption. The half-life of Au has been taken to be 2.69 days 
23], for the purpose of calculating the saturation activity using Equation (13). 

The following method has been used in making the correction for resonance 
absorption. If the values found for Cot, given in column 3 of Table IV, are plotted 
on semi-logarithmic paper as a function of 7, they are found to lie on a straight line. 
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Fig. 7. Absorption curve showing the efect of internal conversion. 


Table IV 
] 
: j | Correction of Ctot for 
Bare Au foils Au foils wrapped in 1 mm Cd sheet ! S enice absergeon 
| 
Caleu- | R 
oh Cot r eo Cres pcg) ee r | read lOro¢=(1— Le 
weight | pulses a weight | pulses | value a Ctot val ietaael R 
(g) |sec.-! g-1|| ~ (g) |sec.* g-*| of Cres | curve = Cth 
| Ctot | 
4.70]0.05312} 5470 || 4.74] 0.05658) 1049 5500 | 5.24 || 4.70) 5.17 4410 
5.64]0.05641} 4460 5.72 | 0.05751 850 4410 | 5.19 || 5.64] 5.30] 3620 
6.93|0.05647| 3360 || 6.66 | 0.05416 633 3570 | 5.64 || 6.93) 5.68 2770 
9.40}0.05408) 1990 || 8.13] 0.05488 413 2560 | 6.20 | 9.40} 6.90 1700 
10.05]0.05140} 1680 | 9.39] 0.05641 278 1930 | 6.94 | 10.05} 7.30 1450 
10.99]0.05470} 1340 10.62 | 0.05540 192 1460 | 7.60 | 10.99] 7.88 1170 
12.15]0.05382) 1045 11.69 | 0.05140 144 1150 | 7.99 || 12.15] 8.55 923 
13.12]0.05454 811 13.12] 9.13 722 


The empirical equation of this line is: In Cy, = — 0.225 r+ 9.678. Using this rela- 
tion, Cro, (column 7) is then calculated for those values of 7 for which C,.; has been 
measured (column 6). The cadmium ratio Cyo¢/Cres = R(r) (column 8) is then found: 
this ratio is shown as a function of r in Fig. 8. From this curve we take R (column 
10) for those r-values for which C,.; has been measured. The specific activity Cy 
(column 11) then follows from the relation (10). Column 11 of Table IV thus gives 
the final result. 

Since it is a consequence of this method that neutrons with velocities greater 
than vcq (the cadmium limit) are not counted, it may appear that Ci, is too low. 
Measurements made with a BF, chamber screened with cadmium showed, how- 
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Fig. 8. Cadimum ratio in water for gold foils as a function of distance from the Ra-Be-neutron 
source. 


ever, that the density of neutrons having energies above the cadmium limit is less 
than 0.5% of the total density, and may therefore be neglected. 

Before the ratio C,/Isr, can be calculated, it is necessary to consider how great 
is the depression made in the neutron distribution by the gold foils. This would be 
very difficult to measure, so the theoretical results of SkyRME [24], who calculated 
the depression due to a circular foil, have been used. As is shown by Skyrme, the 
deviation of the absolute capture rate of a foil from the ideal, ov Ao (see Equ. 9), 
depends mainly on the self-screening of the foil and on the depression in the neutron 
density in its immediate neighbourhood. The result of the somewhat involved 
calculations (Equ. A 23 in Skyrme’s article) shows that the disturbed capture rate 
(n) of the foil is given by 


n=ovdo4l 5 (5 # (;) A (5) +D.-pi) (16) 


where ¢ = the foil thickness, 
A = the total mean free path of neutrons in the foil, 
a = the foil radius. 


I 


The function : E ( ; 
parameters. D, — D; is a function of the foil radius a, and of the transport para- 
meters of the moderator, namely the diffusion length Z, the mean free paths A, for 
absorption and A; for scattering. The function D, is also calculated in Skyrme’s 

-article for a series of values of the actual parameters. D; is small compared to D, 
and may be neglected. 

For the calculation of the correction factor, the following values are used for the 
various parameters: 
1. The foil thickness ¢ = 0.001 cm. 
2. The total mean free path, 4, of neutrons in gold is calculated from the total 
cross section at thermal energy, which is ~ 100 barns [25]. 
This gives 4=0.17 cm. 


+ A (;) is given in Skyrme’s article for a series of values of the 
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3 The foil radius is chosen so that the area of the imagined circular foil is equal 
to the area of the actual square foil, which gives a= 1.1 cm. 
Rot! ; 
These variables determine the function = # (;) +A (;). which then has the 


2 
value 2.77. 
4, For the diffusion length L of thermal neutrons in water the value 2.80 has been 
taken [26, 27, 12]. 
5. The mean free path, 4, of neutrons in water is determined from the value 0.325 
barns for the absorption cross section of hydrogen [28] for thermal neutrons 
combined with the value adopted for LZ and is found to be 0.51 cm. 


These values of LZ, 2 and a completely determine the function D, the value of | 


which is then 2.15. 
The final expression for the absolute capture rate of the gold foil in water is thus 


n=o0vAoa(1—0.03). (17) 


The values found for C, must therefore be multiplied by 1.03. The calculation of 
the ratio F is shown in Table V, where column 2 gives the values corrected for the 
depression effect, and column 3 gives the corresponding BF, counting rates taken 
from the curve Jpr,=/(r), which was measured very accurately. The values for 
the ratio C,/Isr, in column 4 are the same within the limits of statistical accuracy. 

The neutron yield of the source may now be calculated from equations (7) and 
(14), the value for Spp,, 3.26-105, being taken from Table I. 

If og = 0.325 and ogy = 95 barns [25, 28], we find for the yield: 


Q = 2.62-10° neutrons/sec. 


This value has been corrected for self-absorption in the source by multiplication 
with the factor 1.01, as was done in the BF, chamber measurement. 


Table V 

r Cth: 1.03 =C'th Isr, O'th _ 
cm pulses sec. g— pulses/sec. Isr, ¥ 
4.70 4 540 535 8.49 
5.64 3 730 444 8.40 
6.93 2 850 337 8.46 
9.40 1 750 205 8.54 
10.05 1 490 Wha 8.42 
10.99 1 210 144 8.40 
12.15 951 111 8.57 
13.12 744 89.3 8.33 
Mean value 8.45 


4. Sources of error 


The cross sections oy and ogy entering the calculations both seem to be known 
with good accuracy. Many determinations of oy have been made, the mean value 
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of which is 0.328 + 0.005 barns (see reference 14, p. 294). In a measurement not 
yet published by B. Hamermesn, G. R. Rinco and S. Wexuer at Argonne National 
Laboratory, a value of og = 0.329 + 0.004 barns has been found. Further measure- 
ments at present being made by von Darpet and A. W. Warner at AB Atom- 
energl, Stockholm [28], have given a preliminary value of 0.325 barns, with a possible 
correction of <1%, so that their final value will probably fall within the limits 
0.320 < oy < 0.325 barns, with an error < 1%. It therefore seems reasonable to take 
a value of oq = 0.325 barns + 1%. According to PomMMERANCE who has given a re- 
view of existing data concerning the cross section of gold (Au!) the most probable 
value is at present gay =95 + v barns [25]. The most important source of error is 


to be found in the factor F «Wiese In particular, the estimation of the depression 
BF; 


effect due to the foil is uncertain, as this correction is dependent on the values of 
the transport parameters of neutron diffusion in water, and because Skyrme’s 
calculations are valid for a foil shape different from that actually used. An uncer- 
tainty of 1.5% in Cy has therefore been assumed, which corresponds to an un- 
certainty of 50 % in the theoretical estimation of the factor 0.03. Further, the error 
in the correction factor 1.04 for the internal conversion is about 1%. Compared to 
this possible error of 2.5 % in Ci, the uncertainty in Ipp, is very small, so that 
the total error in F is given as 2.5 %. The area Spgy,, not including any corrections 
in this case, is — as discussed above — determined to an accuracy of ~1%. In 
this measurement, as in the measurements with the BF; chamber, the loss of neu- 
trons through the walls of the tank is completely negligible, since the distance from 
the source to the walls is 50 cm, which is some 6 migration lengths [12, 29] for RaBe 
neutrons. Summing the errors considered above, the estimated error of the deter- 
mination of Y is +3 %, and the final result of the measurement is 


Q = (2.62 + 0.08)-10* neutrons/sec. 


This result agrees well with that found using the BF, chamber. 


C. Comparison between the 250 mC source and a standard Harwell source 


By the kind cooperation of the reactor group at Harwell, and in particular of Dr. 
D. J. Lirtter, it has been possible to arrange for a comparison between this 
Swedish neutron source, and the Harwell standard, which is a 1290 mg RaBe source. 
This has been calibrated by Dr. Lirrier, using the Graphite Low Energy Experi- 
mental Pile [30]. The comparison between the 250 mg source and the Harwell 
standard was made by a pile method similar to that used by LirrLer to measure 
the spontaneous fission rate of uranium [31]. The method has been described in a. 
Harwell report [32]. The comparison gave the result: 


Oswoaisn _ 9 973-42 %, 


Quarwell 


Since the yield of the Harwell source was 9.66-10% n/sec.+4.5 %, we have 


Oneeue = (2.04 +0; 13)°10* n/seéc. 
1 Now published in Phys. Rev. 90, 603, 1953. 
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The “absolute” part of the method used by Littler to calibrate the Harwell source 
lies in the absolute measurement of the f-activity induced in Na® and P22 by pile 
irradiation. It is worth mentioning that the total cross section for the Swedish 
Ra-Be source as measured by Littler with the GLEEP pile oscillator was 1.4 cm’, 
which may be compared with the value 1.6 cm? calculated previously and used in 
the calculation of the self-absorption of the source. 

The Harwell source has also been compared with an American standard [33], the 
Los Alamos source No. 40. This had previously been compared with the American 
source No. 44, the yield of which has been measured absolutely by Friscu and 
WALKER using integration of the neutron density in a water bath [6]. The com- 
parison between the Los Alamos source No. 40 and the Harwell source gave the 
result: 


Ores Alamos __ 0.636 +3 o% | 


Qrarwell 


From this ratio and that given above for the Swedish and Harwell sources, we find 


Qsweaisn _ 9 499+3,6 %. 


Gros Alamos 


Using the American value for the strength of source No. 40, 5.95-10® + 7.5% n/sec., 
we have then 
Qsweaisn = (2.55 + 0.21)-108 n/sec. 


Considering the totally different methods used for the absolute calibrations, the 
agreement is very satisfactory. 


IV. Discussion of the results 


Attempts to make absolute measurements of fast neutron fluxes have in general 
given poor accuracy, the best being about + 6 %, even if the object was to measure 
mono-energetic neutrons [34]. Of those methods at present available for the deter- 
mination of poly-energetic fluxes, the most accurate should be those which entail 
the slowing-down of the neutrons and their subsequent measurement at thermal 
energies, since one can then be certain that the detector is independent of energy. 
By such methods the total source strength can always be found, whatever the 
primary energy of the neutrons. The simplest way of finding the total source strength 
is by comparison with an accurately calibrated natural source. 

The measurements described above gave results falling within a range of 3.5 %;: 
this scatter is surprisingly small, considering that different methods were used, and 


* By the kind cooperation of Professor P. HuBER of Basel the Swedish source has also been 
compared with a Swiss source [8]. The comparison was made both at Basel by the activation 
of a Mn-solution, and at Stockholm by the integration of the neutron densities from the two 
sources in water with a small BF, chamber. The Swiss source has also been compared with the 
Harwell source at Harwell, by several different methods. The results, however, do not agree at 
all, showing variations up to 30 %. This is probably due to an unconsolidated eee Ra 


ea and Be powder in the Swiss source, causing the neutron yield to change when the source is 
shaken. 
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that the errors estimated for the various measurements were relatively large. A 
general review of the sources of error in measurements of the diffusion type shows 
that two types of error are of primary importance: error in correcting for the de- 
pression caused by the foil or other detector, and, when an absolute measurement 
is based on the counting of the number of boron disintegrations, error in the boron 
cross section. The depression effect, studied in the work of Draper and Skyrme cited 
above, has also been treated by other authors, for example Borne [35] and Trrrie 
[27]. All these investigations, when applied to the foils and probes used in the present 
measurements, lead to corrections of the same order of magnitude. The uncertainty 
in the results due to these corrections is between 1 and 2%. The absorption cross 
section of boron depends on the isotope ratio By, /By, and the only way to avoid 
error from this cause would be to investigate the boron in the detector chamber 
and in the moderator solution, using the mass spectrometer. 

In view of these considerations it seems reasonable to assume an error of +3 % 
in the mean value of the measurements described above, which leads to the com- 
bined result 

Q = (2.60 + 0.08)-10* neutrons/sec. 


There are two possible causes of change in a Ra-Be neutron standard of the sort 
used here: the mechanically mixed Ra salt and Be powder may be shaken into a 
new conliguration; and there may be a slow increase in the yield, due to the growth 
of polonium in the disintegration series following radium. The first of these effects 
was tested experimentally by tapping the source sharply and then measuring its 
yield: there was no observable change. The increase in yield due to the growth of 
polonium cannot be calculated exactly, as it depends on the age of the radium in 
the source. This must however be at least eight years, which is the age of the source, 
and calculation shows that the maximum increase due to this cause is 0.5 % per 
year. The total increase in yield when equilibrium is reached, which would require 
more than a hundred years, is 25 %. 


AB Atomenergi, Department of Physics, Stockholm. 
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Paramagnetic susceptibility measurements on AgMn 


and AuMn alloys 
By Esse Kronevist and ALpo GIANSOLDATI 


With 6 figures in the text 


Introduction 


At the Physical Department of the Royal Institute of Technology a number of 
investigations have been made on the paramagnetic susceptibility of binary alloys. 
In most cases the main component was one of the diamagnetic metals Au, Ag, or 
Cu, and the second component a transition metal. Alloys of such a constitution 
usually have a strong paramagnetic susceptibility which approximately follows 
Curie-Weiss’ law. One of the most interesting results of measurements of this kind 
is the value of the atomic magnetic moment of the dissolved transition metal. 
Previously such determinations of the magnetic moment of the Mn atom, dissolved 
in diamagnetic metals, have been made by NEEt (1) and GustarFsson (2). Gustafs- 
son’s investigation was made on dilute AgMn and CuMn alloys from room tem- 
perature to about 400° C. Further information was considered to be of great interest, 
especially on the AgMn alloys, as the measurements on this system by N&EL and 
GUSTAFSSON did not agree (2). Therefore a redetermination was made as the first 
part of this work. 

In the second part of this investigation, the influence of cold-working on the 
paramagnetic susceptibilities of these alloys has been determined. It is, as a matter 
of fact, not quite clear, how cold-working changes the metal structure. It has been 
verified that cold-working causes appreciable disturbances of the lattice. Many 
investigations in this field, however, have given results which indicate a change in 
the atoms, a deformation of the outer electronic shells. Measurements of the para- 
magnetic susceptibility ought to be one of the best methods of checking the exist- 
ence of such alterations. Such measurements have moreover been performed by 
one of the present authors on two alloy systems, AuCr and CuMn (3). In these 
cases there was an appreciable difference in the average magnetic atomic moment 
in the cold-worked and the annealed state. This result is not only an interesting 
contribution to our knowledge of the magnetic cold-working effects, but has also 
been used by Linpe to interpret some of the resistivity irregularities of the transition 
metals (4). In the present work the investigation of the effects of cold-working has 
been extended to AgMn and AuMn alloys. 
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The measurements 


Four AgMn alloys in the concentration interval from 7.5 to 20 at% Mn were in- 
vestigated. More dilute alloys were either not very much influenced by cold-working 
or recovered rapidly to a great extent at room temperature. In the AuMn system, 
the convenient concentration interval was even more limited. Also in this system, 
cold-working did not change the magnetic properties of dilute alloys appreciably 
at room temperature, and in alloys with a sufficiently high percentage of Mn an 
order process influences the magnetic susceptibility in such a way that it is difficult 
to determine the effects of cold-working. For this reason only two AuMn alloys with 
about 10 and 15 at% Mn were investigated. 

The alloys were made of pure metals, Ag and Mn from Johnson, Matthey & Co., 
spectrographically standardized, and Au from Adelmetall AB (mint gold). The 
components were weighed to 0.1 mg, put into a graphite crucible, enclosed in evacuated 
quartz tubes, and melted together in a tube furnace, the temperature of which was 
just above the melting points of the alloys. After some hours at this temperature, 
the alloys were melted once more in a high-frequency furnace. After that the weights 
of the samples (about 2 grams) were checked, and then they were rolled out to a 
length of about one or two cm. After homogenization during 24 hours at temperatures 
just below the solidus line, the samples were drawn to a quadratic section of about 
one sq.mm and a length of about 12 cm. 

The measurements of the paramagnetic susceptibilities were carried out with an 
apparatus described by GusTAFssoN (1). 

First the paramagnetic susceptibility of the alloys was measured in the cold- 
worked state (after a decrease of the cross-section of 70-85%) from about 90° C to 
room temperature. It was not possible to extend this range upwards, because at 
higher temperatures the specimens recovered during the time necessary for the 
measurements. After being annealed at 200° C in an oil bath for a suitable time, 
the susceptibility of the specimen was again measured, and this heat treatment 
was repeated until the last determination was made on a completely recovered alloy. 

The last measurement was made in a wide interval of temperature, beginning at 
about 750° C, where the specimens were annealed for 30 minutes, enclosed in evacu- 
ated quartz tubes. 

From the force, working on the specimens when the magnetic field was applied, 
it is possible to calculate a value of the paramagnetic atomic susceptibility. From 
this value the experimental diamagnetic susceptiblity of the base metal has been 
subtracted; no allowance has been made for the diamagnetism of the transition 
metal, as the available methods for calculations, e.g. by SLATER (5) do not appear 
to be very reliable for Mn atoms in a metallic structure. The diamagnetism of the 
transition metals should, moreover, be of small account in our case, where the para- 
magnetism of the alloys is very strong. The paramagnetic susceptibility of the alloy, 
xp, 18 thus calculated from the expression 


ve —24=o7\ lo) 


where « is the atomic concentration of Mn, and zp is the diamagnetic susceptibility 
of the base metal. All the susceptibilities are calculated per gram atom of the alloy. 
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Fig. 1. The reciprocal of the paramagnetic susceptibility of the Mn atom in AgMn alloys as a 
function of the temperature. 


The results 
1. AgMn alloys 


In Figs. 1-2 the inverse paramagnetic susceptibility 1/xp, has been represented 
as a function of the absolute temperature. The results of measurements on the 
finally annealed alloys are shown in Fig. 1. Only in the case of the alloy containing 
7.52 at% Mn was it possible to draw a straight line through the experimental points, 
so the most dilute alloy was the only one which followed Curie-Weiss’ law through- 
out the whole temperature interval. For the sake of simplicity, the curves for other 
alloys have been drawn as broken straight lines. As in many other investigations, 
it is not easy to decide whether the slope of the 1/xp—T curves gradually changes 
from the value in the lower temperature range to a somewhat smaller value at higher 
temperatures, or if the transition between the two ranges occurs discontinuously. 
This question has been discussed thoroughly on several occasions (6). 

In Fig. 2 the results of the measurements on cold-worked and successively annealed 
specimens are shown. The results agree with the corresponding measurements 
m AuCr and CuMn alloys (3) with regard to the considerable decrease in the 
paramagnetic susceptibility due to cold-working. The reduction of the slope of the 
surves with continued recovery, determined on cold-worked AuCr and CuMn alloys, 
lid not occur in the AgMn system. From the curves in Fig. 2 it will be seen that 
she slopes of the straight lines, from which the atomic moments are calculated, did 
10t change within the accuracy of the measurements, when the time of annealing 


was increased. 
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Fig. 2. Influence of cold-working on the paramagnetic susceptibility of AgMn alloys. Annealing 
temperature 200° C. Annealing times marked on the curves except for the lowest curves marked 
with rings, which correspond to continued annealing at about 800° C. 


The magnetic atomic moment, uw, has been calculated from the constant C in 
Curie-Weiss’ law 


l/ep=T/C— O/C 
w=V3kC/Na 


where & is the Bolzmann constant, « is the atomic concentration of the transition 
metal, and N is the Avogadro number. From the “‘spin-only”’ formula 


using the expression 


= eV4S(S+1) (us=the Bohr magneton) 


it is possible to calculate a value of the total spin quantum number of the Mn atom, 
S, and the number of the vacant 3d electrons, 2S. 

The results of these calculations, which are shown in Table 1, have been plotted 
in Fig. 3, representing the average magneton values /ws, as a function of the Mn 
content. Three sets of values, which differ especially at higher Mn concentrations, 
have been determined for temperatures between 600 and 1000° K, between 300 and 
600° K, and finally for the cold-worked and annealed specimens between 300 and 
600° K. In the last case the calculated average magneton value from the determina- 
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Fig. 3. AgMn alloys. Dependence of the calculated average magnetic moments of the Mn atoms 
on the concentration of Mn. As indicated by the marks the uncertainty of the determinations 
at very low concentrations and small intervals of temperature is considerable. 


tions after different annealing times has been plotted for each alloy. The results 
from GUSTAFSSON’s investigation (between 300 and 700° K) (2) mentioned in the 
introduction, have also been plotted in Fig. 3. Our measurements and GUSTAFSSON’S 
agree very well; the investigation by Ntet (1), on the other hand, gives quite differ- 
ent results. 

The magneton values as a function of the Mn concentration for the different 
ranges of temperature seem to form straight lines, which converge at zero Mn 
concentration to a calculated magneton number 5.95 corresponding to a “‘spin- 
only” value of S~5/2. 


2. AuMn alloys 


Previously, Gustafsson investigated some AuMn alloys up to 5 at% Mn (1). In 
the present work two alloys with the concentrations 9.73 and 14.65 at% Mn have 
been examined. The measurements were made in the same way for as the AgMn 
alloy. The 14.65 at% alloy has been influenced by an ordered phase of the com- 
position Au;Mn. In Fig. 5, containing the results from the whole temperature range, 
the fully-drawn line, ending in a point obtained for the quenched alloy, shows the 
susceptibility of the homogenous alloy. The curve obtained for a slowly cooled 
alloy, drawn with short dashes, shows the susceptibility, influenced by the order 
process. The deviating values of the susceptibility of the slowly cooled alloy, which 
are also dependent on the applied magnetic field, indicate the existence of ferro- 
magnetism, which presumably refers to the ordered phase Au,Mn. It is known from 
the Heusler alloys that Mn can show ferromagnetism in certain compounds. 
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Fig. 4. The reciprocal of the paramagnetic susceptibility of the Mn atom in AuMn alloys 
plotted against the temperature. 


The cold-worked AuMn alloys show the same properties as the cold-worked AgMn 
alloys, as appears from Fig. 5, the magnetic atomic moment not changing when 
the originally cold-worked alloys were annealed. The change of the interaction 
energy term, O/C, in Curie-Weiss’ law was very evident also in the AuMn alloys. 

Also in the case of AuMn alloys there is a slight bend in the susceptibility curves, 
indicating different average magneton values at low and high temperatures. These 
values are shown in Table 1. In the corresponding diagram of the calculated magne- 


Table 1. Number of magnetons per atom. 


Temperature range 
Alloy oe ooo 
concentration 300°—700° C 20°-300° C 20°-80° C 

ea 6s 5 SA 7.52 at % 5.54 5.54 5.77 

10.1 » 5.31 5.51 5.70 

14.7. » 4.77 5.23 5.34 

19.8 » 4.67 4.93 5.12 
mwObe go a co a o one 9.73 at % 4.78 4.97 5.22 

14.7 » 4.98 5.66 —— 
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Fig. 5. Influence of cold-working on the paramagnetic susceptibility of AuMn alloys. Annealing 
temperature 200° C. Annealing times marked on the curves. t = co means continued annealing 


at about 800° C. 
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Fig. 6. AuMn alloys. Dependence of the atomic moments of the Mn atoms as functions of the 
Mn content. The high value of the atomic moment of the AuMn alloy with 14.65 at % Mn in the 


temperature range 300-600° K was due to a quenched alloy. 
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ton values in Fig. 6, Gustafsson’s points have been plotted together with ours. The 
high temperature magneton values as a function of the Mn content appear even 
here to lie on a straight line, even if some of the points deviate rather considerably. 
However, if a straight line is drawn through the points, it has the same slope as 
the corresponding line for the AgMn alloys, but lies somewhat lower. The two lines 
give an average value of u/s =5.85 and S~5/2 at zero Mn concentration. 


Discussion of the variation of the magneton number 


The large decrease of the atomic moment with the concentration, which also 
appears for other similar alloys, e.g. AuCr and CuMn alloys (3) (1), remains to be 
interpreted. The paramagnetism of the pure metals Mn and Cr is rather weak and 
does not change very much with the temperature. Such paramagnetism has been 
explained as anti-ferromagnetism, superimposed with Curie-Weiss’ paramagnetism 
(7). The occurrence of both negative and positive interaction is probably due to 
different distances between the 3d shells. The Mn lattice has two parameters, and 
interactions between the nearest and the second nearest neighbours can possibly 
contribute. Now, Mn and Cr atoms in dilute solutions and salts can produce a strong 
temperature-dependent paramagnetism of the Curie-Weiss type, corresponding to 
a “spin-only” value of the spin quantum number of the transition metal atom of 
as high as 2-5/2, the latter value being the highest possible in the iron group. This 
fact is easily accounted for by the rather large distances between the transition 
metal atoms in the dilute alloys, which leave the magnetic carriers free to orientate 
in a magnetic field. This should give a Curie-Weiss paramagnetism, which actually 
appears in most of the alloys. 

With increasing concentration of the transition metal atoms in the alloy, the 
average distance between them becomes smaller, and in order to account for the 
observed decrease in the average atomic moment it is natural to assume an in- 
creasing contribution from anti-ferromagnetic interactions, which give a tendency 
towards an anti-parallel orientation of the atomic moments. The temperature 
dependence of the calculated average magneton number of the alloys is probably 
caused by one or perhaps both of the following two reasons. On the one hand, N&EL 
has explained the change in slope of the 1/xp curves for AgMn by assuming the 
above mentioned anti-ferromagnetic interaction at low temperatures, thus causing 
a decrease in the susceptibility below the Curie-Weiss values, which are asymptotic- 
ally approached at high temperatures (8). On the other hand, it is possible that, 
at least to some extent, the observed variation of the magnetic value is caused 
by changes in the electron configuration in the transition metal atom, the number 
of vacant 3d electrons being decreased at high temperatures. This is most probable 
in cases where the temperature variations of the reciprocal of the susceptibilities 
are broken lines, which hardly can be explained by Néel’s theory. 


The authors wish to express their gratitude to Professor G. Boretrus, Director 
of the Physical Department I of the Royal Institute of Technology in Stockholm, 
for his great interest in this work and for valuable discussions. The work has been 
subventioned by Statens Naturvetenskapliga Forskningsrad. 
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SUMMARY 


The temperature dependence of the magnetic susceptibility has been determined 
for AgMn and AuMn alloys. The results from these and previous measurements 
show that the average atomic moment of the Mn atom decreases approximately 
linearly, when the concentration of Mn increases in the alloys. The extrapolated 
moment for infinite dilution is about 6 Bohr magnetons, corresponding to S w5/2. 
The influence of cold-working on the paramagnetic susceptibility was fairly large; 
only the interaction energy changed, however, and the average atomic moment 
of the Mn atoms was not affected. 
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Mitgeteilt am 8. April 1953 durch G. Borexrus und O. H. Faxtn 


Zur Kohlenstoffausscheidung aus dem a-Eisen 


Von O. KRISEMENT! 


Mit 2 Figuren im Text 


Im System Hisen-Kohlenstoff verlauft die Kohlenstoffausscheidung aus dem 
«-Hisen unterhalb A, (721°C) durchweg nicht nach dem stabilen System Hisen- 
Graphit, sondern nach dem metastabilen System EHisen-Hisenkarbid Fe,C. Die 
Phasengrenze wurde einmal durch Dampfungsmessungen von verschiedenen Autoren?, 
zum anderen durch kalorimetrische Untersuchungen bestimmt®. Bei tieferen Tem- 
peraturen (200° und darunter) wird die Ausscheidung des Zementits Fe,C durch 
die Ausscheidung eines anderen Karbids abgelost. Durch Elektronenbeugungs- 
Untersuchungen’ wurde festgestellt, dass bei 100 und 200°C im «-Eisen iibersattigt 
geléster Kohlenstoff als e-Karbid Fe,C, bei 300°C und dariiber als Zementit Fe,C 
ausgeschieden wird. 

Durch kalorimetrische Untersuchungen? sollte festgestellt werden, in welchem 
Temperaturgebiet die Fe,C-Ausscheidung durch die Ausscheidung eines anderen 
Karbides abgelést wird. Es wurden Proben aus deutschen Armco-Hisen mit der 
Analyse 


C Si Mn 12 Ss Cr Mo Ni N 
0,020 0.001 0,010 0,013 0,045 0,012 0,01 0,008 0,002 


sowie aus schon frither benutztem schwedischen technisch reinem Hisen ahnlicher 
Zusammensetzung® verwendet. Die Proben wurden bei 700°C in einer Stickstoff- 
atmosphire ca. 30 Min. homogenisiert, in Eiswasser abgeschreckt, anschliessend bei 
verschiedenen Temperaturen zwischen 188 und 230° gegliiht, wieder in Eiswasser 
abgeschreckt, dann in etwa 2 Min. auf Thermostattemperatur erwarmt (103°C) und 
in den Thermostaten eingesetzt. Die Messungen der bei der Ausscheidung entwickelten 
Warmemenge erfolgte in einem Wasserdampfthermostaten, dessen Messzelle 30 in 
Reihe geschaltete Kupfer-Konstantan-Thermoelemente enthielt.’ 


1 Wissenschaftlicher Mitarbeiter des Max-Planck-Instituts fiir Eisenforschung, Diisseldorf. 

2 Vel. z.B. L. J. Disxsrra: Journal of Metals J (1950) S. 1242; J. K. Sranuey: Journal of 
Metals 7 (1949) S. 752. 

3G, Boretius u. S. Bercrunp: Arkiv for Fysik 4 (1951) S. 173. 

4A. L. Tsou, J. Nurrine u. J. W. Menrer: J. Iron Steel Inst. 172, part 2 (1952) S. 163. 

® Zur Beschreibung der kalorimetrischen Methoden siehe 3). 

5 Analyse siehe Probe 7 in 3). 

7 Dieselbe Anordnung wie in 3) beschrieben. 
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Tabelle 1. Gliihtemperaturen, Gliihzeiten und Wairmeentwicklung Q bei 103° C 
durch Kohlenstoffausscheidung aus dem «-Hisen. 


area 


°C Glihzeit Q in Ws/Mol 


eee 


188 20 min (0,5) 
188 0,52 
200 30 > 1,16 
206 20 » 0,86 
218 20 » 1,00 
230 20 » 0 


1021/8) N+Ce 


/00 


O / 2 Si 5 /O 
Stunden 


Abb. 1: Kurven der Warmeentwicklung. 


Das Gliihen erfolgte so, dass die abgeschreckte Probe in einem kleinen Ofen in 
rund 60 min. auf die Gliihtemperatur erwarmt und dann, abgesehen von einem Falle, 
rund 20 Min. (die sich durch einen Vorversuch als ausreichend dafiir erwiesen, dass 
sich kein Kohlenstoff mehr in iibersattigter Losung befindet) bei ihr gehalten wurde. 
Ob und wie weit bei dieser Glithzeit neben der Ausscheidung des e-Karbids schon 
eine Fe,C-Ausscheidung stattgefunden hat, bleibt offen. Tabelle 1 gibt Aufschluss 
iiber die verschiedenen angewandten Gliihtemperaturen und Glihzeiten. Kurve I 
in Abb. 1 zeigt die pro Zeiteinheit entwickelte Warmemenge der bei 218° gegliihten 
Probe, wobei die zeitliche Traigheit der Messanordnung bereits korrigiert ist. Bei den 
ersten vier in Tabelle 1 genannten Gliihtemperaturen zeigten die Kurven der Warmeent- 
entwicklung ein ganz ahnliches Bild wie Kurve I, nach etwa 10 Std. sank die Warme- 
entwicklung unter die Messgenauigkeit ab. Dagegen verlief die Warmeentwicklung 
der bei 230° gegliihten Probe ganz anders, hier war der Prozess bereits nach ca. 2 
Std. unter die Messgenauigkeit abgesunken (Kurve II in Abb. 1). Schreibt man 
diese Warmeentwicklung der Stickstoffausscheidung zu (was auch mit friiheren 
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/00 200 300 400 500 © 


Abb. 2: Entwickelte Warmemengen bei der Kohlenstoffausscheidung. x nach G. BoRExIvus u. 
8S. BERGLUND. © nach der vorliegenden Arbeit. 


Versuchen, die zu 3) ausgefiihrt wurden, vereinbar ist), so ergibt sich, da wegen des 
klemen Stickstoffgehaltes der Stickstoff bei den verschiedenen Gliihtemperaturen 
vollstandig gelést ist, dass bis zu Gliihtemperaturen von 218°C eine Warmeentwick- 
lung durch Kohlenstoffausscheidung bemerkbar ist, wihrend sie bei 230° verschwin- 
dend klein wird. Subtrahiert man die der Stickstoffausscheidung zugeordnete Warme- 
menge von der beobachteten, so erhalt man fiir die bei 218° gegliihte Probe die 
Kurve III in Abb. 1. Dasselbe wurde fiir die anderen Versuche gemacht, und durch 
Integration ergaben sich die in Tab. 1 genannten Warmemengen Q fiir die Kohlen- 
stoffausscheidung. 

Diese Q-Werte sind sehr unsicher, da die Effekte nicht weit tiber der Empfindlich- 
keit der Messanordnung liegen und ausserdem die Korrektur fiir den Stickstoff 
enthalten. Schon die numerische Bestimmung der Q-Werte aus den Messresultaten 
hat eine Unsicherheit von etwa + 30%. Die Q-Werte sind in Abb. 2 zusammen mit: 
den friiher bei héheren Temperaturen gemessenen Werten® eingetragen. Da sie 
zusammen mit diesen nicht auf einer einzigen monotonen Kurve legen, kann das 
Ergebnis so gedeutet werden, dass die Ubergangstemperatur zwischen der Fe,C- 
Ausscheidung und der Ausscheidung eines anderen Karbids zwischen 218 und 230°C 
liegt. Dieser angegebene Temperaturbereich wird natiirlich noch von der Art der 


Glihbehandlung abhangen konnen. 


Fiir die gastfreundliche Aufnahme an seinem Institut méchte ich auch an dieser 
Stelle Herrn Prof. Boretrus meinen aufrichtigsten Dank sagen. 


Stockholm, Physikalisches Institut der Technischen Hochschule. 


Tryckt den 30 november 1953 


Uppsala 1953. Almqvist & Wiksells Boktryckeri AB 
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Communicated 8 April 1953 by G. Borerius and H. Arvin 


Time dependence of boron absorption coefficient for 
neutrons slowed down in water at room temperature 


By G. von DarpDEL 


With 9 Figures in the text 


I. Introduction 


The life time of neutrons in a moderator may be divided into three periods. 
During the initial, epicadmium, period the neutrons are slowed down from their 
initial energy to the cadmium absorption limit of about 0.3 eV and are not 
appreciably influenced by the thermal excitation and chemical binding of the 
moderating molecules. In the transition period the neutrons approach thermal 
equilibrium with the moderator. After this equilibrium has been established no 
further change occurs in the neutron spectrum during the final, thermal, period 
which extends until the neutrons have disappeared by absorption or leakage. 

The energy distribution of the neutrons from a moderator has been extensively 
studied using neutron spectrometers (1), (2). The energy spectrum obtained in these 
experiments is the average spectrum for the whole lifetime of the neutrons in the 
moderator. The low energy portion of the measured energy distributions could be 
fitted quite well to a Maxwellian distribution corresponding to an effective tempera- 
ture about 100° above the temperature of the moderator. 

Measurements of the effective temperature of the neutrons in a reactor (3), (4) 
have also been performed and shown it to be appreciably above the tempera- 
ture of the moderator. 

-The Maxwellian component of the measured neutron energy spectrum is due 
to neutrons emitted mainly during the transition and thermal periods, and the 
disagreement between the measured neutron temperature and the moderator 
temperature indicates that the approach to thermal equilibrium during the 
transition period occupies a substantial part of the total life-time of the neutrons 
in the geometry used by the experimenters. 

It is the object of this investigation to study the time scale for the slowing down 
process and the approach to thermal equilibrium. The technique of the pulsed 
neutron source and gated detector, which has been developed mainly for time-of- 
flight measurements (1), was used to select neutrons leaving the moderator at certain 
time delays after the injection of fast neutrons. The energy distribution of the 
neutrons had to be determined by a method not requiring long paths, which would 
introduce time-of-flight separation of the spectrum emitted at a particular time. 
The simplest technique is the boron absorption technique (5), using a “bad” geometry. 
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Fig. 1. Block diagram of the experimental apparatus. 


This article will describe the experimental apparatus and some of the measure- 
ments performed with this new technique on neutrons slowed down in water of 
room temperature. A more detailed discussion of these and other measurements, 
and of the theory, will be given elsewhere in a thesis by the author (12). 


II. Apparatus 


A block diagram of the apparatus is shown in fig. 1. 

The 40 channel time analyzer described in a separate publication (6) emits a ref- 
erence pulse which is transmitted to the high voltage side of a small 150 kV accele- 
rator by a radio-frequency transmission link (7), and modulates the ion source. A 
burst of neutrons is produced by the D-D-reaction in a target. The neutrons are 
slowed down in the moderator, and the leakage flux is detected by a small BF,- 
chamber. The pulses are amplified, discriminated and counted in a scale of 64. The 
pulses from the discriminator are further analyzed in the time analyzer. The number 
of counts are referred to a constant number of neutrons counted in an identical 
monitoring channel. 


Accelerator and target 


The accelerator was designed by Mr E. Biomss6 and will be described in more 
detail in a coming article. It is connected to the 150 kV generator of a standard 
Philips industrial X-ray set. The accelerating tube is mounted on a movable stand 
fitted with a winch mechanism by means of which the height of the target can 
easily be adjusted, a feature which appreciably facilitated the experiment. 

The target to be used for the D-D-reaction offers some problems. Conventional: 
targets involve the use of heavy ice or heavy phosphoric acid, and have to be cooled, 
usually by immersion of the target in a Dewar flask containing liquid air or dry ice 
and alcohol. These targets would be very unsuitable for the present investigation, 
since part of the slowing down process would occur in the coolant. The temperature 
of the moderating materials would not be uniform, absorption would occur in the 
Dewar flask and the coolant, and the level of the coolant would have to be kept: 
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rigorously constant in order to obtain reliable measurements. In some of the measure- 
ments targets were therefore used which do not require cooling, such as palladium 
saturated with heavy hydrogen by electrolysis, and deuterated zirconium targets 
(8). The author is grateful to Mr E. Biomssé for providing the zirconium targets 
Both these types of target have to be regenerated quite frequently. 


FROM 
ACCELERATOR 


LIQUID AIR 
RESERVOIR 


PULSED DEUTERON BEAM FROM 
50 KV ACCELERATOR 
reel Assoncer 
| TARGET 
_BF- DETECTOR 
B,C BRICKS 
HEAT INSULATOR 
Boric AciD 


l 
i 
oy 


TARGET 
CCUT OPEN 


CADMIUM SCREEN MONITORING BF3- CHAMBER 


Fig. 2. Target assembly for the Fig. 3. Experimental geometry for transmission 
D-D-reaction. experiments. 


_. A more satisfactory target was found in the form of a heavy ice target cooled by 
liquid air which was circulated from a Dewar flask, placed some distance away. 
A drawing of the target assembly is shown in fig. 2. The copper target chamber is 
suspended from the bottom of the Dewar flask by the glass feed tubes in such a 
way that it is not in contact with the surrounding target tube. Good heat insula- 
tion is thus provided by the vacuum of the accelerator. The exhaust tube of the target 
starts at the top of the sloping target surface, so that the evolved gas bubbles will 
readily escape, and protrudes above the surface of the liquid air in the Dewar flask. 
The gas bubbles rising through the exhaust tube will give rise to a pumping action, 
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epee 


Fig. 4. Boron trifluoride chamber and probe (demounted). 


and liquid air will circulate through the target chamber more rapidly at higher beam 
power. This circulation should improve the cooling at high power loading. While 
in the present experiment the ion beam is pulsed, and the average beam power 
small (of the order of one watt), the target has been found to work efficiently at 
power dissipations as high as 60 watts. A few other advantages of the target assembly 
should perhaps be pointed out. The beam from the accelerator passes between the 
two glass walls of the Dewar flask, which thus acts as a cold trap insulating the tar- 
get assembly from the rest of the vacuum system. This serves the dual purpose of 
condensing oil vapours from the pump, which might otherwise poison the target, 
and water vapour evolved at the target, which might otherwise cause breakdowns 
in the accelerating tube. Another advantage is the fact that essentially only the 
target plate is at low temperature, and heavy water vapour introduced into the 
target tube will therefore condense mainly on the target plate, and regenerate the 
target. 


Experimental geometry 


The experiments were performed in the arrangement shown in fig. 3. The water 
is contained in a copper vessel of dimensions 18.7 x 19 x 19 cm, which is surrounded 
by a double-walled plywood box, the interspace being filled with boric acid for 
protection against stray neutrons from outside. Since some experiments were per- 
formed at temperatures other than room temperature, the moderator tank can 
further be surrounded by a 5 cm thick heat-insulating layer of ‘Styrofoam’. The 
moderator is screened against neutrons diffusing in the Styrofoam by 0.5 mm ecad- 
mium sheets except at the face where the absorption experiment is made. At this 
face there is a space (3 cm deep) between the moderator tank and the Styrofoam, 
for the detector and interposed absorber. Behind the detector the space is lined with 
2 cm thick bricks made of boron carbide bound with sulfur. These bricks are almost 
black to neutrons. The monitormg chamber is introduced in a central channel 
through the tank, where it is not influenced by the absorber. 


Detectors 


The detector and monitor were identical chambers filled to one atmosphere with 
boron trifluoride enriched in B'. The author is indebted to Mr C. Taytor for 
filling the chambers and to Mr K. E. Hotmperre for the enriched boron. In order 
to reduce time-of-flight delays in the chambers their dimensions had to be kept 
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small, the total volume being 1 cm3. The detector is shown demounted in fig. 4¢ 
The chamber is a thin-walled soda glass bulb, external diameter 0.8 cm, with exter- 
nal aquadag cathode (9), (10). The central collector, a stainless steel wire, iS con- 
nected to a low capacity probe which is made from a piece of coaxial cable of which 
the central wire has been replaced by a 0.01 cm wire. The chamber was surrounded 
by a thin-walled aluminium hood, and the probe was screened by an aluminium 
tube. The probe is joined directly to the preamplifier input, using coaxial connectors 
with the insulators removed, since these gave spurious pulses with high voltage. 
Contact is made to the end of the probe by a spring. 1000 volt is applied to the probe 
through a 100 MQ resistor, and the pulses are coupled to the input of the amplifier 
by a condenser. 

The amplifiers are of conventional design, having a rise-time of about 0.5 psec 
and gain stabilization by inverse feedback. The output is fed to a diode discriminator. 
The discriminated pulses are connected to a conventional scale of 64, having a 

econd discriminator circuit, which however is set at a low bias, so that essentially 
all the pulses from the first discriminator are registered by the second. The output 
pulses of the second discriminator, which are of uniform height and rise-time and at 
a low impedance, are coupled by a coaxial cable to the input of the time analyzer. 


Absorbers 


The combinations of “‘1/v’’-absorbers used during the experiment for the study of 
the energy distribution of the neutrons are tabulated in table 1. 


Table 1. “1/v-absorbers 


gm 

ko —— 

No. Material g B/cem? k,*) em/see eco 
2K 
Bl Boron carbide 0.0110 CIO Te OS 56 
B2 “Hysil” glass 0.0244 eM WAT NAO 270 
B3 “Hysil” glass 0.0248 2.16 105 279 
B1+B2 0.0354 3.09 > 105 572 
B2+B3 0.0492 4,28-105 1100 


*) Calculated on the basis of og =710-10- 4 em? for a neutron velocity of 2.2-10° cm/sec. 


The macroscopic cross section of the absorbers is expressed, in column if of the 
table, as that velocity k», at which the transmission for perpendicular incidence is 
L/e. The 5th column lists the corresponding neutron temperature, which is con- 
‘venient to know for the conversion of transmission data to neutron temperatures. 
B2 and B3 are 0.28 + 0.02 em thick plates of “Hysil” glass, which by chemical ana- 
lysis was shown to contain 12.2 +0.1% of B,O,. Since the boron content is rather 
low, deviations from a pure 1/v-law can be expected, especially for neutrons of high 
energy, due to the scattering power of the other constituents. At thermal energies 
the total scattering cross section is only about 7% of the absorption cross section, 
and in the “bad” geometry of the experiment the effect of scattering on the trans- 
mission is expected to be much less than this. At higher neutron energies, where the 
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Fig. 5. Experimental data, referred to 16000 monitor counts. Channel width: 4 usec. 
Repetition cycle: 80 usec. 


absorption is less important, scattering may have to be taken into account for accu- 
rate measurements, but in the present more qualitative investigation this was not 
considered necessary. 

Absorber B1 was produced, essentially according to the method of BAKER, BACHER 
and MacDantet (11) by sifting powdered boron carbide, analyzed to contain 69% 
boron, through a sieve from a height of about 2 meters onto a flat tray of 0.005 cm 
aluminium foil. The tray was filled with a solution of about 0.5 gram of polyvinyl- 
acetate in acetone. The powder was distributed as uniformly as possible over a fairly 
large area, in the center of which the tray was situated. After the acetone has eva- 
porated the carbide adhered firmly to the backing, the polyvinyl-acetate serving as a 
binder. The absorbing surface was protected by a 0.003 cm aluminium foil. After the 
measurements had been concluded the absorber was divided into 8 pieces and the 
carbide removed with acetone. The density of boron carbide on each piece was 
determined by weighing the pieces before and after the removal of the carbide. 
The value cited in table | is the mean for all 8 pieces, but the extreme values differed 
from the mean by over 15%. Linear variations in thickness should cancel out in the 
first approximation if the measurement is made near the centre of the absorber. 
For more accurate experiments the absorbers should however be chosen with greater 
care for uniformity. 


Measurements were also made on a cadmium sheet of 0.05 em thickness (0.438 
g/cm?). 
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Fig. 6. Experimental data, referred to 16000 monitor counts. Channel width: 2 usec. 
Repetition cycle: 40 psec. 


II. Measurements 


Preliminary measurements showed that the transmission of neutrons through 
the absorbers varies only during the first 40 usec after the neutron burst. After this 
time the transmission is constant within the statistical fluctuations, indicating that 
the neutrons have become thermal. To extend the measurement beyond 40 usec 
would only reveal the exponential decay of the neutron density. 

The rate at which the measurement can be repeated depends on the rate of decay 
of the neutron flux from the moderator, and on the amount of overlapping between 
cycles which can be tolerated. With pure water the neutron flux will decay with a 
mean life of about 70 usec in our geometry, as is shown by the data of fig. 9, 
and in order to avoid excessive overlap it would thus with pure water be neces- 
sary to let about 200 ysec elapse between neutron bursts. Only a small portion 
of the cycle, about 40 usec, would be of interest for the present problem. In order 
to be able to use a faster repetition rate and thus get higher counting rates, the mean 
life in the moderator was decreased to a value of 23 usec by the addition of about 20 
grams of boric acid per liter water. The boric acid content will not appreciably af- 
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fect the slowing down properties of the solution, and since it is a 1/v-absorber the 
velocity distribution will not be changed. reer 4s 

The neutron flux emerging from the moderator was studied in two sets of mea- 
surements, with channel widths of 2 and 4 usec. In each case the length of the neutron 
burst equalled the channel width, which is the normal mode of operation of the 
time analyzer, and gives optimum resolution for a given counting rate. With this 
choice the resolution function is a triangle, two channel widths wide at the base. 

The number of counts registered in the channels, referred to a constant number 
of monitor counts, are shown in fig. 5 and 6. The length of the vertical lines through 
the experimental points indicates the standard statistical errors, calculated in the 
usual manner from the number of counts. 

The measurements with 4 usec channel width were made using a deuterated 
zirconium target. For the 2 usec curves the new heavy ice target was used. The total 
measuring time for the latter curves was about 6 hours. 

In the measurements with 4 usec channel width the measuring cycle was repeated 
after 20 channel widths, or 80 usec. The neutron flux had time to decay to 3% of 
its initial value before the next cycle started, and the overlap correction was thus 
quite small. In the measurements with 2 wsec channel widths the measuring cycle 
was also 20 channel widths, or 40 psec, and the spectrum will decay only to 17% 
of the initial value. The overlap correction is in this case quite large. On the other 
hand the measurements with 4 usec channel width indicate that all the curves decay 
exponentially with a period of 23 usec after the first 40 usec have elapsed. The 
overlap correction for the 2 usec data could thus be calculated quite accurately 
simply by extrapolating the curves exponentially with this period into the next 
cycle, as has been done in fig. 6. The accuracy of the data will not be appreciably 
decreased by the correction, and the counting rate is twice as high as if the longer 
repetition cycle had been chosen. 

Since the time analyzer has 40 channels, while the repetition cycle was only 20 
channel widths, each channel could be duplicated and a very rigorous check on the 
reliability of the data was thus obtained. For each run it was also checked that the 
sum of the counts registered in all the channels agreed within narrow limits with 
ie number of counts registered by the external scale of 64 in the detecting 
channel. 


Time origin 


In order to establish the time origin for the data, several procedures can be adopted. 
One is to measure the delays in the various parts of the circuits of fig. 1. Delays occur 
in the output circuits of the time analyzer, in the R. F. link for transmitting the 
pulses to the high voltage side of the accelerator, and in the ion source itself, Further 
delays occur in the BF,-chamber, amplifier and discriminator. Finally there is a 
delay in the input circuits of the time analyzer, before the pulses are analyzed. If 
all these delays are measured and added, the position of the origin within the meas- 
uring cycle can be determined. A convenient way of measuring the total delay in 
the circuits up to the input of the time analyzer is to remove the detector, and 
connect the input of the preamplifier to the target of the accelerator through an 
attenuator. The deuteron current pulse on the target produces a voltage pulse, 
which is attenuated to approximately the size of the pulses from the detector. The 
delay of the input pulse to the time analyzer will then include delays of all the 
circuits up to that point, with the exception of the short collection time for the elec- 
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Fig. 7. Full curves: Measured transmission against time for 4 combinations of 1/v-absorber and 

for cadmium. Dashed curves: Theoretical transmission through cadmium, with no time-of-flight 

delay (curve I), and with a time-of-flight delay, corresponding to a source-detector distance of 

one mean free path (curve IT). Curves III and IV are the corresponding theoretical curves for 
the transmission through the “‘1/v’’-absorber B2. 


trons in the detector. The delay in the input circuit of the time analyzer must be 
determined in a separate measurement, with pulses from a pulse generator. 

A more convenient way of determining the time origin from the experimental 
data themselves has however been adopted in this investigation. The experimental 
points near the sharp rise of the time distribution depend very sensitively on the 
position of the time origin. We first assumed the true behaviour at the origin to be 
a step function increase of the neutron flux to a stationary value. A triangular reso- 
lution function was then applied to this assumed curve, and the resulting curves 
compared to the experimental points. It turned out however that the experimental 
points were not compatible with a step function behaviour but required a sharp 
peak to be superimposed on the edge of the step function. This behaviour is indeed 
to be expected, as the leakage of fast neutrons during the first instants of time would 
give a rapid decrease of the neutron density in the water moderator. We therefore 
fitted the experimental points with the curves which result if a step function with a 
superimposed 5-function is viewed through a triangular window. A good fit was 
obtained with the experimental points if the area of the d-function equalled the 
area under 2 usec of the step function curve. The accuracy of the method is 
about 0.2 channel widths. 


Treatment of the data 


The experimental results were first corrected for the extrapolated overlap correc- 
tion. From the measurements with and without absorber the transmission as a func- 
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tion of channel number was then calculated. Since the measurements with 2 usec 
channel width have higher resolution, and, at the same time, due to the higher yield 
of the heavy ice target, give higher statistical accuracy than the data with 4 usec 
resolution, only the treatment of the former will be discussed here. The calculated 
transmission curves for this case are shown in fig. 7. The transmission curves from 
the data with 4 psec resolution were almost identical except for the measurements 
with cadmium, where the presence of a small background made itself noticeable, due 
to the low counting rate. 


A. The epicadmium period 


In the epicadmium period the greater part of the neutrons have energies above 
the cadmium cut-off energy at about 0.3 eV. Since this is higher than or of the same 
order as the quantum energy of the strongest bonds in water, the protons can, as 
far as the slowing down process is concerned, be regarded essentially as free protons, 
and it should be possible to apply the results derived for this case in the author’s 
thesis (12). 


Cadmium absorption 


If we assume cadmium to transmit all neutrons with velocities above 7.5-10° cm/sec 
and to absorb all neutrons with lower velocities, the transmission can easily be 
obtained by integrating from the cut-off velocity to infinity the theoretical velocity 
spectrum of neutrons slowed down by free protons (ref. (12) eq. (8)). For the mean 
free path in water we take a value of 0.7 cm (13). In this way the theoretical curve I 
in fig. 7 is obtained. According to this curve we would expect that less than 10% 
of the neutrons will be transmitted by cadmium after 3 usec, and we should thus 
expect the length of the slowing down period to be of this order. The experimental 
results indicate that it takes about 6.5 usec for the transmission to fall below 10%. 
The theoretical curve I is however valid only if the detector dimensions and the 
detector-to-moderator distance are negligible. In practice this is not the case. The 
detector has a finite radius of about 0.4 cm, and since some space is also needed for 
inserting the absorbers, the center of the detector cannot be brought closer to the 
moderator surface than about 0.8 cm. The transmission curves to be expected if the 
time-of-flight of the neutrons over this distance is taken into account have been 
calculated. It has been assumed that the detector is a point detector at a distance of 
one mean free path from the moderator. The result of the calculation is shown as 
the dashed curve II of fig. 7. It is seen that agreement between this curve and the 
experimental curve is quite satisfactory. 


1/v-absorbers 


Further information on the neutrons within the epicadmium period can be 
obtained from a study of the transmission curves through 1/v-absorbers of various 
thicknesses. A theoretical curve has been calculated in (12) for the variation with 
time or absorber thickness of the transmission through a 1/v-absorber, if the neutrons 
are slowed down by free protons. This curve has been replotted in fig. 7 (dashed curve 
IIT) for absorber B2, which has an absorption constant ky of 2.12-105 cm per sec. As 
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with cadmium, the experimental curve drops much less rapidly with time than the 
theoretical curve. ; 

A new curve, corrected for time-of-flight, has been derived and is shown as the 
dashed curve IV. It is seen that this corrected curve fits the experimental data 
better, but that the measured transmission curve is still a little higher than the 
theoretical curve derived on the assumption that the protons of the moderator are 
free. A deviation in this direction may be expected since the transmission through 
the rather thin 1/v-absorber B2 will depend on the shape of the energy spectrum 
below 0.3 eV, where the chemical bond begins to be important. The effect of the 
bond would be expected to decrease the number of very slow neutrons, and thus 
the transmission in boron would be expected to be larger than for a moderator of 
free nuclei. 


Basis for theoretical predictions 


While the experimental results are thus in essential agreement with the theoretical 
predictions, it would probably be unwise to try to draw any more detailed con- 
clusions concerning the epicadmium period from the present data. In order to 
arrive at the theoretical curves, shown dashed in fig. 7, it was necessary to make a 
number of simplifying assumptions, and the final curves are therefore rough ap- 
proximations only. These simplifying assumptions will now be discussed. 

In the first place it has been assumed that the slowing down process in water is 
the same as that in a moderator with constant mean free path, consisting of free 
protons at rest. The free proton cross section is constant up to about 100 keV, 
and any influence of the decreasing scattering cross section above this energy will 
have had ample time to disappear before the neutrons have been slowed down to 
the 1 eV region, where the measurement is made. The presence of the oxygen atoms 
is expected to have a negligible effect, since collisions with them occur only in 10% 
of the cases, and produce little energy change. 

For low neutron energies the effect of the chemical bonds have to be considered. 
The vibrational energies of the water molecule, which are virtually unchanged 
by the physical state of the substance, occur at 0.46, 0.45 and 0.20 eV (14). Even 
when the neutron is incapable of exciting these vibrations, it can, in the vapour, 
transfer energy relatively freely to the rotational degrees of freedom, the rotational 
quanta being about 0.02 eV. While these rotations are hindered to some extent in the 
solid and liquid state (15), they still remain as a degree of freedom with low quanta, 
which should be very efficient for removing energy from the neutron. It has been 
shown elsewhere (12) that the slowing down process against incompletely bound 
nuclei proceeds almost unaffected by the bond until the neutron energies are of the 
same order as the lowest vibrational quanta. It can thus be expected that above 
the cadmium cut-off at 0.3 eV the chemical bond may safely be neglected. _ 

A further assumption, which has been made and which is open to question, 1s 
that the velocity distribution of the neutron flux emitted from the surface of a 
finite moderating geometry with a localized neutron source is the same as that of 
the flux inside an infinite moderator with a constant density of neutron sources, 
which is the case treated by the theory. Qualitatively one might expect that the 
neutron spectrum in a finite geometry would be depleted in high energy neutrons 
compared to the spectrum in an infinite medium. 
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The angular distribution of the neutrons emitted from a surface element was 


assumed to be proportional to (cos # + /3-cos?@), as derived by Fermi (16), cf. (17 ). 
With this emission law the detector will receive neutrons having the angular distri- 
bution (1 +//3-cos 8), if the neutron emission is uniform and the surface infinite. 
In the case of our finite moderator this angular distribution will be modified, since 
the neutrons received by the detector at an oblique angle originate near the edge of 
the surface, where the neutron flux is lower. These modifications to the angular distri- 
bution due to the finite dimensions of the moderator will also depend on the detector- 
to-moderator distance. It is, however, believed that the errors caused by deviations 


from the angular distribution (1 + /3-cos 8) are not serious, since good agreement 
between experimental and theoretical results in the thermal period was obtained 
using this angular distribution. 


Improved measurement 


It is believed that improved experiments, specially designed for the study of the 
slowing down period, could yield valuable information concerning the epicadmium 
period. Improvements should, in the author’s opinion, aim to eliminate the need 
for time-of-flight corrections. This can be done in two ways. 

First the flight paths of the neutrons can be reduced by the use of a detector of 
smaller geometrical dimensions. A flat thin detector would be more suitable than 
the cylindrical chamber used in the present investigation. An ideal solution would 
be a scintillation detector using a thin layer of a mixture of a boron compound and a 
fast phosphor (18). The absorbers should also be as thin as possible, and the glass 
absorbers of low boron content used in this investigation should be replaced by ab- 
sorbers with boron in a more concentrated form. 

The time-of-flight effect can also be decreased by extending the time scale of the 
slowing down process. This can be done by increasing the neutron mean free path for 
scattering in the moderator artificially without otherwise changing the slowing down 
properties. The moderator may be “diluted” by a heavy substance such as lead, 
which does not, in comparison to the hydrogenous material, contribute appreciably 
to the slowing down process. In some cases the moderating material can be pro- 
duced as a foam. A further advantage of this extension of the time scale for the slow- 
ing down process, is that it allows better resolution to be obtained. 

It should perhaps be pointed out that the time-of-flight effect is serious chiefly 
for hydrogenous materials due to the speed of the slowing down process in these 
materials. In other moderators the mean free path is longer, and the change in neutron 


velocity per collision smaller, so that the process is much slower than in a hydro- 
genous material. 


B. The transition period 


After about 3 usec the neutrons have been slowed down below the cadmium cut-off 
energy. The subsequent approach to thermal equilibrium will occur much more 
slowly. Since the approach is gradual it is difficult to define a definite time when the 
neutrons have become thermal and the transition period has ended. The experimental 
curves of figs. 5 and 7 indicate, that the transmissions in the boron absorbers reach 


stable values after 30 usec, and we can take this to be the length of the transition 
period at room temperature. 
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Theory 


In the transition period the neutron energy is of the same order as the thermal 
energies and of the quantum energies of the chemical and mechanical bonds which 
keep the atoms together. Conditions are therefore much more complicated than 
in the epicadmium period, where definite theoretical predictions concerning the 
process can be made. While water is of considerable practical interest as a moderator, 
it is from the theoretical point of view (15) an exceedingly complicated substance, 
and a correct theoretical treatment of the transition region seems almost hopeless. 

In connection with the present investigation we must content ourselves with a 
phenomenological discussion, or at most with exceedingly simplified theoretical 
arguments. For a more detailed treatment a substance having a simple and well- 
known structure would be preferable. 

At least in the latter stage of the transition period the problem is closely similar 
to those treated by the kinetic theory of gases. The neutrons can be regarded as a 
very rarefied gas, which interacts with the moderator. For the final approach to 
thermal equilibrium the gas kinetic methods of treating phenomena in mixtures of 
gases may give useful results. Unfortunately the time dependence of the kinetic 
processes in gases has not received much attention, probably due to the fact that in 
gases at ordinary pressures the times concerned are so short as to have little practi- 
cal interest. 

Bearing in mind this analogy it may be fruitful to see if the neutrons may be 
regarded as a gas In a quasi-stationary state, having essentially a Maxwellian velocity 
distribution. From the transmission measurements this assumption about the 
velocity distribution may be given a rough test, and a temperature assigned to the 
neutron “‘gas’’. Using the transmission data we can follow the gradual cooling of the 
neutron gas until it comes into thermal equilibrium with the moderator. The “‘tem- 
perature” of the neutron gas may be expected to approach the equilibrium tempera- 
ture exponentially, to a first approximation. The rate at which temperature equi- 
librium is attained is a measure of the heat transfer between the two systems. 

Following these lines, an approximate theory was derived in ref. (12) for the 
time dependence of the mean neutron energy or neutron temperature, on the 
assumption that the water molecules appear as rigid structures and that the 
bonds between them can be neglected. 


Boron absorption measurements 


In order to transform the transmission data for the boron absorbers to effective 
neutron temperatures we need to know the transmission through the absorbers for 
a Maxwellian neutron velocity spectrum, and for an angular distribution propor- 
tional to (1 +)3-cos @). This problem is treated in the author’s thesis (12). The 
transmission is there calculated as a function of the dimensionless parameter & = 
ky(m/2kT)*. The effective temperature is defined as kim/2ka?, where kom/2k 1s 
listed in Table 1, for the various combinations of absorbers. 

The results for the various absorbers are shown in fig. 8. The effective neutron 
temperatures calculated from the transmission through the thicker absorbers agree 
with each other within the limits of the experimental errors, indicating that the 
neutrons have indeed an essentially Maxwellian spectrum during the transition 
period. 
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The thinnest absorber B1, however, yielded effective temperatures, which were 
consistently higher than the temperatures derived from the other measurements. In 
the thin absorber, only the low energy part of the neutron spectrum 1s absorbed. The 
result thus indicates that it takes a longer time for the low energy part than for the 
main part of the spectrum to adjust itself to the proper Maxwellian distribution. 
The process is not concluded within the 40 usec covered by the 2 usec resolution 
measurements shown in fig 7. 

These conclusions concerning the lag of the low energy part of the neutron spectrum 
with respect to the rest of the spectrum seem reasonable since it becomes increas- 
ingly difficult for the neutrons to loose more energy when their energy is already 
low. Too much weight should not be given to the results with the thin absorber, 
however, since in the first place the conversion from transmission to effective neutron 
temperature becomes increasingly less accurate as the transmission approaches 
unity, and in the second place the absorber was not very uniform. 

The range of time over which time-of-flight effects must be taken into account. 
may be estimated from a series of measurements in which the time distribution 
was measured with the detector at various distances from the moderator surface. 
The results of the measurements are shown in fig. 9. The channel width was 11 usec, 
and the moderator was water containing no boric acid. It is seen that with the detector 
in its normal position, at a distance of about 1 cm from the moderator, the time-of- 
flight effect is appreciable only during the first 20 usec or so. It is thus not necessary 
to take it into account during the final part of the transition period and during the 
thermal period. 


Cadmium absorption measurements 


The measurements with Cd absorber are rather inaccurate, due to the extremely 
low counting rates obtained, which resulted in low statistical accuracy and made 
the measurement sensitive to any background of stray neutrons, and to spurious 
counts. In the measurements with 2 usec resolving time the apparent transmission 
reaches an approximately stationary value of about 3-10-? after 20 usec. In the 
measurements with 4 usec channel width the transmission does not drop below 10-2, 
and there is evidence for a constant background in the shape of the time distribution 
(fig. 5). In these measurements the intensity of the neutron source was lower than 
in the 2 usec measurements and we would thus expect the background to assume 
more relative importance. 

In order to investigate what part of the observed transmission in the measurements 
with the 2 usec channel width corresponded to transmitted neutrons, and what part 
was caused by stray neutrons and background, a measurement was made with 
cadmium and the boron absorber B2. The absorber B2 decreased the transmission 
alter the first 20 usec by a factor of 0.7 + 0.2. The neutrons emerging from the cad- 
mium absorber will be those of near perpendicular incidence, since the oblique neu- 
trons will traverse much more absorber and thus be almost entirely absorbed. If the 
neutrons are thermal neutrons of room temperature we would expect (12) the boron 
absorber to cause an extra attenuation of about 0.38. Combining this with the 
observed attenuation we conclude that roughly one half of the intensity registered 
behind the cadmium absorber can be expected to be real, the rest being caused by 
background counts and stray neutrons. The latter effects would thus correspond to. 
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Hig. 8. Effective temperature of neutrons as calculated from transmission data through various 
absorbers as a function of time. 


2 transmission of about 1.5-10-%, which is negligible compared to the measured 
sransmission in all absorbers except cadmium. 

The transmission of neutrons through cadmium can be calculated quite easily if 
she cross section is assumed to be constant up to a certain cut off energy, and zero 
ubove this energy. For the constant cross section we take the value 2300- 10-24 cm2, 
,orresponding to a macroscopic cross section for our cadmium absorber of 5.4 em?/em?. 
Hor the cut off energy we assume the value 0.3 eV. 

For neutrons below the cut off energy and having the angular distribution 


1+V3-cos%) we find (ref. (12), appendix II) an expected transmission of about 
10-3. For thermal neutrons of room temperature the fraction having energies above 
she cut off energy is much smaller than this value, and the theoretical transmission 
‘hould thus be 10-3, in agreement with the rough experimental value of 1.5: 107%. 
With increasing neutron temperature the fraction of epicadmium neutrons in the 
hermal spectrum increases, and at a temperature of about 450° K the transmission 
lue to these high energy neutrons equals that of the lower energy neutrons. Above 
his temperature the transmission increases rapidly and becomes a sensitive measure 
yf the neutron temperature. The neutron temperatures determined from the cadmium 
ransmission measurements, corrected for a background “‘transmission”’ of 1.5- 107%, 
n the assumption of a Maxwellian velocity spectrum during the transition region 
re plotted in fig. 8, and are seen to be in rough agreement with the temperatures 
letermined from the boron measurements. 
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Fig. 9. Normalized time distribution of flux from a water moderator for various moderator-to- 
detector distances. 


Conclusion 


We conclude that in the transition period the neutrons behave approximately as 
a gas in a quasi-stationary state, having at each moment a Maxwellian velocity 
distribution corresponding to a momentary temperature which decreases rapidly 
towards the temperature of the moderator. There are however indications that the 
low energy portion of the spectrum is less pronounced than in the proper Maxwellian 
spectrum. The effective neutron temperatures approach the equilibrium tempera- 
ture along a curve (fig. 8), which can be approximated by an exponential approach 
with a time constant of about 7 usec. The accuracy attributed to this value is however 
low, about +3 psec. During the initial part of the transition period the approach 
is more rapid. The curve agrees closely with the approximate theoretical be- 
haviour derived for neutrons in a gas of free water molecules (12). 


C. Thermal period 


The measurements described in this article were performed with special emphasis 
on the slowing down and transition periods. The amount of thermal neutrons was 
reduced deliberately by the addition of boric acid to the water, and the repetition 
time was chosen so short that most of the thermal period was overlapped by the 
next cycle. The measurements of fig. 5 show that the spectrum is indeed constant 
after the end of the transition period, and for at least another 40 usec. The effective 
neutron temperature curves of fig. 8 show that at the end of the transition region 
the neutrons are in thermal equilibrium with the moderator. The agreement between 
neutron temperatures found using different absorber thicknesses shows that the 
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velocity distribution in the moderator is approximately Maxwellian, since this 
distribution was assumed in converting from transmission to neutron temperature. 


More sensitive experiments designed to investigate the thermal period in more 
detail will be described in ref. (12). 
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On the scattering of slow neutrons by crystals 
near the Bragg angles 


By ALF SJOLANDER 


With 5 figures in the text 


Formulas for the diffuse temperature scattering of neutrons by an 
isotropic cubic crystal are derived, holding when the Laue inter- 
ference conditions are approximately fulfilled. The singularities of the 
scattering cross section are studied for anisotropic cubic crystals, and 
relations between the singular directions and the elastic constants of 
the crystal are given. Finally some general results about the intensity 
of the scattering are derived. 


In this paper some general results concerning diffuse temperature scattering 
of slow neutrons by small single crystals will be given. The deviation from the 
Laue interference conditions is assumed to be small, and the main results refer 
to neutron velocities which do not exceed the velocities of sound. Only crystals 
of cubic symmetry have been studied, but the methods used here are not re- 
stricted to this case. 

Methods of wide applicability for this problem have been developed by WALLER, 
who investigated the diffuse temperature scattering of X-rays.1 Some of the 
most characteristic qualitative properties for the scattering of neutrons have 
been pointed out by SeeceR and TELLER? and later a more close quantitative 
investigation has been carried out by WaLieR*® and FromMaAn*. The results are 
in broad outline the same as in the case of X-ray diffraction, but there are 
some characteristic differences, especially for neutron velocities of the same order 
of magnitude as sound velocities. Replacing the mass of the neutron by zero, 
all results in I are transformed into the corresponding results for X-rays. 


Introduction 


The general problem concerns the scattering of neutrons by a crystal. The 
incident neutrons are supposed to be represented by a monochromatic plane wave 
of particles, the wave vector of which is denoted by k. The scattered neutrons 
emerge radially from the crystal, and they can be represented by a superposi- 


1 I, WatxteER, Interferenz- und Dispersionstheorie der Réntgenstrahlen, Thesis, Uppsala 1925. 
2 R, J. SenGerR-E. TELLER, Phys. Rev., 62, 37 (1942). ‘ ; 
3 JT. Watter-P. O. Froman, Arkiv for Fysik, band 4 nr. 5. (In the text this paper will 


be refered to as I.) 
4 Pp. O. Froman, Arkiv for fysik, band 4 nr. 6. 
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tion of monochromatic waves. We will denote by n the unit vector for the 
direction in which the emergent neutrons are considered. Scattering dependent 
on magnetic interaction, isotopic disorder and spin dependence will be neg- 
lected.t 

The only crystals dealt with are so small that absorption can be neglected.” 
Nevertheless the number of atoms in the crystal can be taken as very large. 
A nucleus is characterized by a cellular index /=(l,, J, 13) and a basic index 
p, the latter indicating the nuclei in a single cell. NV denotes the number of 
unit cells in the crystal. For crystals of cubic symmetry the basic vectors of 
the lattice can be chosen as ae,, aes, @e3, where a is the lattice parameter 
and e,, €5, eg are unit vectors along the principal axes of the crystal. It 1s 
convenient to introduce the reciprocal lattice, the basic vectors of which are 
be,, bes, bes, where b is the reciprocal value of a. 

Owing to thermal vibrations, the crystal deviates from the ideal form. All 
other causes of imperfections are neglected. The nuclei perform approximately 
harmonic vibrations around their mean positions, and the vibrations of the 
crystal can be considered as a superposition of its eigen vibrations. If the sur- 
face distortion is neglected, these eigen vibrations are progressive, monochro- 
matic waves. Denoting by wu? the deviation from the mean position of the 
nucleus, characterized by (p, 1), we may write an eigen vibration of the crystal 
in the form 


uP = CP f= 2e.e OS: (1) 


“ is the wave vector. A;=a(l,e,+1,e,+13e3) is the position vector of the 
lattice point, mdicated by J. C?, , denotes the complex amplitude, and wy; are the 


eigen frequencies. ) refer to 3s waves associated with a definite wave vector, 
where s is the number of nuclei in a cell. The wave vectors lie very close. 
together in the reciprocal cell (J,, /2, 13)=0, and their end points are uniformly 
distributed in this cell. The number of eigen vibrations is the same as the 
number of degrees of freedom of the crystal. The eigen vibrations can be sepa- 
rated into acoustic waves, which correspond to the elastic vibrations in the 
crystal, and optical waves, which are unimportant for this investigation.® 
Considering only acoustic waves and x-vectors, small in comparison with 
a reciprocal basic vector, we may write the motion of the nuclei in the form 


uP= CP MA mei) f= 1, 2, 3, (1’) 


where Cy; and wx; are determined from the following linear system of equa- 
tions.* 


5 6 61 —6 
(are | Ope ae eel Cx; (2) 


1 The effect of isotopic disorder and spin dependence on the scattering has been studied 
by Fr6man, among others. P. O. Fréman, Arkiv fér Fysik, band 6 nr. 11. 

* This is justifiable if the linear dimension of the crystal is 10-4 cm or smaller. See: 
W. H. Zacwartasen, Theory of X-ray diffraction in crystals, p. 1038. i 

* M. Born, Dynamik der Kristallgitter (1915). See also: W. H. ZACHARAISEN Theory of 
X-ray diffraction in crystals, p. 192-197 (1944). : al 

4 Cf. M. Born, Atomtheorie des festen Zustandes, Enc. Mat. Wiss. V 3, p. 648. 
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where I is a tensor, C1, C12, C4q are the elastic constants, and @ is the mass 
density. We denote by (xyz) the direction cosines of the wave vectors relative 
to the principal axes. T has the following form 


x Kay Kuz 


T=\Kyc y* Kyzl- (2") 
Kzx Key 2 


The symbol K is defined by 


_ Cre t Cag Ae 
aa (2) 

11 — Cag 
For an isotropic crystal K=1. 


Cx; is ortho-normalized in the following way 


2 


Cri Cry = apap Oi" Wes) 


where M denotes the total mass in a unit cell. 

If the isotropy condition is fulfilled, the solutions of (2) are of very simple 
form. Even in the general case it is possible to give an exact solution, but 
then the expressions are too complicated to be used in the following reasoning. 
In an appendix we have calculated the limits of each of the three branches 
of the eigen frequencies, when (xyz) lies on the unit sphere, and these values 
will be used later. 

Following the methods developed by Water, the differential scattering cross 
section can be expanded in a series 


o(k, n)= S oi (k, n) 
i=0 


v 


where og gives the intense coherent scattering when the Laue conditions are 
exactly fulfilled. 


K-k=227 K=|k|n. (3) 


Here t denotes the position vector of a reciprocal lattice point. 


0 is of importance only for vectors (K —k) in an extremely narrow region 


2 2 


oe) 


around a reciprocal lattice point. On the other hand, the sum 2% (k, n) is 


= i 
shown by WALLER to be negligible in the case of X-ray diffraction, when the 
Laue conditions are approximately fulfilled, and the same conclusion may be 
drawn in this ‘case Our task in this paper is to study the term o,. As the 


K ike 
1 WALLER (I. c.) OL% oe Ont 


Kw 4 KB 2Cyy+C,, (“ sin °)'r 


Bw Waa ihn A 
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starting point of our investigation we will take the expression for the differential 
cross section given by WaLieR and Froman in I, p. 185, formula (6). 


. 


at (k, n) = N? > te to ei2nT: (ry—Tp’) e7 Mp (22T)—My! (227) P 
pp’ 


h 1 a 
il on At eh 

: os oleae : CY.) (2%7° Cy5)5 (0 (@xj) + s*) | 

(k’ n—k—2nT—2%=0) 

J=1+ “n -grad wx; v=neutron velocity. (4’) 


ry gives the mean position of the p:th nucleus in the unit cell defined by 
(,, ls, l3)=0. fp is the scattering length of the nucleus characterized by the 
index p. M, signifies the DeBpyr-WALLER temperature factor, well known in the 


: : 1 kp ie : 
theory of X-rays.1 g {wx ;) can be approximated with ae a if) 7.18 not 
DOR; Dy; 


too low.2 Here kg denotes Boltzmann’s constant and T is the absolute temperature. 


: 1 fies : 
Owing to the factor —,-, the contribution from the optical waves can be neg- 
a 
lected if the x-vectors included in (4) are small compared with a reciprocal 
basic vector.2 Only a few eigen vibrations of the crystal contribute to the 
scattering in this approximation. The x-vectors to be put into (4) are determined 
from the following relation, given for a special case in I (8)—(9). 


Oxnj a 
x=H- err n (5) 
where* 


n=K-k-22t K=|k|n. 


The summation is extended over the three vibrations, indicated by 7=1, 2, 3, 
and e= +1, corresponding to absorption and emission of energy by the neutrons 
respectively. 


The relation (5) 1s of great importance for the following. Its geometrical 
meaning will be clear from Figs. 1 and 2. 


For many crystals, K < 2.10-5 T'p?; » is the order of reflexion. This suggests that at room 
co 
? 
temperature and for p< 4, > 6; might be neglected, if b= F<1, The notation is given in 
2 
the text. 


+ WALLER (I. c.), p. 35 formula (56’). See also: FROMAN (. c.), Dea Lom. 


hoy; ra) 


2 The error is smaller than 10 per cent, if abpeaiggae 1. © is the Debye tempera- 
kpT Tio > 


fh 

ture. In the following we use the notation ® for 1/kpT. 
3 It might be sufficient that eae : 
mwb~ 4 


mer 2 wy ;\')2 ' . Wy ; 
b={1l—e Ar |k| has been approximated with lease. 
v 
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Fig. 1. Fig. 2. 


N) may be taken Il n. 


I contains explicit expressions for the scattering in a Debye crystal with one 
sound velocity. Two remarkable results are obtained. The scattering is inde- 
pendent of the neutron velocity, if v>c (c=velocity of sound). For v<e the 
intensity is extremely high in certain directions of n, and when the deviation 
from a Bragg angle exceeds that for the directions mentioned above, the scat- 
tering cross section abruptly vanishes. The neglected part of the cross section 
does make a contribution, but only a small one. The directions with the high 
intensity are determined by 


te9- ae B= St (See fig. 2.) (6) 


The corresponding vectors yn generate a circular cone. A surface generated by 
y-vectors and defining directions for extremely high intensity will in the fol- 
lowing be denoted by an 7-cone. 


Isotropic crystals 


In this section it will be shown that the results above can be generalized for 
an isotropic crystal. The solution of equation (2) is easily obtained. We get 
two sound velocities cy and c,, corresponding to longitudinal and transversal 
waves, and these are independent of x. The amplitudes are 


oy Me 
cu 


where ex,, ex,, @x, are three mutually orthogonal unit vectors, and ex, is par- 
allel to x. For each of the sound velocities we find in exactly the same manner 
as in I a solution of (5) 
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ated “=f 
|x|= ihe Ba » - (7) 
ra lcel 


where 


n= Viz (1 — 6”) tg” @. 


The signs + and e= +1 must be chosen to make |x|>0. 
By using the relations (4’), (5) and (7), J is transformed as follows 


Ja1+ epi — B= bro (8) 


Using the expressions for J, |x| and Cx; given above we get the following 
expression for the scattering cross section 


eal (2% Tu wr) 4 Linsh (° Ty ) 
2 + 
A ubdiere | pects rime ariel is) oh 


gal 
——S(e(2a 1x)” + = 5 (6 (2% Tx) | 


Ci Ne Cy 


(9) 
NE Pay b “als 


where 


t= mu V+ (1— BR) te" p, a= mu V1 + (1-8) te 


F= > ip er2nT-ry e Mp (227) 
Pp 


Tix and t,x denote the component of t parallel and perpendicular to x. ( )u 
and ( ), signify that the values of * inside are to be those obtained from (7), 
when B=, and P=f, respectively. The summation is extended over the x- 
vectors in accordance with (7). For cu=c, the formula reduces to that given 
by WALLER and FrR6man (I p. 189). 

From (9) it is clear that the scattering cross section will be infinite in cer- 


tain directions, when fy or 6,>1, and that the corresponding y-vectors generate 
two circular y-cones, defined by 


te ¢= 


2 

tg p= ores (10) 

Vorgee 

As a continuous dependence on the vector y has been assumed in deriving 
(4), we can only conclude that the intensity will be extremely high in those 
directions for which (9) becomes infinite. 

For neutron velocities larger than both of the sound velocities, that part of 
(9) which depends on the neutron velocity vanishes. The polciianicae are ele- 
mentary but rather lengthy; therefore, only the result will be given here: 


1 (quiz)? | 1 (nye\?] 1 
al ara | a (2) +a (™) [oe ala (11) 


Te aye 


0, (k, n)=N|F|* 
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1, =0 n, 


The two new symbols yu and 4,2 in (11) denote the components of n parallel 
and perpendicular to the vector Tt. 

When the neutron velocity does not exceed either cy or c, the differential 
cross section depends on v. This dependence is clear from the following formula, 
which has been derived from (9); v<cn and c¢,. 


0, (k,n) a (k, "| ii h as (k, n) (12) 


1 
0 (k, m=NIFPara| “% 3 7 PON here: ve 


1 
v v 4M n 


and 
gi (k, n) n hi (k, n) 


1 Ne 


where gi and hi are independent of v. To get numerical values of the scat- 
tering cross section, formula (9) might be the most convenient one to use. 


Conclusion (Isotropic crystals) 


When the neutron velocity exceeds the two velocities of sound, the scattering 
is independent of the neutron velocity. The intensity is given by formula (11), 
which agrees exactly with the corresponding formula for X-rays. In other cases 
the scattering depends on the neutron velocity, according to (12). The intensity 
is high for directions defined by 4,=0(7j1<226) and for directions determined 
from the relation (10) (see Figs. 1 and 2). Outside these exceptional directions 
the scattering abruptly decreases. 

Fig. 3 gives an idea how the intensity depends on 7,, when yu is kept fixed 
and v<cy and ¢,. 


Anisotropic crystals. 


In most real crystals the deviations from isotropy are considerable, and a brief 
account of some qualitative results valid in the general case may therefore be 
of interest. For sufficiently slow neutrons there are three 7-cones corresponding 
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Fig. 4. 


to each component of the sound velocities! The analytical characters of these 
surfaces are in general very complicated. We will surround each of them with 
circular cones in such a manner that there are simple relations between the 
apical angles of these cones and the elastic constants of the crystal. By choosing 
the orientation of the crystal relative to the incident neutrons in a suitable way, 
it is possible to arrange that an 7-cone will touch, at least approximately, one 
of its surrounding circular cones. In this way, even some quantitative relations 
valid for the anisotropic crystal may be obtained. 

The singularities of the scattering cross section, when 7,40 (see Fig. 2), are 
due to the vanishing of J. 

The figure above is the same as Fig. 2. The new quantities introduced are 
explained below. 

The index (*7) im wx; will be dropped from now on, and we consider a 
special branch j. 

From equation (2) we conclude that the form of w is 


w=c(xyz) |x| 


where c(xyz) depends only on the direction of x. We determine those x-vectors 
that correspond to vectors y, the end points (A) of which are located on the 
straight line LZ, where L may be allowed to rotate about Ly (Fig. 4). Because 
of the homogeneity of (5), the solution for arbitrary y may then be obtained 
by simply introducing a scale factor. 

c(xyz) is bounded; the limits are denoted by 


ce’ =inf c(xyz), ec’ =sup c (xyz). (13) 


Let us first decide whether (5) can be satisfied for every y. Let the point 
B (Fig. 4) describe L, and consider the motion of A. For large values of v, 
A will move along the whole line, but for sufficiently small v the variation of 
A is restricted to one side of a certain limit point. The vector y corresponding 


+ As mentioned above, we include three eigen vibrations under each wave vector x. 
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to «this limit point will be denoted by yz. We will suppose that there is at 
most one turning point of A, when B moves in a definite direction. 
The vector x corresponding to yp is determined from the relation 


“(n- grad w)+1=0. (14) 


The lefthand side of (14) is identical with J, and for this reason (14) gives the 
n-cone. 


The vectors, y’ and y”’, are constructed (Fig. 4). We note that 7 will always 
take an intermediate position between them. Our intention is to make a com- 
parison with two Debye crystals having the sound velocities ¢’ and ¢’. From 
the construction it is immediately clear, that the 7-cones of the Debye crystals, 
denoted by 7, and 7; cones, surround the corresponding 7-cone of our aniso- 


tropic crystal. Formula (6) gives the apical angles of these surrounding cones. 
The surfaces generated by x-vectors corresponding to the p-cones may be de- 


noted by x, and x, cones respectively, and their apical angles are given by 


cos a= ; (15) 
at 50 
where f is | 


For a vector * satisfying the relation c(xyz)=c’ and located on the x p-cone, 
N=Nyp=N=N,- The y-cone will touch the outer 74)-cone. For a x satisfying 
e(xyz)=c" and located on the x,-cone, ny =yn,=yH, and y=y,, when the first 


infinitesimal variation of c(xyz) vanishes. The conditions for the 7-cone to 
touch its outer or inner 7,-cone can be formulated as follows: 


I. To get an n-cone touching its outer np-cone, we have to rotate the crystal, 
or choose the neutron velocity so that one of the unit vectors (fixed in the 
crystal) determined by the relation 


c(xyz)=e (16) 


lies on the x,-cone. The condition for touching the inner np-cone 1s ex- 


' 


pressed in the same way by simply changing the indices (C=C. Ft ap) 
and in addition providing 6¢(xyz)=90. 


1 The author has not succeeded in justifying this. However, the study of isotropic crystals 
suggests that our supposition might be valid for most directions of n,, at least for crystals 


not too far from isotropy. , ere at 

2 See appendix. dc(xyz)=0 is automatically fulfilled in the directions defined by e(xyz)=c 
except for the lowest branch of the eigen frequencies in the directions (+1, +1, +1) and 
the case K>1. 
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The directions defined by the relation (16) or the corresponding relation where 
c'>c'’, are denoted by L’, L” respectively and are given in an appendix. 

We can draw some conclusions about the y-cones and the intensity of the 
scattering from the symmetry properties of the crystal.1 Some results obtained 


immediately are given below.? 

When the direction of nm varies the intensity can be visualized in a plane 
normal to the vector ny (see Figs. 1 and 2). We get singular curves, which 
are approximately the intersections of the 7-cones and the plane defined by 
n, =constant. For isotropic crystals these curves are circles, and for anisotropic 


crystals we have surrounded each singular curve with two concentric circles. 
The following theorem is obtained directly: 


Il. Jf the crystal is rotated so that my lies along one of the following directions 
a) (+1, 0, 0), (0, £1, 0), (0, 0, £1) 
b) (+1, +1, 0), (+1, 0, +1), (0, $1, £1) 
C) nila Ly arrad Seco ) 
the singular curves have 
Pe a) i 
axes of symmetry. 


In accordance with this we note that the differential cross section, which in 
the approximations used here can be written in the form 


1 ae 
| J | 


1 
o(h, m)=NLFP S [Bare Curl G( (17) 
rd, € 


DOR: 20x; 
(hae ks) 
has no such axes of symmetry, owing to the factor |2~7-Cy;|. In the following 
special case, however, we get the theorem: 
Ill. When the condition 
2% T:Ny=0 
as fulfilled and no lies along (1, 0, 0), (1, 1, 0) or the equivalent directions, 


the scattering cross section has the same magnitude in directions symmetric 
relative to no. 


Another similar conclusion, also obtained directly from the symmetry, is the 
following: 


: eh 
IV. For temperatures so high, that Don, co” be neglected in (17), the intensity 
. 7 2) 
us the same for the y-vectors symmetric relative to a Laue interference point 


296'C. 


1 See Fig. 5 in the appendix. 
2 The author is grateful to Fr6émawn for suggesting this special study. 
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Because of the homogeneity of (2) and (5), we can write the differential cross 
section, when the direction of y is kept fixed and |y| varies, in the following 


form 


is neglected }: 
Kj 


const. 
0, (k, n)= a (18) 


The intensity of the scattering decreases abruptly when the angle y between 
mo and y (Fig. 2) exceeds the apical angle of an y-cone, and for vectors y 
sutside all 7-cones the scattering cross section vanishes. It can easily be shown, 
that when y approaches an 7-cone from the inside in the direction of 7 ene 


: ‘ : i 
scattering cross section increases as ji: ne denotes the value of nH, On 
Temes 


an 7-cone. 

In Table I the explicit formulas for ¢, and G; and the corresponding direc- 
tions L’ and L” are given (j=1, 2, 3).1 The 74)-cones are determined by the 
formula 


E 
i) v 
tg = = ’ | 19 
v 
and in a similar way the x,-cones are given by 
1 ' 
COS A= = (19°) 
p 
Table I 


1 as (0, y, 2), (x, 0,12) C11 — Cua t Cag (41, +1, +1) 
oO (x, Y> 0)? 3 @ 
Cay (Geile 0, 0), 0, a 0) Cir — C12 Goad al oF 
POs as (@; sel, ae) 
fi : (+1, 0; 0) 
6 Ciy 2 Cig t 4 Cee (41, +1, +1) i (0, +1, 0) 
30 (@; @, seu) 


K <1: (1) gives (c’)’, (2) gives LT’, (3) gives (cy and (4) gives L". 
K <1: (1) gives (c’’)®, (2) gives L’”’, (3) gives (c’) and (4) gives L’. 


1 See appendix. 
2 (0, y, z) denotes a direction with vanishing x-component. 
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Table II. 10° cm/sec 


a a a EE 
K Cy ey ey C2 3 3 
Apis 1.8 1.2 2.0 1.5 2.0 8333 3.8 
Al? .. eZ 2.8 5233 3.0 By 6.3 6.6 
Crh, oan IAP Geet: eee, a ell 1.6 2.9 2.1 2.9 4.4 5.2 
INGE asi ee oo ee ee 8.3 0.8 Piel | 1.4 pe) 3433 3.2 
NaCl? . . OL7 2.4 2.8 24: 2.9 4.4 4.8 
KCl? 0.4 1.8 2.6 1.8 2.9 Bail 4.6 
Lik? Fed ee Cpestece ad 3.3 4.6 3.8 4.6 6.0 yieel 

eee ee eee 


1 R. F. 8. Harmon, Rev. Mod. Phys., 18, 409 (1946). 
2 D. Lazarus, Phys. Rev., 76, 545 (1949). 
3 H. B. Huntineton, Phys. Rev., 72, 321 (1947). 


Table II gives numerical values of K, c, and G; for some crystals. 


For the Laue interference conditions to be approximately fulfilled, it is nec- 
essary that |k|=2/a. For the 7-cones to exist it is thus necessary that the 
neutron velocity is restricted within the interval 


‘ie fh 
—— Sv<¢s; mMy=neutron mass. 


Mo a 


Approximate numerical values of the boundaries for some crystals are given in 
Table TI * 


Table III 
Lower boundary Upper boundary 
v E A v E A 
10° cm/sec] 10-2e V 10-§ cm | 105 cm/sec} 10-2e V 10-8 em 
eet Sear a epeteaen a. oo 0.48 0.12 8.2 3.8 7.8 1.0 
ALS Oe ieee ck emeon Ga 0.48 0.12 8.1 6.5 22.1 0.6 
Cee ete tom 0.54 0.15 7.2 5.2 14.2 0.8 
INGA, ee eee 0.45 0.11 8.6 3.2 5.5 122 
NOME ecg? 6 coNol 6 0.35 0.06 11.2 4.7 1 DB 0.8 
RT oe me Gee 0.31 0.05 12.5 4.5 10.5 0.9 
18 ae Solera oar ee 0.49 0.13 8.1 Toll 26.3 0.5 
ee | | 


Conclusion (Anisotropic crystals) 


For real crystals there are in every direction three sound velocities, the magni- 
tude of which depends on the direction of the sound wave. The regions in 
which these velocities vary are given in Table I and II. It should be noted 
that the region of cs lies completely outside the overlapping regions of ¢, and 

h 


1 
Cy) Hi > My v2; A= 3 
2 My Vv 
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Table II ‘Suggests that in some respects many crystals may be considered 
; isotropic with rather good accuracy. 


When the neutron velocity exceeds G the scattering cross section varies 
noothly with Ny: Ordinarily, the intensity decreases as 7, Imcreases in a cer- 


in direction (see Figs. 1 and 2, cf. 11). For smaller neutron velocities, singular 
irections appear and for C <v<c, there is one singular cone, outside of which 
1e intensity abruptly decreases without vanishing. When a h/ MyaSv<c,, we 
ot three singular cones, of which the two outer ordinarily lie rather close 
gether. Thus Fig. 3 might in the anisotropic case give an idea of how the 
tensity varies, with the modifications that the outer singularity is broadened 
nd the scattering angle varies when rotating around the direction mp. 

In theorems (II)-(IV) we have given some results regarding the intensity 
nd the symmetry properties of the singular surfaces. 

Ordinarily the singular cones are not circular, but we get an idea of their 
ppearance and widths by surrounding each cone with two circular cones, the 
pical angles of which are given by (19). In theorem (I) we get the conditions 
yr a singular cone to touch one of its surrounding ones. In this case the rela- 
on between the elastic constants of the crystal and the width of a singular 
one is given by (19). 


Application to Al 


In order to find the order of magnitude of the angles to be measured to 
etect the 7-cones, we apply our results to Al. This crystal is a convenient one, 
artly because magnetic interaction, isotopic disorder and spin dependence can 
e neglected! and furthermore because the elastic anisotropy is negligible. We 
ave carried out the calculation for the following neutron velocities: A= 1.057 A 
nd A4=1.315 A, corresponding to v=3.698 10° cm/sec and v=2.973 10° cm/sec 
espectively.t 

For 4= 1.057 A, only one n-cone appears and the angle g, determining this cone, 
aries in the very small interval 34°.4<q<36°.2. The angle 6 (Fig. 1) varies 
ith 7, as follows: 


I 
6=0.093 p= 0.019 (1°.1), call Ses 


For 2=1.315 A there is one fully developed y-cone and one cone which 1s 
nly partly developed. The corresponding angles 3 and gg vary in the inter- 
als: 27°.0<q3<28°.3, 66°.5<q2<90°; and 63, dg have the values 


63 = 0.085 = 0.009 (0°.5) 


eat J 
6,2 0.318u (2 0037; 2.1) xb 


10° 


<= 
~ 


The author wishes to express his gratitude to Professor Ivar WALLER for 
uggesting this investigation and for much good advice during the work. 
Institute for Mechanics and Mathematical Physics, University of Uppsala, 
Jppsala. 


10. G. Suurz—E. O. Wotan, Phys. Rev. 81, 527 (1951). 
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Appendix 


The eigen frequencies wx; are determined from the secular equation corre- 
sponding to the system (2). The expressions may be simplified by introducing 


a new variable wu. 
C44 Q 
x U= («* ) 


Q Cy1— Ca 


The secular equation transforms into 


w—w+a(cyz)u—b (xyz) =0 (A) 
where 
a (xyz) = (1— K?) (27 y? + y? 2? +2? x") 
2 


ey ei 
b(2yz)=(1—K)’ (142K) zy 2. 


Let us consider K>0, which corresponds to ¢,,;>C44. The case K =1 has already 
been treated (isotropic case). The roots u,, Us, ug are ordered in magnitude, 
and the boundaries of each u; may be determined. Because of the symmetry 
we may restrict ourselves to the case (ryz)>0. 
d (a, b) 
d (x; a) 
parameters instead of (x, xj), and all the Jacobians vanish simultaneously only 
for x=y, y=z or z= (Fig. 5). The case when (xyz) lies on these exceptional 
curves (y’) will be treated separately. 

When (xyz) runs over the whole unit sphere, (a, b) represented as a point. 
in an (a, 6) plane will vary in a domain which is bounded by a curve y. y 
corresponds to (xyz) values of the circles P, P,, P: P3, P3P , and the circles. 


Supposing the Jacobian #0 (147), we may take (a, b) as independent. 
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denoted by y’. In this connection we note that because of the symmetry we 
need only solve (A) for (xyz) in the triangle P, By Pi. 

Considering (xyz) inside the triangle P, P; P, and choosing a, b as parameters, 
we can immediately show that in no points do the two derivatives of Ui, 
juj/6a and du;/db, vanish. As the derivatives of uj with regard to a and b 
may not exist where (A) has double or triple roots, extreme values of uj may 
occur in these points. We can however show that no triple roots exist, and 
the double roots are examined as follows. Denoting a double root by &, the 
equation (A) gives 


3 (1 =3G), (C) 


Then the following relation between a and b must exist 


pot Dia oe 
3. 977 27 


(1—3a)'2. (D) 


The lower sign corresponds to & being the smallest root, the upper sign to 
€ being the largest root. It will be seen from (C) that & takes its extreme 
values on the boundaries of a. We can also show, that the largest root never 
coincides with any of the other roots. Thus the extreme values must appear 
Pieenomin (ry2)roney vor P,P.) PsP, PsP} 

For (cyz) on P,P., P,P2, P,P, the solutions ,of (A) have a simple ana- 
lytical form. Because of the symmetry we need only consider the circle P, Ps, 
and then we have 


u,=0 
es ee Kiel 
ne iol BE 
i 
Us = : Ag —(1—K*) 2’ 7? 


Por K>1 w= %.. 
The extreme values of wy and wz are reached in the points P,(P,) and Py, 
and wu, vanishes everywhere on the circle P, Py. 
Finally, let us examine the roots on y’. We need only consider the curve 
P, P,. Taking x as independent parameter, (B) becomes 
a(eyz) =(1—K’*) (2-327) 2? (B’) 
b (xyz) =(1—K)? (1+2 K) (1-227) a". 
3 Nempoineedetined: byryiatae 
We apply the same reasoning as before. In the point defined by 2° = Se 


(1—K) (1+2K) 
345K 


(uz for K <1, w, for K > 1) is a real maximum (K <1) 


: 1—K? 1+4K+3K* nowt 
or a real minimum (KA > 1); the other roots are 345K *¢ —3y5K n P, 


(P,), the root 
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the root uz has a minimum (K <1) or a maximum (K>1). A rather lengthy 
but elementary calculation shows that at the point P; the two smallest roots 
coincide and that no other double roots exist. 

We may now conclude that all extreme values are to be found at the points 
P,, P,, P; and P,, and thus we need only choose the largest and the smallest 
root for each 7 at these points. 

dcj(xyz) (w=c(vyz) |x|) vanishes at all points where wu; has its extreme 
values, except for wu, in the point P;; here uw, and uz have a peak. 

Table IV gives the boundaries of u; and the corresponding directions of x. 


K<l Table IV 


(1) Dir (2) Dir 
1 
uy 0 (0, y 2) 5 (LK) a,%1,0 
(x, 0, 2) 
(v, y, 9) 
1 
Ug 0 (te 0, 0) mi) aa) (Qe i 0) 
(0, 1, 0) (1,) 05, 1) 
fer, 1} (0, 1, 1) 
Us Ales, (Ege ES. Ib) 1 (LROsTC) 
(0, 1, 0) 
(O550501) 


(1) and (2) are the lower and upper limits respectively. For K>1 the table 
above gives the result, if w;=u,g and lower = upper. 


Tryckt den 4 december 1953 


Uppsala 1953. Almqyist & Wiksells Boktryckeri AB 
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Communiqué le 9 Saptembre 1953 par M. SteaBaan et E. Hurtaty 


Etude de la radioactivité de S eu 


Par JEAN MorEAu 


Avec 6 figures dans le texte 


Introduction 


La désintégration de Sb37° a déja donné lieu a plusieurs études, les plus importantes 
faites avec l’emploi de spectrométres sont celles de K. SreGBAHN et W. Forstine [1] 
d’une part et B. Kern, A. Mrrcuety et D. Zarrarano [2], d’autre part. Sb}? 
décroit avec une période de 2,7 ans par émission (~ y, et donne naissance & Tes3° 
ou a son état métastable de période 58 jours. Les résultats publiés par K. SimaBaHn 
et B. Kern sont reportés dans le tableau I. Les résultats sont, en général en assez 
bon accord et les deux auteurs ont pu proposer un schéma uniquement prouvé par 
des considérations énergétiques. 

Les prévisions de la théorie des couches pour les états quantiques de Sn}5’ (9,4 j.) 
Sbs?° (2,7 a.) et Tei (58 j.) sont respectivement h,,/s, 27/2, by1/2 [3]. Le spectre 
B- (2.330 kev) de Sno? a une forme et une valeur de log ft (8,9) correspondant & 
une transition de premiére interdiction et AI =2 oui [4]: cette transition est donc 
en accord avec les attributions de h,,/9, 27/2. Le spectre 8~ (616 kev) le plus énergique 
de Sb37? a une valeur log ft =9,4 mais sa forme d’aprés les résultats publiés [1-2] 
ne correspondant pas 4 une transition J41=1, AI =2 oui, était en désaccord avec: 
les prévisions 27/3 hy4/>. 


Tableau I 
‘ Speers ee ies td Rayonnement y Identi- {ce conversion interne 
puvous ae: aed | oie Stat Energie en keV fication \pe- photoélectron 
K. SIEGBAHN 616 WS, 30) (ce" ) = 110) (ce-))— 175 (ce- pe-) 
299 49% 425 (ce-pe-) — 465 (pe-) — 601 (ce pe) 637 (pe7) 
f 128 33 % 
B. KERN 621 30% 110 (ce-) = 125 (ce) — I4a(Com pes) 
288 66 % 431 (ce- pe-) — 466 (pe-) — 609 (ce~ pe-) 646 (pe) 


Il était donc intéressant d’étudier la désintégration de Sb2;? par une méthode de 
coincidence pour prouver que le spectre de 616 kev aboutissait bien a Tere (D845) 
et, d’autre part, pour voir si la forme de ce spectre n’était pas modifiée par la présence 
d’un autre spectre peu intense. 
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Piece polaire 


Photomultiplicateur 


Cristal. E.M.1.5311 


Source Préamplificateur 


et support 


Taux de comptage/Intensité 


Intensité 


Figure 2. Spectre B~ de She 


Dispositif expérimental 


Le spectrométre ® & image intermédiaire de H. SLAtis et K. SregBaHn [5] a été 
utilisé pour l’étude du spectre 8- et des raies de conversion interne. I] a été utilisé 
également pour les coincidences 8~ > et e~ y avec une pice polaire modifiée contenant 
un photomultiplicateur H.M.I. 5311 et un cristal de 1 Na (TI) (figure 1): le photo- 
multiplicateur était alors situé dans le cylindre de fer qui constitue un blindage 
magnétique; dans la position représentée, aucune perturbation dans son fonctionne- 
ment ne fut enregistrée, le champ magnétique A l’intérieur du cylindre était, pour 
énergie maximum focalisée dans le spectrométre, donc trés faible sur ’ensemble 
des dynodes. 
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Diagramme de FERMI direct 


Diagramme de FERMI 
pour If spectre corrigé 


all> 


30 
8) a L iS 
200 300 400 500 600 £. Ael/ 


Figure 3. Diagramme de Ferni. 


Le circuit a coincidence [6] utilisé était un systéme symétrique prévu pour l’étude 
des coincidences d’impulsions provenant de deux compteurs & scintillations; dans 
le cas présent, le compteur G.M. était connecté 4 l’une des entrées, le temps de 
résolution était 0,5-10-® sec. I] fut possible, avec ce dispositif de compter les coin- 
cidences entre particules 6 ou e~ et les rayons y détectés au compteur a scintillations 
aprés sélection ou discrimination. 


Spectre & 


La figure 2 donne le spectre continu # d’une source de Sb57° préparée suivant la 
méthode décrite par W. Forstrna, les deux raies intenses appartiennent 4 Te35° 


provenant de la désintégration de Sb57° (ce tellure n’ayant pas été chimiquement 
séparé); ce spectre est identique 4 celui publié par B. Kern, MircHexy et ZAFFARANO. 
Les énergies des rayons 7 obtenus 4 partir des raies de conversion interne sont en 
accord avec les valeurs connues, un diagramme de Fermi (figure 3) a été calculé, 
les valeurs utilisées de la fonction de Fermi sont celles publiées par le National 


Bure au of Standards. 
Spectre ¥ 


Un spectre y (figure 4) a été obtenu a l’aide du compteur a scintillations utilisé 
pour les expériences en coincidence: un premier pic correspond au y de 175 kev, le 
suivant aux deux rayons y non séparés d’énergie 425-465 kev et le dernier au groupe 
de deux rayons y également non séparés d’énergie 601-637 kev; les valeurs des 
énergies des rayons y n’ont pas été déterminées a nouveau, ce sont celles de K. 
SIEGBAHN. 


Coincidences 2-7 


1°. Les coincidences entre particules 8 et l'ensemble du rayonnement y (seuil de 
discrimination pratiquement nul) ont été étudiées. Un diagramme de Fermi des 
spectres en coincidence est représenté (figure 5). 
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N 175 keV 
150 
Spectre ¥ 
100 
Spectre Y en coincidence 
avec Bde 320 keV Spectre Y en coincidence 
avec ¥ de 425-465 keV 
425-465 keV f 
50 
601-637 keV yy \ 
0 eee n sie n ae L 
0 10 20 30 40 10 20 30 40 


Hauteur dimpulsion 


Figure 4. Spectre y. 


2°. Les coincidences entre particules 8 et les rayons y d’énergie supérieure a 
175 kev ont été étudiées. Un diagramme de Fermi des spectres en coincidence est 
représenté (figure 5), 

3°. Les coincidences entre particules 8 et le rayon y de 175 kev ont été également 
étudiées; un diagramme de Fermi du spectre obtenu en coincidence est représenté 
(figure 4). 

4°. Les coincidences entre les rayons y et les particules 8 d’énergie 320 kev ont 
été étudiées, le spectre de rayonnement y en coincidence est représenté (figure 4). 

5°. Les coincidences entre particules 8 et les rayons y d’énergie supérieure & 
465 kev ont été étudiées mais les trés faibles taux de comptage obtenus n’ont pas 
permis d’obtenir un diagramme de Fermi des spectres en coincidence. 

D’aprés examen des droites de Fermi nous pouvons conclure: 

a. Le spectre connu d’énergie maximum 616 kev conduit 4 |’état fondamental ou 
métastable du tellure puisqu’il n’apparait pas en coincidence avec le rayonnement y. 

b. Un nouveau spectre d’énergie maximum 444+ 6 kev a été mis en évidence. 
Il est en coincidence avec les y de 175 kev (figure 3). 

c. Le spectre connu d’énergie maximum 300 key est en coincidence avec au. moins 
un des rayons y d’énergie 425-465 kev. 

d. Le spectre & basse énergie (environ 125 kev) est en coincidence avec au moins 
un des rayons y d’énergie 601-637 kev. 


Coincidences we 


Les coincidences entre les différents rayons y ont été recherchées en employant 2 


compteurs a scintillations (cristaux INa (Tl) et tubes E.M.I. 5311) associés au 
méme circuit électronique que ci-dessus. 
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Figure 5. Diagramme de Fermi de spectres en coincidence. 


Des coincidences ont été trouvées entre les rayons y d’énergie 425-465 kev et des 
rayons y d’énergie 175 kev (fig. 4). 


Coincidences e~ 7 


1°. Les coincidences entre les électrons de conversion interne du rayon y d’énergie 
175 kev et l’ensemble des rayons y ont été recherchées, seule une trés faible fraction 
Je la raie de conversion interne peut étre en coincidence avec l’ensemble des rayons y. 

2°. Les coincidences entre les électrons de conversion interne du rayon y d’énergie 
{25 kev et l'ensemble des rayons y ont été recherchées, seule également, une faible 
action de la raie de conversion interne peut étre en coincidence avec l’ensemble 
les rayons +. 


Résultats — Schéma de désintégration 


La forme du diagramme de Fermi du spectre le plus énergique obtenu directement, 
yu’on ne peut étudier qu’entre 440 et 616 kev, ne permet pas de conclure s'il s’agit 
Vune transition (41=1, AI =2 oui). Dans une aussi faible étendue en énergie, il 
Vest pas possible avec le pouvoir séparateur utilisé de mettre en évidence la courbure 
saractéristique du diagramme de Fermi d’une telle transition interdite, mais les 
mesures de coincidences indiquent l’existence du second spectre et son intensité 
‘elative est connue, car l’efficacité totale du compteur a scintillations a été déter- 
ninée avec le y de As33 [7] d’énergie trés voisine de 175 kev. 

Une nouvelle décomposition du spectre direct peut étre faite en retranchant le 
1ouveau spectre et l’on obtient alors pour le spectre énergique la forme interdite 
raractéristique dont le diagramme de Fermi peut étre rendu linéaire en appliquant 
e coefficient de correction a =W2—1+(W,—W)?. 

Cette nouvelle décomposition donne 4 spectres dont les énergies limites, les inten- 
sités et log ft sont reportés dans le tableau II. 

L’énergie limite et l’intensité du quatriéme spectre sont des valeurs assez imprécises 
sar la présence des raies du tellure et la diffusion due a I’épaisseur de la source ne 
permettent qu’une trés mauvaise décomposition vers cette énergie. 

Il est nécessaire, pour proposer un schéma de désintégration en accord avec les 
mesures antérieures sur Tel? et ces derniéres mesures, d’admettre l’existence de 
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Figure 6. Schéma de désintégration propose. 


Tableau IT 

Energie limite] Intensité log ft [8] 
JEAReCONIEIO POSED 6 9g 6 9 3c o 6 6 612 Lares 9,4 
Deuxiéme! spectre). 2: 444 12% 9,1 
ADIOVIVETINGS RKC 6 5 5 6 5 0 300 45% 7,8 
Quatnieme spectre = > 2 2... 125 29 % 6,9 


deux rayons y d’énergie voisine de 175 kev. En effet, nous avons trouvé que le rayon 
+ de 175 kev était en coincidence avec le deuxiéme spectre 8. Nous avons trouvé 
aussi que ce rayon vy était en coincidence avec le groupe de rayons y de 425-465 key, 
ces derniers rayons yy étant en coincidence avec le troisiéme spectre: s'il n’y avait 
qu’un seul rayon y de 175 kev, le premier et le troisiéme spectre ne pourraient ap- 
partenir au méme isotope tous les deux, ce qui est trés improbable; cependant, il 
n’a pas été possible de séparer les deux rayons y par leurs raies K de conversion interne 
si ’on conserve donc l’hypothése de l’existence de deux rayons y il faut aussi admettre 
qu ils sont d’énergie trés voisine (2 4 3 kev de différence). 

Le schéma proposé (figure 6) tient compte de cette hypothése, une comparaison 
entre les taux de comptage en coincidence By et yy permet aussi d’établir que le 
rayon en coincidence avec le groupe 425-465 kev est assez peu intense. 


Conclusion 


La nouvelle décomposition du spectre total de Sb}? conduit done pour le premier 
spectre en accord avec sa valeur de log ft & une forme de premiére interdiction 
AI = 2 oui, ce qui confirme les états g,/, de Sbs7° et h,1/, de Te*#3°. Le second spectre, 
pour lequel log /t est également élevé, n’a pu étre étudié du point de vue de la forme. 
les troisiéme et quatriéme spectres pourraient, d’aprés leur valeur de log ft, étre 
considérés comme interdits du premier ordre. 
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Ce travail a été effectué au Nobel Institutet for Fysik; je remercie vivement le 
rofesseur MANNE SIEGBAHN qui m’a assuré dans cet Institut des possibilités de 
ravail excellentes, je remercie également le Professeur Kar SregBaHN qui m’a 


irigé au cours de ce travail et M. By6rn Astro, Ingénieur électronicien, pour ses 
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Communicated 14 October 1953 by Brener Evian 


Point corona against a plane covered by an insulating film 


Bysu. Ll HERTZ 


With 1 figure in the text 


If in a point-plane corona arrangement the plane is covered by a thin insulating 
ilm, for example a thin lacquer layer, the corona current in air has been found to 
oe much higher than without such a film. The current-voltage characteristics of a 
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Fic. 1. Corona current vs. gap voltage. In curve A the plane was covered by a thin film of 
4 shellac, curve B was without shellac. 
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negative point-plane corona in air at 760 mm Hg are shown in fig. 1, the point-plane 
distance being 7.5 cm. With smaller point-plane distances (ca. 5 mm) the difference 
in corona current is much more marked. As can be seen from fig. 1 the breakdowr 
voltage using a lacquer covered plane is much lower than without such 3 layer 
Similar behaviour was observed when the point was replaced by a highly polished 
brass sphere 38mm in diameter, but the breakdown voltage differed in the twe 
cases only if a corona current could be observed before the breakdown occurred 

This somewhat unexpected behaviour is due to the presence of very small holes 
in the lacquer layers. In the case of a negative corona the insulating lacquer layer 
around the minute holes is charged by the negative ions coming from the point. 
Thereby a region of high electric field intensity is created in the holes where the 
bearers of negative charge coming from the point are able to ionize the gas. The 
positive ions thereby created in the holes are attracted to the point where they 
increase the electron emission from the point by ion impact. They also decrease 
the negative space charge between the point and the plate which probably also has 
an effect on the corona current. The holes in the lacquer layer can be seen glowing 
in darkness, therefore this method can be used for testing lacquer layers etc. fo1 
holes. The explanation given for the effect described above can be tested for example 
in the following way. Common writing paper and some plastic films will stop the 
corona current entirely if placed on the plane of the point-plane arrangement if 
they do not possess any holes. If some holes are made in these materials by perforat- 
ing them with a thin needle a corona current can be observed again and a glow be 
seen in each hole. Under certain circumstances the presence of electronegative gases 
may change the results appreciably. 

Even for positive corona points the current has been found to be larger if the 
cathode plane is covered by an insulating film, but the difference in breakdown 
voltage is not so large. The effect can also be found using AC at the point. 

Trichel pulses have also been observed with a negative corona, the frequency of 
which was slightly larger than those found without lacquer layers (and independent 
of the kind of layer used). In contrast to the usual Trichel pulses the frequency was 
much more constant. This result is in agreement with the theory for the Trichel 
pulse mechanism given by Logs (1) if the explanation of the effect described in this 
paper is accepted. 

Because of the corona current and breakdown characteristics of the effect described 
it might be of importance in high voltage engineering. 


Physics Department, University of Lund, Sweden. August 13, 1953. 
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Communicated 3 June 1953 by Lise Merrner 


On the radioactivity of Rb* 


By J. Furnra and S. Ektunp 


With 8 figures in the text 


Summary 


The radioactive radiation from Rb’? has been investigated, and the maximum 
energy of the 6-spectrum found to be 250 + 25 keV, by means of absorption in alu- 
minium. The absorption curve shows an excess of low-energy 8-particles, in agree- 
ment with the assumption that the 8-decay is triply forbidden. No y or X radiations 
were found. 

The mean value found for the total §-radiation from rubidium was 42.2 + 0.7 
8-decays/min/mg Rb, corresponding to a half-life of (6.1 + 0.2)- 101° years for Rb8’. 


I. Intensity of radiation as a function of source thickness 


The GM counter (Fig. 1) used for the measurements was the same as that used 
in a previous investigation (EKLUND [1]). The cathode of the counter was made of 
wire gauze, and the source could be placed in the volume occupied by the filling gas 
(90 torr H, + 10 torr C,H;OH). Sources of 0.11-2.05 mg RbCl/cm? evaporated onto 
thin (about 0.9 mg/cm?) zapon films were used. The results of the measurements 


Table 1. Source area 22.56 cm?. 


Weight 
mg RbCl/cm? 


Intensity 


pues anaoe ie Origin of source material 


0.11 1.99 0.07 EB. Merk 

0.174 1.95 +0.04 Johnson & Matthey (spectro- 
scopic standard) 

0.267 1.88 +0.04 BE. Merk 

0.394 1.80 +£0.03 Mackay 

0.495 1.74 +£0.03 New Metal 

0.683 167) 220.03 British Drug House 

0.863 1.64 +£0.02 as 

0.955 1.58 +£0.02 New Metal 

1.13 1.53 +0.014 3 

1.42 1.486 + 0.014 5 

2.05 1.391 +.0.009 3 
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Fig. 1. The brass tube A with the cover B and rubber gasket C serves as a vacuum-tight vessel 
for the GM filling gas. D is a brass cone for vacuum-tight connection to the glass joint E, through 
which the electric connections are made, and which carries the anode wire F and the gauze 
cathode G, which is at negative potential with respect to the tube A. The sample table H may 
be withdrawn by the slide I, in order to change the sample. To reduce the reflexion as much 
as possible from the inside of the walls there is a lining K of polystyrene. The brass tap L is 
for evacuating and filling the GM-vessel with the gas mixture 10 torr C,H;OH and 90 torr Hg. 


Specific intensity 


Sample weight. 


QsinO Os lo 15 2.096 2 RbC/ 


20,172 792 2 gas absorplion. 


Fig. 2. The specific intensity of the radiation from samples of RbCl. The H,+ 10% C,H,OH 

counter gas in the space between the GM gauze cathode and the sample amounts to 0.135 

mg/cm*, equivalent to 0.172 mg RbCl/em2?. Twice this value has been taken when extrapolating 
to zero gas absorption (see Aten [2], Feather [3] and Bleuler & Ziinti [4]). 


are given in Table 1 and Fig. 2. The effective solid angle w subtended at the source 
han GM counter has been measured by several different methods, as shown in 

able 2. 

Measurements were made with the counter gas enclosure lined with different 
materials, in order to evaluate a correction factor for particles scattered from the 
walls. Similar measurements were made with various thicknesses of the zapon 
support. These corrections gave together a factor of —3.5%. By extrapolation to 
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fig. 3. Absorption of the radiation from Rb§? in Al. Sample: 2.05 mg RbCl/cm? mounted on 
a 0.9 mg/cm? zapon film. The slope of the Y curve is taken from Fig. 4. 


Table 2. 
Method Percentage of 47 
CuO NAHKOAKSMBtoa IEC) I 8 G6 6 6 8 A 6% 5.6 0.2 
CoraaarrlY! Ml OZ DRM on a co ee on a oe 5.4 40.3 
CoS MICO AU ee mens MUMS a Ars ae cig e ys 5.8 +0.6 
a+ a5 ee ens eee ce yeh se O24 
8 from RaD+H.. . 5.5 +£0.4 


Measurements with Rb source in ordi- 
nary position, and inside sensitive 


volume of GM counter ...... ayZh SEOs 
The same, for another Rb source . . 5.4 +0.3 
Graphical calculation ~ = 2s . + +. Dole 028 
Mean value 5.45 +£0.07 


ource thickness 0 mg/cm? and to absorber thickness (the gas) 0 mg/cm?® (Fig. 2), 
ve find the counting rate 2.34 + 0.045 pulses/min/mg Rb/w. Making corrections 
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Fig. 4. Absorption of the radiation from Rb*? and K* in Al. Sample: 250 mg RbCl/em? on the 
backing 6.6 mg Al/em?. Sample: 290 mg KCl/cm? on the backing 6.6 mg Al/cm?. 


for gas absorption and scattering from the walls and the support, the total decay 
rate into solid angle 4 z is 41.4+1.2 6-pulses/min/mg Rb. The measurements de- 
scribed in the following sections were made to investigate whether these pulses 
are due only to (-radiation from Rb§? or whether there is also any contribution due 
to X-rays or Auger electrons. 


II. Absorption measurements 


a. Investigation of the whole spectrum 


A GM counter of the bell type with a 1.7 mg/cm? mica window was used. Alu- 
minium foils were used as absorbers. The measurement was first made with a source 
of 2.05 mg/cm? RbCl evaporated onto a zapon film (Fig. 3), and then with 250 mg/cm? 
of powdered RbCl in a 6.6 mg/cm? aluminium container (Fig. 4). The distances 
between the sources and the mica window corresponded to 1.0 mg/cm? and 1.9 
mg/cm? of air respectively. From Fig. 4 the range of the rubidium B-radiation is 
clearly of the order of 60 mg/cm?, and we also deduce that there is a much more 
penetrating component, having an absorption half-thickness of 83 +7 mg/cm? Al, 
corresponding either to a 15.0+1.3 keV X-ray, or to a 1.5+0.2 MeV B-ray, using 
the data of GLENDENIN [5] and Karz et al. [6]. 

A source of 290 mg/cm? KCl was investigated in the same apparatus. The alu- 
minium absorption curve is shown in Fig. 4. The similarity between this curve and 
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ig. 5. Schematic drawing of double GM counter (see Fig. 6 for details). The cathode A is made 
a two halves and is fitted with insulated end plugs at both ends. B are track guides for the 
sample slide C. D sample backing. E sample. F and G are anode wires. 


‘ig. 6. The vacuum vessel A (made for other experiments) encloses the GM-tube B. The inner 
iameter of the cathode is 31.0 mm, and the sensitive length 55 mm, between the inner surfaces 
f the polystyrene end-plugs C which fix the two anode wires. The cathode half-cylinders D 
nd E (in this case brass with wall thickness 2 mm and graphite of thickness 10 mm respect- 
vely) are exchangeable, and are held in place on polystyrene holders F with brass straps. The 
ample frame is guided in tracks in the cathode walls where the two half-cylinders meet. The 
ample is introduced through the slit G in one of the end plugs. The cathode and the two anode 
yires are connected to the Stupakoff lead-throughs H, 1, and K, all with screened cables. L is a 
rass tap for evacuating and filling the vessel with the gas mixture, in this case 10 torr C,H;OH 
and 90 torr Ar. 


he one representing the penetrating component shows that this latter consists in 
he main of 1.35 MeV @-radiation from K4° impurity in the rubidium chloride due 
o the fact that Rb is very similar chemically to K. The intensity of 0.67% (see 
elow) corresponds to 3.4% of KCl by weight in the RbCl-source. A spectral analysis 
f the RbCl-source showed 2.5 to 4.5% K in the RbCl.4 

Measurements on a spectroscopically pure sample of 270 mg/cm? RbCl from JoHN- 
on & Marrury showed a counting rate due to the K*° 8-radiation and possibly 
‘-radiation of only 0.07 + 0.09 pulses/min, when the Rb (-radiation was eliminated 


1 Carried out by G. Typin, AB Atomenergi, Department of Chemistry. 


405 


J. FLINTA, S. EKLUND, On the radioactivity of Rb*’ 


.. 
Gold absorber 
10 Gi 02 93 94 G5 96 07 9899 lo mekmk 
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to 0.064 —1— Au. 


Fig. 7. The absorption in Au of the radiation from Rb*’. Sample: 0.114 mg RbCl/cm?, equivalent 
in absorption to 0.128 mg Au/cm?. 


by an aluminium absorber of 66 mg/cm2. The many differing results in the literature 
(see for example Fazzrnt & Francuertt [7]) for measurements on the radioactive 
radiations from Rb would thus seem to be at least partly due to potassium contamina- 
tion. 

In Fig. 3 the absorption curve for the K4° radiation marked Y has been drawn 
(the dashed line). This curve was constructed using the absorption half-thickness of 
the K4° radiation and the range of the Rb @-radiation, from Fig. 4. By extrapolation 
to zero absorber thickness we find a counting rate of 0.32 pulses/min, or 0.67% of 
the total -intensity, which latter is taken to be the difference between the total 
intensity and the K?° radiation, and is shown as the dot-dash curve. For absorber 
thicknesses less than 8 mg/cm? the curve has a steeper slope, indicating an excess 
of low-energy $-particles. This energy distribution makes it impossible to make an 
accurate comparison between the Rb®’ 6-radiation and another 8-active source of 
about the same maximum energy and a known intensity. For the same reason a 
Feather analysis [5] of the whole curve gives an uncertain result. Using only the part 
of the curve corresponding to absorber thicknesses greater than 8 mg/cm? Al a 
Feather analysis gives the value 55+6 mg/cm? for the range, a more accurate 
value than that given above, which was obtained directly by inspection from Fig. 4. 
This value is equivalent to a maximum energy of 250 + 25 KeV using Glendenin’s 


range-energy relation. With the n-th power method given by Katz and PENFOLD 
we find 248 KeV. 


b. Investigation of the low-energy component 


In order to investigate the low-energy part of the absorption curve, measurements 
were made with a double GM counter (see Figs. 5 and 6, and section III a below), 
gold absorbing layers being evaporated onto the sources. Two sources were used, of 
0.114 and 0.071 mg/cm? RbCl, both on 6.65 mg/cm? aluminium foils. The absorption 
measurements were made in the brass half of the double counter. The reflection 
coefficient of a thick aluminium support for electrons and B-particles has been 
taken as 15%, using the results of Eknunp [1] and YANKwIcH [8]. The reflection 
coefficient for a 6.65 mg/cm? support and the 8-energy in question here was estimated 
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to be about 14%. An aluminium support was used because a zapon film would not 
withstand the repeated evaporations. For the 0.114 mg/cm? RbCl source, the absorber 
thickness was increased in steps up to 0.952 mg/cm? Au, with the results shown in 
Fig. 7. With the other source only two points were taken, as a check. The other 
half of the GM counter was used as a background monitor. 

The absorption curve shows a soft component with range 0.34 mg/cm? Au, cor- 
responding to a 12 keV §-ray, according to GLENDENIN [5], or to an X-ray of about 
1 keV (see Compron and Atutson [9]). The intensity of this very soft component, 
as found by extrapolating the curve of Fig. 7 to zero absorber thickness, is (17.2-13.6) : 
17.2 =21% of the total intensity. 


c. Investigation of the radiation 


An unsuccessful attempt was made to detect a y-radiation. For this investigation 
a source of 1.55 g/cm? RbCl in an aluminium container of wall thickness 0.053 g/cm? 
Al was used. The 8-radiation and any soft X-radiation which might be present (see 
section II a) was entirely eliminated by a copper absorber of 0.890 g/cm2. Measure- 
ments were made with a gold radiator (0.046 g/cm? Au) between the source container 
and the mica window of the GM counter, and with an aluminium absorber (0.053 


mg/cm? Al) in the same position. The results of the measurements are collected in 
Table 3. 


Table 3. 
Sample Absorber Counts/min. | Increase 
Without sample Without absorber fe ecaneiey 8.37 
~ he Absorber 0.890 g Cu/cm? 8.38 + 0.02 . 

With sample 1.55 5 aE » 

g RbCl/cm? +0.053 g Al/cm? 8.39 + 0.034 0.02 + 0.05 
With sample 1.55 | Absorber 0.890 g Cu/cm? 

g RbCl/cem? +0.046 g Au/em?| 8.30+0.027 — 0.07 £0.05 


The lower limit of the sensitivity of this method is about 100 keV and the measure- 
ments show that if there are any y:s at all their number must be small. 


d. Investigation of influence of chemical structure 


An exploratory aluminium absorption measurement was made with a source 
consisting of 210 mg/cm? RbF, using the same apparatus as that described in section 
II above. The absorption curve agreed with that of Fig. 4, i.e. some potassium con- 
tamination was present here too. 


e. Investigation of X-radiation 


According to StecBaHn [10 (p. 467)] the absorption energies for the K and L 
electron shells of the decay product Sr are 16.1 and 2.19 keV respectively, so that 
we might expect 13.9 keV X-rays and 11.7 keV Auger electrons. As was stated in 
section II b above, Fig. 7 may be interpreted as showing the presence of a soft electron 
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radiation making up 21% of the total radiation. If this soft component consists of 
Auger electrons, some 60% of the primary X-radiation should not be converted to 
Auger electrons (Massey [11]), and should therefore be detectable. 

Selective X-ray measurements were performed by means of absorption measure- 
ments in solids and gases. 


1. Solids 


Pt, Au, Br and Se absorb this X-radiation strongly, while Sr does not. Absorption 
measurements with this method gave, however, no accurate result because of the 
high background of the K4° radiation. 


2. Gases 


A GM-counter filled with Ar is, for the X-rays in question, about 150 times more 
sensitive than one filled with H, (cf the method used by Grar [12]). The spectro- 
scopically pure sample used in section I] a above gave less than 0.07 pulses/min in 
the Ar-filled counter which should register about 4.8% of the incoming X-rays. If 
most of those pulses came from X-rays we get 0.5% of the @-radiation as an upper 
limit for the primary X-radiation. 


III. Investigation of the low-energy & or e 


a. Reflection from the inner walls of the GM counter 


In their coincidence measurements with a double GM counter, Haxren and 
HovurerMan [13] claimed to have detected a very low-energy (-particle or electron. 
These coincidences could, however, also be due to @-particles reflected from the inner 
walls of the counter, passing back through the thin source mounting into the other 
half of the counter. In order to investigate this scattering from the walls, the double 
GM counter with exchangeable counter halves mentioned in II b above was used 
(see Figs. 5 and 6). The halves of the counter were made of brass and graphite, 
having the same inner diameter and the same wall density in weight per cm?. The 
back scattering coefficient of 100-300 keV electrons from graphite has been given 
as 5-6% (HKLuND and Yanxkwicu). For copper, the same authors give 23-30%. 
The coincidence rate for the two halves was measured, and also their individual 
counting rates. The measurements were made with three sources, marked 1, 2 and 3 
of 0.059, 0.120 and 0.250 mg/cm? RbCl respectively, mounted on zapon films of 
0.875, 0.80 and 0.95 mg/cm? respectively. The sources were covered by evaporated 
gold absorber layers of thicknesses 0.102, 0.11 and 0.14 mg/cm? respectively. The 
proportion of back-scattered electrons found in the measurements will be lower 
than the values for the coefficient given above, since about half of the scattered 
electrons will strike the walls a second time, instead of passing back through the 
source. Some will also be absorbed in the filling gas. On the other hand, a low-energy 
electron in coincidence with the 6-radiation would increase the value. From the results 
collected in Table 4 we find, assuming no such low-energy electrons, a back-scattering 
coefficient in this geometry of (16.1 + 3.2)% for brass, and (2.4 + 1.0)% for graphite. 
In calculating these values allowance was made for absorption in the source and 
source mounting. 
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The measurements show that there is without doubt a back-scattering effect 
which depends on the wall material, although they alone are not sufficiently precise 
to exclude definitely the existence of HaxEt and HourerMAN’s low energy electrons. 


Table 4. Intensity (pulses/min) measurements in a double GM counter, the two 

halves having exchangeable wall materials (graphite and brass). C indicates a graphite 

section, B a brass section, S the source side, U the side under the source, and K 

coincidences. The background has been subtracted, C /B means that the measurement 

was made with the graphite half opposite the source, and the brass side opposite 
the backing. 

eee ERS Pe ES 


Source 1 | 2 | 3 
Ar- Measurement 

range- 

ment S | LU | KS | S | 10) | K | S) | Wi | K 
C/C | 25.7= 0.5|10.0+ 0.5] 0.5+0.3 |48.4+0.4]18.7+0.7] 1.1+0.3 
C/B | 27.5+ 0.4}10.4 +0.7| 2.2 + 0.3 [54.0 + 1.6/23.6+ 1.2] 3.0+1.1 |24.5+0.3] 5.4+0.7 | 0.2+0.3 
B/C | 25.54 0.7/12.6 + 0.3] 2.6+0.3 |51.1+0.7/26.1 + 0.4] 4.2+0.6 |23.8+0.8] 8.0+0.3 | 2.2+0.5 
IBM | 26.9 a: 1-3)16.6 = 1.3] 4.8 1.0 158.6 1.5/31.7= 1.3] 7.14 1.8 


b. No auger electrons 


As was mentioned in Section Il e, we find no X-radiation with energy in the 
region of 14 keV, and thus no Auger electrons can be emitted. 


ce. Conversion electrons 


The absence of 14 keV X-radiation does not exclude the possibility that there 
may be 12 keV electron emission, as discussed above in section II b, since there 
might be total conversion in the L-shell. This would result mainly in the fluorescent 
radiation (L-M) = 1.8 keV. An attempt was made to detect this radiation by selective 
absorption in the filling gas of the GM counter. From Compron and ALLISON one 
may estimate that 82% of radiation of this kind is absorbed in an argon-filled counter 
of the type used, while only 4.7% is absorbed in a hydrogen filling. The source 
(2.83 mg/cm? RbCl spread over an area of 7 cm?) was mounted inside the sensitive 
volume of the counter, because of the short range of the radiation. If 21% of the 
3-decays (see Fig. 7) are followed by fluorescence radiation from conversion electrons, 
yne may estimate that there will be about 22 X-rays pulses + 240 B-pulses per minute 
with argon as counter gas, and 1.5 X-ray + 240 @-pulses per minute with hydrogen. 
[he results of the measurements are shown in Fig. 8. Since the design of the GM 
sounter used was not suitable for the relatively high voltage required by the H, 
‘illing, the full plateau characteristic of the counter was taken in both cases. The 
measurement gives no reason to believe that there is any 1.8 keV fluorescence radia- 


pon. 
Conclusion 


Since the attempts to detect an X-radiation were not successful, the soft radiation 
of energy 12 keV which is evident from Fig. 7 must belong to the f-spectrum. The 
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Intensity 
350 = 126 torr Ar + 14 torr C;H,OH 


H 90 torr, +/0torr —*— 


ho VA 
250 


G-M high-tension 
1240 1260 1280 Voltage 
— + + —-— + som. 
4900 =4l0— 420s «1430 14401450 


Fig. 8. The characteristics of the GM-bell-counter for two different filling gases. Sample: 2.83 
mg RbCl/cm? spread over 7 cm?, inside the counter window. 


transition from Rb8’, with spin p 3/2, to the ground state of Sr®’, with spin g 9/2, 
corresponds to a spin change of 3 with change of parity, i.e. to a triply forbidden 
transition [14]. This is consistent with the observed shift in the maximum of the 
B-spectrum towards low energies [7, 20 and 23]. The absorption curve of Fig. 7 
should therefore be extrapolated to zero absorber and source thickness (half the 
source thickness, see Fig. 2), which gives, for the @-intensity into solid angle 2 z, the 
value 17.2+0.2 pulses/min/mg RbCl. Correcting for reflection, we find that the 
total radiation intensity from natural Rb is 42.6+0.8 8/min/mg Rb. Using the 
result of section I, 41.4+1.2 @/min/mg Rb, the weighted mean is 42.2 8/min/mg 
Rb, with an estimated error of 2%. Assuming that natural Rb contains 27.5 + 0.2% 
of Rb*? (taking the mean of the results given in references [15], [16], and [17] and 
corrected for the potassium radiation, the half life of Rb87 is 


T = (6.1 + 0.2)-10?° years. 


Table 5 shows the results of some of the more recent measurements on rubidium. 


Table 5. 
Author (Half-life) - 101° years | Maximum energy 
(keV) 

a ee eee 
heelfoppom Ml es ob 5 8 6 Go oe ee ae V0) = 
HAxet and Hourerman[13] .. . 6.9 OT 
LGsLinimakerea eH Gy 6 a of 6 0 ¢ 6.0 + 0.6 = 
BELL, Casstpy, Davys[19]... . = 270 
CurRAN, Dixon, Witson [20]. . . 6.15+0.3 275 
MacGREGoR, WIEDENBECK [21] . . 6.23 = 0.3 = 
BAuniscu, Huster, WALCHER [22 > 4.8 = 
By ahs) ||P) Re ere tee WAL es a. om. oe 5.90 =: 0.3 275 
EVD GN WARE KCLGRN D9) 0) 2 ee Gal sz 02 250+ 25 

ee ee eee 
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Communicated 14 October 1953 by Bener Epiin 


Improved wavelengths for some infrared lines in the are 


spectrum of carbon 


By Lennart MINNHAGEN 


In the course of an investigation of the spectra of argon some infrared carbon 
lines accidentally appeared as impurity lines and could be accurately measured. As 
the wavelengths found differ somewhat from those given by Kigss (1), and show an 
improved average agreement with the wavelengths observed in the solar spectrum (2) 
the results seem worth being reported. 

The light source was an electrodeless discharge tube, containing argon and a small 
amount of neon, at a total pressure of a few hundreths of a mm, excited by means 
of a high frequency oscillator. The spectra were recorded with a 21’ grating in stig- 
matic mounting (Jarrell-Ash, type Ja 70-15 m), the dispersion being 5 A/mm. The 
carbon lines were measured on three or four spectrograms against NeI and A I 
lines, emitted from the discharge tube, as standards. The interferometer wavelengths 
of the neon lines were taken from the list of Burns, ADAMS and LONGWELL (3), 
additional lines being calculated from the same list. A few interferometer wavelengths 
by Meccrers and HumpHreys (4) were used in the range of longest wavelengths, and 
some ATI lines were calculated from unpublished interferometer measurements 
kindly furnished by Drs Burns and Apams. The uncertainty of the carbon wave- 
lengths, collected in Table 1, is estimated to be about + 0.01 A for lines given to 


Table 1. Wavelengths of infrared carbon lines 


Int. A, present obs. i, Kiess 4, Sun 6 (em~!) Combination 
calc. 9 658.43 1 49 .40 10 350.81 Bile — Sia) Sh 
2 9 620.785 .86 98 10 391.31 spoaease 
ih 9 603.032 -09 143 10 410.52 P= Sha 
5 9 405.735 stldt .74 10 628.90 ee = 1D 
v2 9 111.80 .85 877 TOMS ileren OP = We, 
3 9 094.83 2 .89 .82 10 992.24 P= OR 
2 9 088.509 57 masked 10 999.89 sP,— -°Py 
1 9 078.292 son 228 LOR 2a Se = BP 
2 9 062.473 53 .48 11 031.49 sp,-  °P, 
2 9 061.433 48 443 11 032.75 WP = we, 
4 8 335.148 -19 150 11 994.09 MI Sy 


ee NEE ————E—————EE 
1 Wavelength calculated from the level values of Table 2, the carbon line being masked by 


the strong argon line 9657.78 A. 
2 Observation possibly affected by a neighbouring argon line 9095.10 A. 
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Table 2. Relative level values of C I 


i ET 


Desig. | Level | Interval Desig. | Level | Interval 
38°P,) | 60 333.78 3p 3S, 70 744.31 
19.22 
3s°P, | 60 353.00 3p3P, | 71 352.89 
40.50 12.38 
38°P, | 60 393.50 3p °P, | 71 365.27 
20.48 


3p3*P, | 71 385.75 


three decimals and somewhat greater for the two lines given to two decimals. Fe 
comparison, the values given by Kress as well as those from the solar spectrur 
table have been included. It appears that the wavelengths now obtained are systema 
tically smaller than those reported by K1mss, the mean difference being about 0.05 A 
Kiess used a higher pressure (5 mm) in his experiments, but it seems difficult t 
explain the whole difference as due to a pressure shift. The agreement between th 
new carbon wavelengths and the corresponding solar wavelengths is good, except 1 
three cases, where it might be assumed that the solar lines are blends or their measure 
ments affected by neighbouring lines. 

The vacuum wave-numbers and the term combinations of the C I lines measure 
are given in the last two columns of Table 1. The vacuum corrections were made b 
means of EDLEN’s dispersion formula (5). Improved values for some triplet levels 1 
CI were calculated from the new measurements, using as a starting point the valu 
for 3s°P, given in “Atomic Energy Levels” (6), as shown in Table 2. 
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Communicated 11 November 1953 by Axen E. Linpu and Haratp NorInvER 


Synthetic sodium chloride crystals; refractive index and 
lattice constant 


By Gore Ericsson 


With 5 figures in the text 


This paper is a report on experiments in the preparation of synthetic crystals, 
primarily of NaCl, which were carried out at the Physics Laboratory. Preliminary 
determinations of the refractive indices of the crystals prepared have been made for 
certain wavelengths, and, in addition, the lattice constant for the crystals has been 
determined. 


Preparation of the crystals 


The synthetic crystals were prepared in accordance with the method described 
by Kyropoutos (1). The principle of the method is that a seed crystal is caused to 
erystallize in contact with molten salt by cooling it, at the same time as it is gradually 
raised (and perhaps rotated). A furnace as shown in Fig. 1 was used, with the molten 
salt in an unglazed porcelain crucible. The furnace is fitted with six heating elements 
connected in series. These are spirals of chromium-nickel wire, resting on shelves of 
fire bricks and easy to exchange. The power consumption for the preparation of 
sodium chloride crystals (melting point 802°C) is about 2000 watts. 

The crystal holder (Fig. 2) consists of a water-cooled jacket surrounding a rotating 
tube. Inside this tube is another tube, the upper end of which is connected to a rotating 
mechanism and to a vacuum pump. The seed crystal is fastened to the closed end 
of a short nickel tube (at the bottom of Fig. 2), which is inserted into the rotating 
tube in such a way that it can easily be removed when the crystal is ready. The 
vacuum pump draws a stream of air through the bottom of the holder, providing 
effective cooling. 

When the seed crystal is first lowered into the molten bath, this should have a 
temperature some 20-30° C above the melting point. The rate of cooling is lowered 
sufficiently for the seed crystal to begin melting at the contact surface, thereby 
exposing a fresh surface at which crystallization takes place when the rate of cooling 
is increased. 

The crystal is lifted by winding up the two wires on which the holder hangs, at a 
rate of 8 mm per hour, by means of a worm-geared synchronous motor. This also 
produces the rotation, at a rate of one revolution per hour. Even lower speeds of 
lifting have been recommended; A. C. Menzies and J. SKINNER (2) state 2-4 mm 


per hour. 


r 415 


G. ERICSSON, Synthetic sodium chloride crystals 


Sy e.0 


cle ie Os 
C72 Ce 


eis 


Y 


Yj 
fe 


NSE 


Be DD a 


ne cm Q1ze 
Fig. 1. The furnace used for preparation of the Fig. 2. The crystal holder — total 
crystals. The insulating material is kieselguhr. length 20 em. 


In order to cool the grown crystal to room temperature after preparation, it i 
transferred to a second furnace, which has been heated in advance to a temperatur 
just below the melting point. The furnaces run on rails, and the transfer can thus be 
accomplished by changing furnaces under the lifted crystal. In the cooling furnac 
the temperature is gradually reduced to room temperature during the course of ¢ 
week. This is done by a clockwork mechanism connected to the rotary regulator o 
the variable transformer supplying the furnace. 

It is of course of great importance that the temperature should be constant, one 
favourable conditions for crystallization have been obtained. For that reason th 
furnace is supplied from a constant-voltage transformer, further stabilized by a1 
electronic magnetic stabilizer! (Fig. 3). Here the regulating device is a reactor (trans 
ductor (3)), magnetized with direct current. The reactor consists of two transformer 
used as chokes with d.c. windings; these d.c. windings are coupled in opposition t 
one another, to cancel the induced alternating e.m.f.’s induced in them. Increasin, 
the direct current raises the magnetic flux in the choke cores towards the saturatiot 
value, thus lowering the reactance; a decrease in the direct current has the opposit 
effect. Thus, for constant alternating current, the a.c. voltage drop across the reacto 
is regulated by the direct current. In the present stabilizer this direct current i 


1 T am grateful to Lic. RrurrrswArp for the design of the stabilizer. 
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Fig. 3. Circuit of the stabilizer. 


controlled by the voltage drop across the furnace. For this purpose, the latter is 
rectified (6H6) and compared with a constant voltage (Philips reference tube 85A1). 
The difference is amplified in a pentode stage (6AU6), after which the regulating 
current is drawn from two power tubes (6L6G). With this stabilizing, the temperature 
in the furnace can be kept constant to within 1° C. 

To measure the temperature of the furnace a chromel-alumel thermocouple is 
used, the e.m.f. of which is determined by means of a potentiometer, calibrated in 
degrees centigrade. 

The crystals grown have had sizes up to 10 cm diameter and 10 cm height and 
have been of good optical quality. 


Determination of refractive indices 


For these determinations the crystals were sawn to 60° prisms with faces 5 x 5 cm. 
These rough prisms were then polished according to the directions given by R. C. 
Lorp, R. 8S. McDonatp and F. A. Mruer (4) (‘Notes on the Practice of Infrared 
Spectroscopy’). The refractive indices were determined for the C and F lines of the 
hydrogen spectrum (6563 A and 4861 A respectively) and for the d line of the helium 
spectrum (5876 A), using a precision spectrometer. For comparison, a determination 
was also carried out on a prism of natural rock salt. The margin of error in the 
determinations was estimated to be 4-10~*. The variation in temperature during the 
measurements did not exceed 0.1° C. 

The results are shown in Table 1, which also contains the corresponding values 
for rock salt as given by Lanpotr and Bornsretn’s tables. It will be seen that 
the refractive indices of the artificial crystals are somewhat lower than those of 


natural rock salt. 
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Fig. 4. View of the entire design, the melting furnace to the right with the crystal holder lowered 
into it, and the cooling furnace to the left. 


Table 1. Refractive indices of artificial and natural rock salt at 20° C. 


C-line d-line F-line 

6563 A 5876 A 4861 A 

Artificial rock salt prism 1 1.54054 1.54429 1.55326 

» SOE are 1.54056 1.54432 1.55328 

op aM 6 Be ie Lah s 1.54055 1.54430 1.55326 

Natural rock salt prism... . . 1.54061 1.54435 1.55332 
Natural rock salt (according to 

LANDOLT and BORNSTEIN) . . 1.54062 — 1.55334 


Determination of the lattice constant 


The lattice constant was determined with a tube spectrometer by the commo 
“Umlegemethode”. The spectrometer and its adjustments have previously beet 
described in detail by A. Larsson (5). 

The measurements were made on crystal plates of size 12 x 20 x 1 mm, whicl 
could easily be obtained from the crystals by cleavage. The initial material for th 
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Fig. 5. A crystal as drawn from the melt and after sawing and polishing to a 60° prism. 


rystallizing melt in this case was sodium chloride pro analysi (‘“Merck’’), with the 
ollowing maximum limits of impurities: 


SO VOOM eA cc a, os Secs * 0.005 % Heavy Metals (Pb) ........ 0.0008 % 
Alkalinity (as NaOH) ....... O.0025 Sars rome) Zap Sere eee ee 0.0003 % 
mectyevas HCle ore... kaa 0.00235 Soe meibarium (Ba). ..ceak got «os 0.001 % 
mi phate (SO,) ..-.-.-.0...- O02 oe gn Galena (Ca) ra sc cytes «se 0.004 % 
mmosphate (PO,)-. 4... creil-» - 0.0005°% Magnesium (Mg)........... 0.001 % 
Bee nagden( Br) oe. acc. eushevexenduabe yo CO Clee ee Obassry (IK ea 5 sacre oo 2 0.01 OF 
foval Nitrogen (N).......... OOO 9% Aliesenie (CAS) coco cameceann< 0.00005 % 


Total 0.04 of 


The exposures were made with the Cu Ka, line of the first order (20 kV and 20 mA). 
in the calculations, the wavelength of this line was taken to be 1537.399 X.U. As the 
sharpness of the lines was not of the highest order, the measurements of the distance 
yet ween the lines of the double exposure could not be carried out with an accuracy 
reater than 0.005 mm, which introduces an uncertainty of 0.04 X.U. in the lattice 
constant. The tube length was 771.0 mm. The variation in temperature during the 
xposures was kept within 0.1° by a thermostat. The linear expansion coefficient 
yf sodium chloride was taken to be 4.04-:10-*. Table 2 gives the values obtained, 
eterred to 18° C. 

As sodium chloride crystallizes in a face-centred cubic lattice, the length of the 
.dge of the elementary cell is twice the lattice constant. Thus, for the above value 
ff d.., the length of the edge is 


i, 1647 HO DU 


For purposes of comparison, Table 3 gives other determinations of the edge- 
ength of natural and artificial rock salt. SrRAUMANIS and IpvINs’s determinations 
vere made by the powder method (DrByn-ScHERRER method), on rock salt and sodium 
hloride pro analysi (Kahlbaum). 
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Table 2. Measured values of the lattice constant, referred to 18° C. 
eS se ee ee | 


Plate no. d, | temp. | digo 
2 Ee) ee Ee 
50 2813.96 21.0 2813.62 
51 2814.00 21.6 59 
66 .39 Zo 54 
67 49 25.8 61 
ie .38 24.4 65 
firey -39 24.3 67 
715 Boil 24.6 63 
77 43 25.0 62 
79 .38 24.9 60 
80 34 24.9 56 
81 .08 24.5 64 
82 Al 25.5 56 
83 .33 24.8 56 
96 41 25.6 5D 
97 42 25.6 56 
98 44 25.6 58 
Witch amt oe & a o go o w 9 PASIISGL) RSL 
Correction for refraction. . . . +0.25 


deo = 2813.85 X.U. 


Table 3. Determinations of the edge-length of the cell of natural and artificial 


rock salt. 
Natural rock Artificial roek 
salt salt and NaCl 
CPUsC6) chy sat ee ae 5627.79 
VAN BERGEN (7) oe) canes 5628.23 
STRAUMANIS and Ievins (8) . 5627.67 5627.37 


The value 5627.70 X.U. found in the present investigation thus agrees well witk 
the values for natural rock salt but differs considerably from the determinations fon 
artificial rock salt. As regards the value obtained by SrraumANts and Ixrvrns, the 
discrepancy might be accounted for by the different process used in preparing the 
crystals examined (precipitation of a saturated solution). On the other hand, van 
BERGEN’s determinations were made with crystals prepared by the same method as 
in the present investigation, and it thus seems as if crystals made by the same methoc 
under somewhat different conditions may give different values of the lattice constant 
As an investigation of the quality of the crystals concerned would be of great interest 
in this connection, such an investigation has been started using a more extensive 
crystal material. The results are to be published in the near future. 

I wish to express my sincere thanks to the head of the Institute, Professor AXEL E 
Linu, for valuable help and for the interest he has shown while I was engaged it 
this work. I also thank Dr. Constantin KuRYLENKO, who at the beginning of th 
work taught me how to prepare artificial crystals. 


Physics Laboratory, University of Uppsala, September 1953. 


1 BRoGREN and Ericsson, to be published. 
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Communicated 9 September 1953 by Manne SipaRaun 


Internal conversion of the zero-zero transition in RaC’ 


By Davin E. Atspurcer! and Arne HEDGRAN 


With | figure in the text 


Of the three known cases (1) of zero-zero, no parity change nuclear transitions 
he 6 Mev first excited state of O18 decays predominantly by internal pair formation 
vhile the 0.7 and 1.4 Mev transitions in Ge?? and RaC’ respectively may be observed 
yy the resulting internal conversion electrons. Unconverted gamma-rays do not 
cur because of the strictly forbidden nature of direct gamma emission between 
tates of zero spin having the same parity. 

The zero-zero transition has been the subject of theoretical considerations (1, 2) 
yy Drett and Ross. At low energies where pair production is not important the 
onversion depends on the size of the orbital electron wave functions within the 
ucleus and it is possible to calculate the relative amounts of conversion in the 
arious shells. In the RaC’ case the theoretical value (3) for the K to L ratio should 
e 5.5 while the K to L+M ratio should be 4.3 both with an uncertainty of 10 percent 
wing to inexact knowledge of the nuclear radius. It is also predicted that the con- 
ersion should take place mostly in the K, Ly, and My subshells with a small amount 
f Ly and negligible Ly. 

Two measurements have been reported on the RaC’ conversion lines, the first by 
sATYSHEV (4) who obtained a K to L+M ratio of 4.1. Later Latyshev and co-workers 
5) resolved the M line and found a K to L ratio of 5.4 and a K to L+M ratio of 
.3 in agreement with the theoretical values. Their resolution was not sufficient to 
tudy the relative conversion in the various subshells. 

In connection with precision measurements (6) on Co® gamma-radiation we have 
ad occasion to use sources of RaC in the 50 cm radius double-focusing spectrometer. 
‘o examine these conversion lines at high resolution the sources were | x 10 mm? 
1 size and were made by electrostatic collection on copper backings from 500 mC 
mpules of radon. The spectrometer resolution baffles were set for an opening of 
.8 x 4 cm? (corresponding to a solid angle of ~ 3 x 10-*) compared with a full opening 
f 10 x 10 cm? while the exit slit in front of the counter was 1 mm wide. A resolution 
f 0.085 percent was obtained under these conditions. In order to correct for decay 

Nal gamma-ray monitor counter was biased in such a manner that it was sensitive 
nly to the higher energy lines of the 20 min Ra€ activity. It was determined that the 
istance between the monitor and the edges of the spectrometer poles (~ 1 meter) 
‘as sufficient so that the range of variation of the magnetic field did not measurably 


Iter the counting characteristics. 


1 National Science Foundation fellow on leave from Brookhaven National Laboratory. 
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Fig. 1. Internal conversion lines associated with the 1.4158 Mev zero-zero transition in RaC’. 
The arrow indicates the expected position of an LIII component. 


From Fig. 1, which shows the conversion lines corresponding to the 1.42 Mev 
RaC’ transition, it is seen that the ratio of the peaks to the beta-ray background is 
rather favorable at this resolution. The L line appears to be simple as tested by 
matching it to the K line. Using a calibration constant derived from the K line, the 
L line has a position which agrees with that expected of Ly to within 1 part in 10! 
whereas it differs from the Ly; position by 3 parts in 104. We believe that the line is 
predominantly Ly although an Ly component with a relative strength of up to 20 
percent could be present and still not be detected. As indicated by the arrow an 
Lin line would be completely resolved but none appears. If this line exists it has an 
intensity less than 5 percent of the Ly line. The M line also seems to have the same 
half-width as the K line and its position closely corresponds to My or qr. 

The K to Lratio, 5.3+0.3, and the K to L+ M ratio, 4.25+0.3, are both in excellent 
agreement with the calculations of Drell. Taken together with the apparent absence 
of Li electrons the results lend additional support to the theoretical predictions 
for zero-zero transitions. 

We would lke to thank professor MANNE SrecBAHN for his interest in this work 
and for the hospitality of the Nobel Institute extended to the first-named autho 
during 1952-53. 


Nobel Institute of Physics, Stockholm 50. 
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Communicated 28 October 1953 by MANNE SrecBaHn and Bener Epiin 


Scintillation spectrometry of continuous y- and X-ray 


spectra below 1 MeV 


By K. Liven and N. STarFe.r 


With 12 figures in the text 
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Summary 


In an analysis of the factors involved in the scintillation spectrometer method 
used for quantitative evaluation of continuous gamma- and x-ray spectra in 
the energy range 0-1 MeV, experimental and theoretical observations suggested 
that the usefulness and accuracy of the method could be improved by paying 
careful attention to the following essential points. 


1. The long term stability of the apparatus must be very good, especially 
the zero point and the channel width of the discriminator and the energy 
calibration of the spectrometer; perfect linearity of response is also important. 


2. Backscattered photons from the multiplier window is an undesirable addi- 
tional contribution to the spectrum in the range 100-300 keV. Using deduced 
formulas the spectrum is corrected for the backscatter with an accuracy of 
1-2 %. However, if a strong source is available, the use of a collimated beam 
parallel to the window and directed to the centre of the crystal effectively 
reduces the backscatter. 


3. The K x-radiation at 73-88 keV from lead diaphragms sometimes causes 
appreciable errors in this part of a spectrum; this disturbance can be eliminated 
by lining the hole in the diaphragm and its multiplier side with 1.5 mm Sn+ 
+0.5 mm Cu. 


4. Accurate correction for the Compton electron distribution is very important, 
and it is performed by means of deduced formulas, based on experimental 
analysis of the spectra of some single y-ray lines. For example, in a study 
of the internal bremsstrahlung from P®? with a Nal crystal @ 1.51.5 cm the 
Compton electron contribution was found to be 30 % of the observed intensity 
at 500 keV. 


5. The magnitude of the escape of iodine K x-rays from the various sur- 
faces of the crystal is calculated, whereby the fluorescence yield wx and the 
fraction 6x of the photoelectric absorption processes occurring in the K-shell 
are taken into account. For a crystal 2 1.5x1.5 em the escape fraction is 
almost independent of the energy above 200 keV and equal to 3 % of the 
number of photopeak pulses. 


6. Theoretical calculations showed that the electron escape fraction is small 
at low energies; at 1000 keV and a crystal 2 1.5x1.5 cm it is 7 % of the 
number of photopeak pulses. Furthermore, the method described for Compton 
electron correction of an experimental pulse height distribution necessarily in- 
cludes the electron escape effect. However, this effect must be considered in 
the performance of purely theoretical calculations of the +-detection efficiency 
of crystals of various dimensions. 

7. The error in the effective photoelectric efficiency is almost entirely trans- 
ferred to the final result. The measured values at a crystal o 1.5x1.5 cm have 
an error less than 5 % up to 700 keV and probably this accuracy can be 
improved. The correction for decreasing geometrical efficiency at increasing 
energy of the primary photons when irradiating the entire crystal has also been 
calculated; for example, at 200 keV and a distance of 10 cm between the source 
and the crystal mentioned above this correction is 10 %. 
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Finally, it is concluded, that the high y-detection efficiency of the Nal(T1) 
cintillation spectrometer, in most cases, can be combined with a high degree 
f accuracy when measuring continuous spectra in the region of interest 0-1 MeV. 


I. Introduction 


The high y- and x-ray efficiency and the proportionality between photon 
nergy and pulse height of a scintillation counter provided with suitable inorganic 
rystals have permitted the elaboration of a new technique for the study of 
- and x-ray spectra. Hitherto such spectra have been studied with ionization 
hambers, photographic materiels or Geiger counters as detectors, the sensitivity 
f which is much lower than that of the scintillation counter. Further, it is 
ometimes difficult to measure the spectral sensitivity of such detectors. The 
pectral sensitivity of the scintillation spectrometer at least below 1 MeV can, 
iowever, be accurately determined. 

Only few investigations of continuous y- and x-ray spectra by methods using 
, scintillation spectrometer are on record. JOHANSSON (1952) measured continuous 
-ray spectra and reported this as an example of the usefulness of the scintilla- 
ion spectrometer. Novey (1951) and Mapansxy & Raserri (1951) investigated 
he internal bremsstrahlung from P®? and RaE. Marper & PReiswerK (1951) 
nd Bei, JAucH & Cassipy (1952) measured the internal bremsstrahlung ac- 
ompanying the K-capture in Fe. In a study of the disintegration of Tl?! 
ER Marnostan & SmitH (1952) also investigated the internal bremsstrahlung 
rom this nucleus. 

At this laboratory the scintillation spectrometer has now been used for two 
rears in the study of the internal and external bremsstrahlung and in the 
nvestigation of primary and secondary x-radiations (LIDEN & STARFELT 1953 (a) 
b)). The method itself was critically analysed especially with respect to the 
juantitative evaluation of continuous spectra. The result of this analysis and 
bservations made on application of the method are described and discussed 
yelow.t 


II. Essential experimental details of the method 


a. Spectrometer design: crystal material and electronic components 


The investigation of continuous y- and x-ray spectra below 1 MeV requires: 


high y-detection efficiency, 

good resolving power, 

linear response to electrons (photons),, and 
very good electrical and mechanical stability. 


Oo bo 


1. The efficiency of the spectrometer depends upon the photoelectric absorp- 
ion coefficient t of the crystal material. t is approximately proportional to 


1 A preliminary report of this investigation was given at the sixth meeting of the Swedish 
Jational Committee for Physics, held in Stockholm on Sept. 25-27, 1952. 
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the fourth power of the atomic number Z. Only certain inorganic crystals are 
suitable, e.g. the thallium-activated crystals of NaI, KI, CsI and Cal, or the 
crystals of CaWO, and CdWO, (GILLETTE 1950). The tungstates have the 
greatest density and the largest 7 of these crystals, but they are difficult to 
grow synthetically. Large crystals of Nal(Tl) and KI(TI) are, however, readily 
obtainable. As yet Cal, has only been investigated in a polycrystalline form 
(Van Scrtver & HorstapTER (1951)). 


2. The resolving power is intimately related to the fluorescence efficiency of 
the crystal. The fluorescence efficiency of NaI and Cal, is much greater than 
that of the other iodides!; the tungstates are also somewhat inferior to Nal 
and Cal, in this respect. 

KI has an additional background from the natural activity of K*. 

Nal thus appears to be the most suitable crystal available for the study of 
y- and x-ray spectra. In addition its decay time is shorter than that of the 
other crystals and its optical properties are superior. The only disadvantage of 
Nal is its sensitivity to moisture. 


3. The proportionality of the scintillation response of NalI(T1) to the electron 
energy is very good from 1 keV to several MeV (Taytor etal. (1951)). In 
investigations of continuous spectra this linearity should be maintained by the 
photo-multiplier and by the electronic components. Cumulative experience has 
shown that photo-multipliers of the EMI 5311 type give good proportionality 
between energy and pulse height for energies below 1 MeV, if the output pulse 
height is kept sufficiently small. With larger pulses the energy vs pulse height 
curve is concave towards the energy axis (RAFFLE & RoBBIns (1952)). The 
linearity of electrostatically-focused photo-multipliers of the RCA 5819 type is 
less dependent on the voltage than is the EMI type. 

A continuous spectrum often gives rise to pulses of very different heights. 
Therefore, the amplifier should possess good overload characteristics so that 
overloading of the amplifier with large pulses will not distort the pulse height 
distribution at low energies. 

A single channel differential discriminator may conveniently be used as a 
pulse analyzer, especially because the counting time may be adjusted to the 
intensity and the same statistical accuracy throughout the spectrum thereby 
secured. This is not the case with the method in which the channel is con- 
tinuously moved through the spectrum and the counting rate is plotted vs pulse 
height on a recorder. Finally, mention should be made of the method of photo- 
graphing the pulse distribution on a cathode-ray oscillograph. Owing to the 
limited accuracy of photographic intensity measurements, the method is in 
general only suitable for survey measurements. 


4. The experimental study of continuous spectra usually requires long observa- 
tion. Therefore the apparatus must be stable and the measurements must be 
reproducible over a long period. The geometry of source, collimator, crystal 
with reflector, and photo-multiplier must be kept constant during observation. 
The voltage of the photo-multiplier must be accurately stabilised: experience 
has shown that a stability of 0.5 volts per 1000 volts is desirable. Long-term 
stability of the photo-multiplier voltage is also necessary in order to maintain 


1 Concerning CsI see p. 457. 
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the energy calibration. In general, the calibration must be checked at intervals 
of a few hours. 

In order to secure stability of the amplifier, of the discriminator and of the 
high-voltage supply the apparatus must be warmed up 1-2 hours before use. 
[ts temperature should then be kept constant. In the present study it was 
necessary regularly to measure the channel width of the differential discriminator 
(EtmMorE & Sanp (1950)) at intervals of about one hour. Furthermore, it was 
found necessary to stabilise the line voltage for the entire apparatus with a 
regulated power supply. 


b. Geometry source-detector 


The efficiency of the spectrometer can be increased by increasing the crystal 
thickness ¢ and/or by increasing the solid angle Q. of source-crystal. 

The upper limit of ¢ is dictated, at least partly, by the fact that the light 
output from the crystal decreases with increasing distance between the scintilla- 
tion point and the photo-cathode. This means that the resolving power R, 
decreases, too. 

The solid angle 2, can be increased by using a crystal with a large diameter 
pc. With the crystal cemented to the window of the photo-multiplier ¢, cannot 
exceed the diameter of the photo-cathode, ¢,,. A conical light guide permits 
the use of ¢.>¢pn, but this reduces R, at the same time. 2, can also be 
increased by reducing the distance L between the source and the crystal. 

However, a large 2. complicates the conditions, as all the corrections of the 
experimental results are most easily calculated for a collimated primary beam 
normally incident. The usual procedure employs a collimating arrangement 
which sufficiently reduces disturbing scattered secondary radiation within the 
entire range of the spectrum observed. When observing intense radiation sources 
tt is possible to use a narrow beam, falling only on the centre of the crystal. 
[That part of the resolving power depending on the crystal is then the best 
uchievable, because the scintillations originate from a small part of the crystal, 
und because photoelectrons can escape only through those two surfaces through 
which the beam enters and leaves the crystal (see Sect. III). 

In the observation of high intensity radiation sources (e.g. x-ray tubes) it 
may be difficult to obtain a sufficient reduction in intensity. Large distance L 
und a collimator with accurately centered diaphragms are necessary; for Hy< 
<100 keV the absorption in the air must be considered. For low intensities the 
collimator system must be constructed so that the beam covers the entire 
rrystal. When investigating spectra with roughly equal intensities at both low 
wid high photon energies, all radiation outside the defined solid angle must be 
fficiently absorbed (by narrow beam geometry) in order to exclude from the 
pectra scatter from nearby objects. 

Using a lead collimator, lead K x-rays may be obtained with measurable 
ntensity. This disturbance is eliminated by lining the hole in the diaphragm 
md its multiplier side with 1.5 mm Sn+0.5 mm Cu. Other lead shields close 
o the crystal must be avoided. 
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ce. Backscatter 


1. General considerations 


Experience has shown that the largest pulse height and the best resolving 
power are obtained when the crystal is mounted directly on the window of the 
photo-multiplier. However, if the source is placed on the extension of the axis 
of the multiplier, this arrangement causes maximal secondary radiation as 
backscatter from the different parts of the photo-multiplier. The energy of 
photons scattered between 90° and 180° from a 100-1000 keV primary bear 
lies between 72 and 340 keV. Thus these backscatter photons, emitted mainly 
from the photo-multiplier window immediately below and beside the crystal 
are fairly effectively absorbed by the crystal. A pulse height distribution of 
the Cs!*? 662 keV y-ray line clearly shows this backscatter as a peak at about 
200 keV (Fig. 1). 662 keV photons scattered at 180° have an energy of 185 keV. 
In this case the beam covered the entire window of the photo-multiplier. 
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Fig. 1. Pulse height distribution of Cs!8? 662 keV y-ray line; Nal(T1) crystal @ 1.5 x 1.5 em 
source-crystal distance 10 cm. : 


The backscatter effect can be considerably reduced by allowing a narrow 
beam to fall on the central part of the crystal in a direction parallel to the 
window of the photo-multiplier. This is possible with strong sources. With weak 
sources a larger solid angle must be used, and then the entire crystal is ir- 
radiated. It is evident that the latter is not much better than the arrangement 
with the beam perpendicular to the photo-multiplier window. In both cases a 
light guide may be used to reduce the number of backscattered photons from 
that part of the photo-multiplier not covered by the crystal. The fact that 
the light guide reduces the pulse height and thus the resolving power is a 
serious disadvantage attending this arrangement. 
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2. Theoretical evaluation of the backscatter 


The number of photons with energy H, incident on a surface element dS 
(Fig. 2) of the window of the photo-multiplier is »,,dS, the following number 
of which is scattered at the angle 0 within the solid angle dQ=sin 0d0dq: 

See il d 06 3 
NwdS(1—e™ re (72) sin Od0dy (1) 
where a is the thickness of the window, fa the total absorption coefficient of 
d 06 
Dy 


All scattering in the multiplier window is assumed to occur in a plane half 


the window materiel and | its differential Compton scattering coefficient. 
a 


Nal crystal 


Photomultiplier window 


Fig. 2. Diagram for calculating the backscatter. 


way between the surfaces of the window. The total number of photons with 
primary energy H,, scattered from dS and absorbed by the crystal is n, dS. 
One obtains 


Le 1 d 66 , a 
=Ny 1—e7Ha2 Ay Padaedl : ae af ee: 
i, dS=n, dS ( e€ ASE 3) exp ( so) exp [— (o—0,)]x 
xdo sin Odédg. (2) 


The prime refers to the scattered photon; mw is the absorption coefficient of the 
erystal. The integral is taken over the entire volume of the crystal. 


The total number of scattered photons absorbed by the crystal, [ ny dS, can 
§ 


be calculated by integrating (2) over the total surface S, irradiated by the 
primary beam. For a collimated beam containing n) photons with energy Z,, 
with the cross section AS and normally incident on the centre of the surface 
S, of a cylindrical crystal with radius r, the backscatter n, AS is now cal- 
culated. In this case n.d in (1) has to be replaced by nye “’. Owing to the 
cylindrical symmetry the differential solid angle is 2 sin 0d0 and (2) is in- 
tegrated from 0,(9) to @2(6). Finally the following expression for np) AS is 
obtained : 


{| r d 06 » @ 
Fr AC aye ol ee {l-e; ‘(a x 
m AS=ne “ (1—e = f Fz) ee sea) exp[—' (02-01) ]} 

6 '- x2 sin 0d0 (3) 
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where 0, = 2 + arctg 5 This equation can be numerically integrated. In that 


case where the entire surface S, entered by the beam is irradiated, {m ds 
is approximately equal to n, AS as calculated from (3). ay 
In Fig. 3 the backscatter from that part of the multiplier window covered 


1 : 
by the crystal is shown as a function of the primary energy vee a [ mas 
S, 
I ¢ 
is calculated for two crystal sizes and aa | nod S| for the crystal size 2 1.5x 
Dp D 
x1.5 em. The subscript p denotes effective photoelectric absorption (see Sect. 


III a). Here np is the number of primary photons, effectively absorbed photo- 
electrically in the crystal. 


I [ {rs}, /np i 


Nal (Tl) $15 x15¢em 
== -© 20x 10-8 


(0) 200 400 600 800 1000 
Primary gr eneray keV 


Fig. 3. Backscatter from the part of the photo-multiplier window covered by the crysta 

as calculated from (3). I and II: number of backscattered photons, absorbed in the crystal 

per primary photon incident on the crystal. III: number of backscattered photons effectively 
absorbed photoelectrically by the crystal per pulse in the primary photo-peak. 


This calculation has to be considered as a first approximation. In a more 
accurate calculation the backscatter from photons first scattered in the crysta 
and then in the window must be taken into account. Measurements of the 
backscatter using a collimated beam of Cs!8? 662 keV y-rays gave a value whick 
is about 40 % greater than that given by (3) 


3. Experimental measurement of the backscatter 


The number | nods of photons, scattered from that part F of the windoy 


F 
outside the crystal, which is irradiated, can be calculated from (2), but it car 
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also be determined experimentally from a study of some single y-ray lines. At 
energies <500 keV the pulse distribution of the photoelectrons from absorbed 
backscattered photons coincides with the peak of the Compton electron distribu- 
tion of the primary y-ray line and thus the former cannot be measured directly. 
However, the increased backscatter effect and the corresponding variation of 
the pulse distribution caused by adding a thin dise of the mass AM of low 
atomic number to the part F of the photo-multiplier window can be studied. 
The pulse distribution of a single y-ray line is recorded both with and without 
AM added. In (2) the only factor in the integrand depending on the mass of 


the window is exp (is) . In each case the average of this factor within 


the actual range of @ can be estimated with sufficient accuracy. The unknown 
mass independent factor of | m» dS is obtained from the measured difference 


F 
between the two pulse distributions. Finally as the other factors of the integral 
are known the actual value of [ n,dS can be calculated. The error in f ny ads 
1 F 


caused by the approximate value of exp (ui mentioned above is prob- 


Bee biened 
2 cos 0 
ably less than +10 %. 


The ratio es | | as| has been determined as described above using a 
Np Dp 
F 
Nal(Tl) crystal g 1.51.5 cm and an EMI 5311 photo-multiplier (Fig. 4). The 
entire photo-multiplier window was irradiated. The y-ray lines Cr*! 330 keV, 
and Cs!8?7 662 keV were used. The point at 145 keV in Fig. 4 is obtained from 
a direct analyse of the backscatter “peak”? at about 100 keV of the Ce! y-ray 
line. A direct calculation of the backscatter of Cs!8’ 662 keV (Ba K x-rays 


0 200 400 600 
Primary y- energy keV 


Fig. 4. Measured backscatter from the part of the photo-multiplier window outside the 


erystal; ratio of backscattered photons, effectively absorbed photoelectrically by the erystal, 
to the number of pulses in the primary photo-peak. 
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critically absorbed) from a measured pulse distribution similar to Fig. 1 gives 
the same result as the method described above. The error in the backscatter 


fraction Ee | |» as| obtained from Fig. 4, may be about +20 %. 
Np Dp 
The backscatter correction of a continuous spectrum is treated in Sect. IV. 


d. Resolving power: the mounting of the crystal and the channel width 


A detailed investigation of a continuous spectrum requires good resolving 
power of the experimental equipment. As to the scintillation spectrometer, the 
efficiency of the photo-cathode is the factor of greatest importance. This property 
is invariable for a particular multiplier and it is then necessary to collect and 
direct as much scintillation light as possible towards the photo-cathode. The 
crystal has to be cemented to the window and surrounded by an effective 
reflector, the walls of which must be sufficiently thin to avoid absorption of 
low energy photons. It is known. that the resolving power can be improved 
by the application of a thin layer of magnesium oxide to the aluminium re- 
flector and by roughening all the crystal surfaces except that adjacent to the 
window and/or coating them with a thin layer of magnesium oxide. Nal(T1) 
crystals must be carefully protected from moisture by storing them in liquid 
paraffin or silicon oil or in a sealed container. Immediately before the crystal 
is mounted the crystal surfaces have to be carefully cleaned, e.g. with methyl- 
ethyl ketone, in order to maintain the resolving power. 

If rapid intensity variations in the spectrum investigated are expected, 
originating from y-ray lines and absorption edges for example, the channel width 
must not be larger than one third of the half width for the actual energy 
(KELLEY 1952). 


III. Absorption of y-rays in a Nal crystal 


a. Absorption processes 


The scintillation spectrometry in the energy region under consideration 
(<1 MeV) is based on the photoelectric absorption process for y- and x-rays. 
This process is an interaction between a y-ray photon with the energy H, and 
an iodine atom. The energy #, is transferred partly to the ejected photoelectron 
and partly to the ionized atom. The latter returns to its ground state by 
emission of characteristic x-rays and/or Auger electrons. If all the photo- 
electrons and the x-ray photons are absorbed within the crystal a scintillation 
arises, the size of which is proportional to the energy E,. However, not all 
the photoelectric absorption processes in Nal give this result. 80 % of these 
processes occur in the K-shell, and part of the emitted K x-ray photons escape 
from the crystal. A corresponding y-ray photon is then recorded, on the average 
with an energy H,—EHx, where Ex is the mean value of the K x-ray lines (in 
iodine 29 keV) weighted according to their intensities. In the simple case with 
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one single y-ray line, this line is recorded as a photoelectric peak at H, and 
an escape-peak at H,—H,. This K x-ray escape effect is treated in Sect. III c. 
The limited dimensions of the crystal mean that certain photoelectrons, 
produced near the crystal surface, deliver only part of their energy to the 
crystal. The energy corresponding to such a pulse lies in the interval Om Li. 
Der Mareosian & Smiru (1952) calculated the magnitude of this electron escape 
effect in the case of a §-emitter homogeneously distributed in the crystal. 
Here the electrons are emitted isotropically and the electron ranges are small 
in relation to the dimension of the crystal. They also assumed that the electron 
paths were straight. However, the photoelectron distribution is not isotropic, 
but most of the electrons come off in forward directions, especially at high 
energies; e.g. at 400 keV the bipartition angle is 34° (Davisson & Evans (1952)) 
See further Sect. III b. 
It is impossible experimentally to distinguish between the pulse distribution 
caused by the escaped photoelectrons and that caused by Compton electrons. 
Some y-ray photons interact with free electrons in Compton collisions the 
photon going off with decreased energy HY and the electron recoiling with the 
remaining energy H°=H,—ES. The Compton scattered photon may either be 
absorbed within the crystal or escape. The spectral distribution of the Compton 
electrons for a single y-ray energy can be calculated with the Klein-Nishina 
formula. However, if the scattered photon is photoelectrically absorbed in the 
erystal, it will together with the recoil electron cause one single scintillation 
corresponding to the energy H,. Then the photo-peak is increased by such 
processes, in this paper called secondary photoelectric processes, and the pulse 
distribution of the Compton electrons is correspondingly decreased. In what 
follows all processes involving absorption of a y-ray photon #, and causing a 
scintillation corresponding to H, are regarded as effective photoelectric processes. 
It appears from what is said above that the pulse distribution caused by the 
photoelectrons from a continuous y-spectrum is distorted by other absorption 
processes occurring in Nal. On the one hand, the photoelectric peak will be 
increased by multiple processes, on the other the photoelectron distribution at 
lower energies will be overlapped by a Compton electron distribution and an 
escape electron distribution caused by y-ray photons of higher energies. In 
order to determine the correct spectral distribution N,(H,) of the radiation 
incident on the crystal all pulses of the height ¢, which are not caused by a 
y-ray photon of the corresponding energy #,, must first be subtracted from 
the experimental pulse distribution. Once the effective photoelectric absorption 
coefficient of the crystal is known, the distribution N,(#,) can be calculated. 
For details see Sect. IV. 


b. Electron escape 


1. Escape of primary photoelectrons 


In the volume element ASda at a distance x from an arbitrary crystal 
surface S (ie. making any angle with the incident beam), through which electrons 
escape (Fig. 5), npe(H)) ASda photoelectrons are produced per second. Here 
Mpe(Hy) is the number of photoelectrons with energy E, =H, — W, produced per 
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ee 


Fig. 5. Diagram for calculating the electron escape. 


cm® and second, H, is the energy of the primary photon and Wo is the ionization 

energy of the iodine atom; 80 % of the photoelectric absorption processes occur 

in the K-shell where Wy =33 keV. 
The number of electrons, ejected from ASdz in the solid angle sin 0d0dq, is 


Nye (Hy) ASdxg(O, vy, Ey) sin 0d0dp (4) 


where g(6, y, Hy) is the distribution function for photoelectrons with energy Ep. 
A fast electron first travels fairly straight in matter but as its energy de- 
creases the deviation from the initia] direction increases due to multiple scat- 
tering. 
When the electron has penetrated a small thickness & the most probable 
scattering angle A is, according to BoTHE (1933), 


_ 0.8 (Bg + myc?) (*)- 
A (Eo, 5) Ey (Ey + 2myc?) sz A 


(5) 


Here E, is given in MeV, o is the density of the absorber and A its atomic 
weight. Thus / first increases in proportion to &/: but after sufficient scattering 
the distribution becomes diffuse. According to BLEULER and Zisntr (1946) dif- 
fusion sets in at A=0.576, giving €=&4 in (5). The number of electrons pene- 
trating a thickness & decreases continuously as & increases. In the diffusion 
region this occurs exponentially. The corresponding absorption cofficient « in- 
creases with increasing § due to the decreasing electron energy. If the prob- 
ability of an electron penetrating the layer & is p(y, €), we have 


dp/p= —adé= —1.3(A?/E)dE (6) 


Using this relation one can calculate an average range R, of electrons with 
energy Hy. FowLer, Lauritsen, and LAURITSEN (1948) give the expression 


Rmax 


Ry (Ly) = [re Eas (7) 
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Here Rmax is the total distance along the path of an electron. The absorption 
coefficients of aluminium as calculated from the scattering theory agree reasonably 
well with the experimental values, but for greater Z the theoretical results seem 
to be too high (Borue (1933)). Scattering but also Rmax increases with increasing Z. 

In a calculation of the electron escape effect in Nal crystals straight electron 
paths of the length R, are assumed. Since reliable values of R,/ o for heavy ele- 
ments are not available, aluminium data are used for Nal. Electrons which are 
emitted at the distance « from the surface S (Fig. 5) at an angle 0 < 6,, where 
6, =arccos (x/ Ry), then escape. Concerning the angular distribution of the straight 
paths of the electrons two extreme cases must be considered: a) the directional 
distribution given by the theory of photoelectric processes and b) isotropic distri- 
bution. At higher energies case a) will give reliable results. At lower energies £4 
is very small, giving diffusion immediately with no correlation to the initial direc- 
tions of the photoelectrons (case b). At higher energies, however, where the values 
a and R, are of the same order of magnitude, the approximation b) is less ac- 
curate, since here a fairly large fraction of the escaping electrons has a range < &, 
within the crystal. 

Case a) is treated in detail; calculations according to b) are also performed, 
using the method of DER Marrostan & SmituH (1952). In Table J the results of 
both methods are compared. 

Assuming straight paths and isotropic distribution of the electrons DER MaTE- 
ostan & SmituH have shown that electrons of initial energy Hy which escape from 
the crystal are degraded with equal probability into all energies below Fy. It can 
be shown that this is valid for electrons with an arbitrary angular distribution. 
In both cases ny, of (4) has to be independent of x, and EH, must be greater than 
about 200 keV, the specific energy loss being approximately constant. 

In order to obtain the total number of photoelectrons, n,;., escaping from 
an arbitrary surface S, (4) is first integrated with respect to m and 0: 


“ cae is 
Meso= | NpeASdx { |{ g(0,~) sin Od0dp=AS | np. Ada. (8) 
r=0 p=0 0=0 r=0 


Here A denotes the fraction of the photoelectrons of energy Hy), emitted from 


ASdzx within the cone of half-angle 0, = arccos = and with the axis perpen- 
i 0 


dicular to the crystal surface S. 
For the surface S, through which the beam leaves the crystal, the calculation 
is performed for a collimated beam with the cross section AS. In this case, 


Nye iS obtained from the following equation: 


MreASde=me" rdz (9) 


where n, is the number of photons per second, normally incident on the crystal 
surface S,, and 7 is the linear photoelectric absorption coefficient of Nal. The 
corresponding A=A, is equal to M(0,), M(x) being the fraction of photo- 
electrons, emitted in the cone of half-angle « and with the axis parallel to the 
incident beam. M (a) is given by Davisson & Evans (1952), Fig. 22, where 
N,=M (a). With these values inserted in (8), Mesc 18 obtained by numerical in- 
tegration. 
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atl 


Fig. 6. Diagram for calculating the electron escape from the side surface S3 of the crystal. 


If the primary beam covers the whole crystal, photoelectrons can escape 
through the side surfaces of the crystal, too. When calculating »,,, fora side 
surface S,;=tl (Fig. 6), all photoelectric processes G in S,dxz are assumed to 
take place in the small cylinder ASdz, whose axis passes perpendicularly 
through the centre of Sj. 


Ge dene (10) 
S; u 


In (8) the number of photoelectric processes np», A Sda in ASdz- is replaced 
by G. The fraction M (3+ a) pil) (5- 0,) of all the photoelectrons from the 
volume element ASdax is emitted outside the double cone of half-angle- 
(Z- a.) The fraction ear 


; 2 sin 0, 
cone of half-angle 0,. This gives: 


1—cos 0, rt I 
ar er sy 2 sin 0, [ar Ee a) oes a) 
Nesc 18 Obtained by numerical integration of (8) with these values inserted. 
The escape factor P for primary photoelectrons for the entire crystal, i.e. the 
number of escape electrons > ms. per pulse in the photo-peak, is calculated for 


a cylindrical crystal with radius r. In (10) J has to be replaced by 2zr and. 
8S, is equal to 27”. 


of these photoelectrons is emitted within the 


Ry Ry 
ite n ; 2 oa) 
ee 20) | Pama ah: Va feria (1 —e-Ht) T Ng A,dx (11 a). 
Np Np 4 x 2% 
0 


where n, is the number of pulses in the photo-peak. 
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Fig. 7a. The factors | A,dx and | A,d«x in (11) used in the calculation of the electron 
0 0 


escape fractions. 


If R, be negligible in relation to ¢ one obtains 
R, Ry 


2 
pepe (A de le) = 8) | Ada (11 b) 
nN f. 


D [Lb Np 
0 


Here the escape of photoelectrons from the surface, entered by the beam, is 
not taken into account. This assumption is permissible, because the photoelectrons 
are ejected mainly in the forward direction. 

Ry 


| aad, if A,dzx and P as functions of Ry and #, respectively for a crystal 


0 i) 
@ 1.5x1.5 cm is shown in Fig.7a and 7b. The different parts of P are 
given in Table 1, where S, is the cylindrical surface of the crystal. 


Table 1. Escape fractions of primary photoelectrons for a Nal crystal 2 1.51.5 
em assuming the directional distribution of the electrons: a) as given by the theory 
of photoelectric processes; b) as isotropic. 


E keV (nese) S,/np > % |(Nesc)S,/2p » % |(Nesc) S,/Nv, % 
a b a b a b 
500 0 0.3 0.6 0.2 0.8 1.0 
1000 0 0.7 1.9 0.5 1) 2.5 


441 


K. LIDEN, N. STARFELT, Scintillation spectrometry 


aw. Sha i ce ae | 


% 


Escape electrons 


0 feral 
0 200 400 600 800 1000 


Primary energy keV 


Fig. 7b. Per cent escape electrons per pulse in the photoelectric peak for a Nal crystal 
@1.5x1.5 cm. P is the part due to primary photoelectric processes, Psec the part due to 
secondary photoelectric processes and Ptotai=P+Psec. 


2. Escape of electrons contributing to secondary photoelectric pulses 


In the volume element ASd-a (Fig. 5), nee ASdx Compton electrons, contri- 
buting to the photo-peak, i.e. the corresponding Compton photon is completely 
absorbed in the crystal (in the following the abbreviation sp-Compton electrons 
is used) are produced by primary photons with energy H,. In the solid angle 
sin Od0dq the following number of sp-Compton electrons is ejected: 


Nee ASdxh(O, vy) sin 0dbdy (12) 


where h(6, ) is the distribution function for such electrons. From a cylinder 
with the base AS, n;,, sp-Compton electrons escape through 8. 

Provided that the primary beam leaves the crystal perpendicularly to the 
escape surface S,, 0 is the angle between the primary beam and the Compton 
electron direction. Integrating (12) one obtains (né..)s,: 


n/2 27 R, (6) cos 6 


(nso). = J | |  reeASh(0) sin 0d0dpdx (13) 


6=09=0 2=0 


where R,(9) is the average range in Nal of a Compton electron in the direction 
0. As R, is small in relation to the thickness of the crystal, nee is almost 
independent of w. Here h is independent of m and proportional to the product 
of the number of electrons in the direction @ (Klein-Nishina formula) and the 
probability that the corresponding Compton photon is completely absorbed ir 
the crystal. From simple geometrical considerations this probability can be 
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calculated for a collimated beam passing through the centre of the crystal 
surface S,. For the actual erystal @ 1.5x1.5 cm one obtains the values of 
(Nesc)s,/Np» given in Table 2. This result is also approximately valid for a beam 
irradiating the entire crystal. 

The escape of sp-Compton electrons through a crystal surface S;, parallel to 
the incident beam can be calculated in a similar way. However, this calculation 
is more complicated as h in this case is a function of py. (nicc)s, can be obtained 
with sufficient accuracy from a calculation of the volume of the thin layer of 
the crystal from which Compton electrons with the direction 6 (corresponding 
energy H) can escape. It can be shown that the fraction 1/a of the Compton 
electrons produced in the layer escapes. The thickness of this layer is almost 
independent of the Compton electron energy for a certain value of H,. It 
follows that the fraction g of the Compton electrons with the energy HZ which 
escape is roughly independent of H, A mean value of q is used in the cal- 
culation of the number (75c)s, of sp-Compton lectrons which escape. 

For the actual crystal 2 1.5x1.5 cm one obtains the values of (Mécc)s,/Mp 
given in T'able 2. 

Escape of photoelectrons, produced by photoelectric absorption of Compton 
photons is here calculated assuming isotropic distribution of the electrons and 
using an estimated mean value of the Compton photon energy. This electron 
escape effect, ni{,, contributes only slightly to the total electron escape factor, 
- total- 


For a crystal 2 1.51.5 cm one obtains the values of nj{,/np» given in Table 2. 


Table 2. Escape fractions of electrons contributing to secondary photoelectric pul- 
ses for a Nal crystal 2 1.5x1.5 cm. 


E keV (N50) 5,/"D > % (Mego) 3," » % Weagl MP» % 
500 0.3 0.2 0.3 
1 000 2.5 0.5 0.4 


/ 
(Nésc)s, ae (esc) s, if Perc 
Np 


Fig. 7 6 shows Psec= awavel, SUNG) 2) fq el 1 dye 


c. K x-ray escape 
The K-escape factor f(#,) for a crystal surface is defined as 


Nese (Ly) ; 
eeeeeee al (14) 
(ty) Ny (L,) 


where n,)(H,) is the number of incident photons with the energy H,, and Nese (Hy) 
is the corresponding number of K x-ray photons escaping through the surface 
in question. 

HB )=f,(Z,) is first calculated for the surface S, on which a collimated beam 
with the cross section AS is normally incident. The calculation is valid for a 
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: 
surface, the linear dimensions of which are large compared with the mean free: 
path of the K x-rays of iodine. In the volume element ASdx at the distance 
a from S,, dm) photons are absorbed in photoelectric processes in the K-shell- 


dng=me "*t6xdx. (15) 


Here 6x is the fraction of the photoelectric processes taking place in the K-shell: 
A number dn&, of the K x-ray photons, emitted in ASdz, escape from the 


crystal surface 
7/2 


x 


1 : 
Ink.=wednys | exp(—nx 5) sin 0d6 (16) 
0 


where yx is the linear absorption coefficient of the K x-rays of iodine and wx 
the K-fluorescence yield of iodine. ~—6 is the angle between the direction of 
the K x-ray photon and the beam. From (16) one obtains 


t 
Ness |) Tees (17) 
0 


r= 


where ¢ is the thickness of the crystal. When integrating, ¢ may be replaced 
by co, as dng, is very small when x>0.5 cm. f,(H#,) is obtained from (14): 


h (B,)=5 onde, E : In (1+)| . (18) 


Burwop (1952) gives the value wm<=0.84. A good mean value of dx is 0.80 
(HALL (1936), LarysHew (1947), Hepcran & Linp (1952)). As wx is essentially 
different for the K,- and K,-groups, the calculations of f;, and fg have been 
performed with the following values of the mean energy Hx, and Ex, of these: 


groups, and the corresponding linear absorption coefficients: 
Hz, = 28.6 keV Mx, = 24.3 em? 
Bx, = 32.5 keV fix, =17.1 em ?, 


Fig. 8 shows fi,, fig and f,, where the intensity ratio K,:K,;=100:26 has 
been used in calculating f,. 


At higher energies, AK x-rays escape also from the surface through which the 
beam leaves the crystal. The escape factor f, of this surface is always less. 
than f,. A calculation similar to that of f, gives: 


1 Stel ihe l 
ep Orci eee ee 
i Brae’ ale Ux p : (a 


At energies above 200-300 keV, 


: tae fe= ie (19 b) 
is a good approximation. 
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Fig. 8. Ke, and Kg x-ray escape fractions fia and fig as calculated from (18), i.e. the 
number of K x-ray photons escaping per incident photon, for the surface entered by the 
beam, and their weighted mean value f,. 


The ratio of the number of pulses degraded bY escape through the surface 
S, to the number of pulses in the photo-peak, ie , is less than 0.5 %: for 


£,<1 MeV and the crystal thickness t>0.5 cm. 2 also Table 3. 

a the whole crystal is irradiated by the beam, K x-rays escape through the 
side surface too. f,(H#) of the surface S,; in Fig. 9 is calculated as follows. In 
the volume element /xtxdy, dn, photons of the energy EH are photoelectrically 
absorbed in the K-shell 


(20) inserted in (16) gives dn%, and thus f,(Z) with the same approximation 
as above, i.e. all the photoelectric processes are assumed to take place near 
the centre of the surface, the linear dimensions of which are assumed to be 
much greater than the mean free path of the K x-rays. 


PE eee (20) 


“Bie 


m/2 


l TG pk é 
dnise= Bo ox de (Ime a bf | ex (- pr) dy sinOd0. = (21) 


Se aan 
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Fig. 9. Diagram for the calculation of the K x-ray escape fraction for the side surface of 
the crystal. 


pad : : 
If d>0.5 cm the value of the integral in (21) is pee which gives 
<4 


or Boke eS 2U 22 
fs(By) = gq Orde Le") (22a) 


For a cylindric crystal with S,=ar? and 1=2zr, the escape fraction f, for 
the cylindric surface is given by: 


1 
fs=5~ @xdx —— (1—e™**) (22 b) 
2r [eK 


which is valid with good accuracy if r>0.5 cm. 

For a Nal(TI) crystal 9 1.51.5 em the ratio of escape pulses caused by 
K-escape through the cylindrical surface 8; to the number of pulses in the 
photo-peak, ae is given in Table 3. 

D 

Photoelectric absorption of scattered photons from Compton processes in the 
crystal also gives rise to K x-ray emission. As the secondary photoelectric 
absorption contributes appreciably to the photo-peak only at higher energies 
(Z, > 200 keV), the corresponding escape factor f,.. is calculated as if the photo- 
electric absorption processes of scattered photons were equally spaced in the 
crystal. fsec is defined as 


* py, K K 
Nese - SO x Nsec 


fsec = (23 a) 


No Nsec No 


where seo 18 the total number of secondary photoelectric processes in the crystal 
and *n& the total number of K x-ray photons escaping from the crystal after 
being emitted in such processes. The calculation gives 
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OxOK 8 Nsec 
tec = x x 
4 ux V No 


(23 b) 


where > 8 is the entire surface of the crystal and V the volume of the erystal. 
Table 3 shows some values of ee for a crystal @'1.5x 1.5 em. 
Np 


The total escape factor F(H,) is defined as the ratio of the total number of 
escaped K x-ray photons to the number of effective photoelectric processes. 


BE (fet fatfs Hd ke) Mg Rp. (24) 


F for a cylindrical crystal 2 1.5x1:5 em is given in Table 3. 

Above, the escape factor has been calculated for large surfaces and collimated 
beams. For finite crystals entirely within the beam the values calculated above 
must be corrected for the edge effect. An analysis shows that the value of 
the total theoretical escape factor is a little too large. For example, with a 
cubic crystal of 1 cm? and H,=33.2 keV the correction is —8 %. It decreases 
with increasing energy and crystal size. 


Table 3. The number of K x-ray photons escaped per pulse in the photo-peak 
for a Nal(Tl) crystal 2 1.5 = 1.5 em. fy, fo, fs refer to K-escape from true photoelectric 
processes, through the top, bottom and side surfaces respectively. fs. refers to 
the total K-escape in secondary photoelectric processes. F is the sum of the 
different escape fractions. 


Hy 2 : 1000 
keV | 50 | 200 | 500 | 
aes 0.134 0.008 0.004 0.004 
Np 
(ee 0.000 0.001 0.002 0.003 
np 
ie 0.020 0.015 0.011 0.011 
Np 
fsec ms 0.000 0.008 0.014 0.012 
F 0.154 0.032 0.031 0.030 


IV. Evaluation of the continuous y-spectrum from the observed pulse 
| height distribution 


It is clear from the preceding sections that the experimental pulse height 
distribution N.x,(€), where ¢ is the pulse height, must be subjected to a series 
of corrections before the true radiation spectrum is obtained. A survey of these 
calculations is given in this section. 
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a. Electronic apparatus 


A dead-time (t) in the pulse analyzer causes coincidence losses. The input 
ters 


—_*—, where Rp is 
1— Rexp Tt’ 


pulse rate R is calculated according to, the formula R= 


the observed counting rate. 

If the resolving power has been reduced by the use of a channel width larger 
than the maximum value given in Sect. II d but still smaller than the half 
width of a single y-ray line, then the pulse height distribution can be corrected 
accordingly. The interval between the experimental points must not be larger 
than the channel width. The true pulse height distribution is first estimated 
and the expected counting rates for the channels used are calculated. This 
estimation is then adjusted until the calculated counting rates are equal to the 
experimental ones. 


b. Background 


The background counting rate measured with removed source is subtracted. 


c. Energy resolution 


Because of the statistical nature of the emission of electrons from the cathode 
and the dynodes of the photo-multiplier the scintillations ¢, of a y-ray line are 
recorded as a Gaussian pulse-height distribution g (e): 


(s— a) ; 


= =45 = 
g(e)=(22 K é,) exp | Ke, 


(25) 


The constant A and the experimentally observable half widths 2 W (e,) are 
related by 
K=W?(e,)/2¢, In 2. (26) 


The value of A depends mainly on the photoelectric conversion efficiency of 
the cathode. To obtain the correct “scintillation distribution’’, N,(e,), the pulse 
height distribution N,(e), corrected according to Sect. IV a, b, must be cor- 
rected for the limited resolution of the apparatus. The following relation holds: 


lore) 


N oe 
Ny (é) = | ge exp |- a | dé. (27) 
Y 


0 


According to Morton (1952) series expansion and integration using suitable 
approximations give a fairly simple expression: 


Kis .G4iN. 
Ns (6)=N(e) 2x89. (28) 


This expression is valid in case of good resolution, i.e. at high energies. 
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The difficulties at lower energies can be avoided by numerical evaluation of 
the integral (27) in the following way. A first approximation N;(e,)' for N, (e,) 
is estimated directly from N,(e) (or simply N, may be used). A point on the 
corresponding N,(e)* is calculated by numerical integration of (27). The Gaussian 
distribution (27 K e,)-? exp |-& Z| is multiplied point by point by N,(e,)!. 
The area below the curve thus Sbiained! is calculated. This gives one point on 
N,(e)'. In this way a sufficient number of points on N,(e)' are determined. 
Tf now N,(e)' does not coincide with N,(e) the approximation N,(é,) has to 
be improved to N3(e,)" with knowledge of the difference N,(e)—N,(e). This 
procedure is repeated till N,(e)"=N,(e). Then N,(e,)"=N3(e,). Observations 
made show that two successive approximations are practically always sufficient 
to determine N,(e,) with sufficient accuracy. 


d. Compton and escape electrons 


If n)(H,) photons with the energy H, are incident on the crystal, a certain 
number 7, (H#,) transfer all their energy to the crystal (i.e. effective photoelectric 
absorption). Then e,=constxH#, holds for the corresponding pulse height ¢,. 
Furthermore, n-(H,) photons give rise to pulses e,<eé, (escape and Compton 
electrons). Here the K-escape effect is neglected. The maximum energy of the 
Compton scattered electron, H}, is given by: 


iis Sas a me (29) 
Myc (1 aia 2 
The expressions for np and 7, are: 
My = Ny (E,) (1—e-"") k (B,) (30) 
ne = ng (Hy) (1—e-"*) (1— k(B,)) (31) 


where yu is the total linear absorption coefficient of NaI and ¢ is the thickness 
of the crystal. If the electron escape and the absorption in the crystal of 
Compton scattered photons could be neglected, k(Z,) and 1—k(H,) would have 


the values — and 2 respectively, where t and o are the linear photoelectric 


and linear Compton absorption coefficients of NaI respectively. The actual 
value of k(H,) can be determined from the experimental pulse height distribution 
of a number of single y-ray lines in the energy region of interest, 100-1000 keV. 
(30) and (31) give: 

Ny (Ly) 
Np (Ey) + Ne (Ly) 


k(E,) = (32) 


Then n,(H,) is equivalent to the area of the observed photo-peak and Ne (Hy) 
is equivalent to the area of the remainder of the pulse height distribution 
(Compton and escape electrons). When determining k(H,) it is necessary to use 


449 


K. LIDEN, N. STARFELT, Scintillation spectrometry 


such isotopes, from which it is possible to obtain, either directly or by critica’ 
absorption, a single y-ray line incident on the crystal. The following y-ray 
lines have been used in this investigation: Cel! 145 keV, Hg? 280 keV, Cr® 
330 keV, Au 412 keV, Cs!8? 662 keV and Rb®* 1080 keV. Fig. 1 shows a record 
of the Cs!87 y-ray line with a Nal crystal 9 1.5=1.5 cm, 10 em distance betweer 
the source and the crystal and a lead diaphragm, 17 mm thick and with a hole 
of @ 24mm, half way between source and crystal. Here no additional filter: 
were used. Determination of n-(H,) from this special diagram is difficult, a: 
the Compton electron distribution is overlapped by the K x-rays of barium at 
30 keV and distorted by the backscatter peak at about 210 keV. However, the 
K x-rays from Ba can be critically absorbed, the backscatter peak can be 
subtracted from the curve (see Sect. II), and, since the high energy part ot 
the Compton electron distribution is undistorted, the curve can be determined 
with sufficient accuracy. The determination of n-(H,) for Aul®§ 412 keV, Cr® 
330 keV and Hg 280 keV is more difficult, because the backscatter is super. 
imposed mainly along the peak of the Compton electron distribution. However. 
it is possible to make a satisfactory correction for this backscatter disturbance 
according to the method described in Sect. II. Finally, the non-availability of 
a convenient y-ray line at about 200 keV is unfortunate, because here the k(H, 
curve is fairly steep. 

Fig. 10 shows k(H,) experimentally determined for a crystal 2 1.5x1.5 cm 
With this curve, k(H,) can be estimated with an accuracy of +5 %. 

So far only the absorption of single y-ray lines has been discussed. 

In the treatment of a continuous y-ray spectrum, the following definitions 
are now used. On the crystal, N(#,)dH, photons with energies between £, 
and H,+dH, are incident. N,(H£,)dH, photons are recorded as photoelectric 
pulses and N,(H,)d#H, photons are to be found in the corresponding continuum 


) 
} 


100 


80 


40 


20 


200 400 600 800 1000 


Primary y-energy keV 


Fig. 10. The ee nental ratio k (By) of photo-peak pulses to the total number of pulses | 
Nal(T1) @ 1.5x1.5 cm. The point at 200 keV is calculated theoretically. For comparisor 


v 
i is also given. 
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of Compton and escape electrons. The probability that such an electron, produced 
by a y-ray photon of energy #, has an energy between H and H+d£E# is put 
equal to O(H, E,)dE. In the continuum of Compton and escape electrons, 
superimposed on N,, the total number of electrons with energies between # and 
E+dE# is N.(£)dH. It follows that 


co 


N.(#)={ C(E, E,) Ne (B,)d By. (33) 
0 
In the calculation of N.(#) the functions C(Z, E,) may be approximated with: 


C(#, £,) ra C(E#,) ~~ Th* 
(34) 


C(E, E,)=C(E,) =0 He Be | 


This approximation gives sufficient accuracy because: firstly, the escape electrons 
are few in relation to the Compton electrons (Sect. III b); secondly, the actual 
functions C(H, H,) are smoothed out at the high energy end compared to the 
functions, calculated according to the Klein-Nishina formula, because the cor- 
responding scattered photons with low energy are readily absorbed within the 
crystal. This absorption together with the Compton electron thus gives rise to 
a pulse, falling within the photo-peak. 

For the distribution N, obtained in Sect. IV c, the following expression holds: 


N3 (EL) = N¢ (HL) + Np (E) (35) 


N,(£) is obtained from (33) by numerical integration. N,(H,) is obtained from 
(30) and (31), giving: 
k (By) 


Ne(E,)=No (By) og (36) 
bg 


N.(#) is zero for E; max < EB < Ey max, Hy max being the maximum energy of the 
investigated y-ray spectrum. Then (35) gives N;(H)=N,(H) in this energy 
interval. N.(E£) for Ey tnax<H<E} max is given by (33) with (36) inserted. Now 
N,(E£) can be calculated from (35) in this interval. This procedure is then 
repeated throughout the spectrum. 


e. K x-ray escape 


Now the distribution N,(£) obtained above is corrected for the effect of the 
K x-ray escape. The following expression is valid: 


N, (FE) =N,(£E)[1—F (B)] +N, (E+ Ex) F (E+ Ex). (37) 


Here N, is the distribution corrected for A x-ray escape and Ex the mean 
value of the energies of the K x-rays of iodine. N, is obtained from (37): 
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N, (E)—N,(E+Ex)F(E+ Ex) 
1—F(B) 


N,(E) = (38), 


When carrying out the calculation of N, one starts with the high-energy end of | 
the spectrum where N,(E+Ex)=0. At energies near Hx the influence of the 
limited resolving power must be considered. 


f. Backscatter 


If N,; is the pulse distribution corrected for the backscatter and Ng, the 
distribution of the absorbed, backscattered y-ray photons, then 


N,=N,+ Np. 


The probability that a backscattered photon of primary energy EF, will give 
a pulse between H and H+dE#, is B(E, E,)dE. From Sect. II c one then obtains 


D 
Ss 


N,(E)= | B(E, E,) Ee | nodS| Ny (Ey) d Ey. (39) 
0 


(39) is integrated numerically. Approximately, B(H, E,) is taken equal to zero 
for E<H, and E>E, and equal to the straight line 


R= 


2 
(E,—B,)° (Hy — £); £, SESE, (40) 


where E, and. HE, are the energies of photons of primary energy £, scattered at 
180° and 90° respectively. The distribution Bs,(Z, E,) for photons scattered 


t 


arbitrary units 


4 


By 


180 200 220 240 260 
Backscatter photon energy keV 


Fig. 11. Calculated spectral distribution of the effectively photoelectrically absorbed photons 
which have been scattered from that part of the photo-multiplier window, covered by the 
crystal, @ 1.5x1.5 em; primary y-energy 662 keV. 
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from that part S, of the photo-multiplier window, which is covered by the crystal 
is shown in Fig. 11 for Z,=662 keV and a Nal(T1) crystal 2 1.5x1.5 cm. The 
distribution B,y(H, E,) of the photons scattered from the part F of the window 
outside the crystal has a similar shape. However, at the high energy end By 
is somewhat larger than Bs,. 


g. y-detection and geometrical efficiency of the crystal 


In the case of narrow beam geometry the spectral distribution of the radiation 
normally incident on the crystal is obtained directly from the photoelectric 
efficiency of the crystal according to (30). If the entire crystal surface S,=27? 
is irradiated from a source at a distance L, (30) has to be generalized with 
respect to the divergence of the beam. Low energy photons are absorbed close 
to S,, while the absorption processes of high energy photons are approximately 
equally distributed throughout the entire crystal, ie. the effective solid angle of 
the crystal decreases with increasing energy H,. Then N,(£,) is obtained from 
the following expression using polar coordinates with origo in the source: 


N,(E,)= {a sin 0d0dpe"®-® ndok(H,). (41 a) 
V 


Here the integral is taken over the entire volume V of the crystal. 0, is the 
adNs (Ey, 0, YD aK 

dQ a 
is the number of photons emitted from the source in the energy interval between 
E, and £,+dE£, per unit solid angle in the direction 6, y. If the solid angle 
subtended by the crystal is small, (41 a) gives: 


radius vector of a photon entrance point of the crystal and 


Np (Ly) =F 6 bE) | ek udx (41 b) 
0 


where x is the distance from S,. That part N,(£,)dL, of Ns(H,) dH, irradiating 
the crystal surface Sj, is: 


dNs8 
N(E,)=F6 TF (42) 
Partial integration of (41 b) then gives: 
yo , u(L+t) 
Lene fra Om a 
Np (By) = Ny(B,)k By) wi? | 5-2 — pe : <del - 
uL 
=N,(#,)k(#,) D(E#,, L, t). (41 c) 


The exponential integral — #1(—a)= {> da is obtained from numerical tables. 
ee 
a 
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Fig. 12 a. Geometrical efficiency factor Dg, i.e. the ratio of N, calculated for a large 
distance L between source and crystal (Eq. (30)) to No calculated for finite value of Z 
(Eq. (41)), Np being the same in both cases. ¢ is the thickness of the crystal. 
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Fig. 12 b. Effective photoelectric y-detection efficiency Np/N, (Eq. (30)) for a NalI(T1) 
erystal @ 1.5x1.5 cm and a large source-crystal distance L. 
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If a> 10, it is best to calculate —Hi(—a) from the corresponding semiconvergent 
series. From (41 ¢) and (42) Ns(H#,) may be calculated using NV, (#,,) determined 
D 
1—e#! 
as a function of H, for various LZ and t. Fig. 12 (b) shows the effective photo- 
electric y-detection efficiency N,/N, for a Nal(Tl) crystal @ 1.5x1.5 cm and 

L=co, calculated from (30) using the measured values of k(H,) (Fig. 10). 


in Sect. IV d. Fig. 12 (a) shows the geometrical correction factor Do = 


V. Discussion 


The usefulness and the achievable accuracy of the described method for 
quantitative evaluation of continuous y-spectra mainly depends on two limiting 
factors. 


1. the poor resolving power of the scintillation spectrometer at low energies, 


2. the accuracy of the determination of the effective photoelectric absorption 
in the crystal and of the correction for the Compton electron distribution. 


The best resolving power of a scintillation spectrometer hitherto claimed is 
equivalent to a half width of about 8 % at H,=662 keV and about 20 % at 
H,=100 keV. It may therefore sometimes be difficult to analyse irregularities 
in the spectrum, e.g. x-ray lines or absorption edges at energies less than 100 keV. 
However, it is often known beforehand that a single y- or x-ray line or a K- 
absorption edge will appear in the spectrum to be studied, and then the dif- 
ficulties can be overcome. In the case with a single line for example, the in- 
tensity of the line is simply determined from its more or less pronounced peak 
or bump in the pulse distribution. A subtraction of a correct Gaussian plot of 
the line from this distribution then gives the pulse distribution of the continuous 
spectrum. 

As shown by Jowansson (1952) the maximum energy of a continuous x-ray 
spectrum from an x-ray tube can be fairly accurately determined. 

The accuracy of the correction for the Compton electron distribution is closely 
related to the size of the crystal and to the shape of the spectrum. According 
to Sect. IV d, 1—k(H,) decreases with increasing dimensions of the crystal for 
all energies, i.e. N,(H,)/N,(H,) decreases. Since the correction term N,(H,) is 
determined solely by the intensity of energies greater than H,, the value of 
N./N, will be smaller for spectra the intensity of which rapidly decreases with 
increasing energy H#, than for spectra with about the same intensity at all 
energies, for example. Further, as 1—k(H,) increases with increasing energy L,, 
N,(H,) increases rapidly with maximum energy of similar spectra. 

The correction for the Compton electron distribution can be performed with 
a good degree of accuracy using the approximation C (H, H,) = const, (Sect. Ty dy; 
provided that the spectrum to be analysed is of the same type as the internal 
bremsstrahlung from P%2. In this case the error in the corrected distribution 
will be smaller than +5 %. In certain other cases it may be necessary to 
represent C'(H, #,) more exactly. : 

At the final calculation from Eqs. (41) of the spectral distribution of the 
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radiation, incident on the crystal, the accuracy of the result depends mainly on 
pw and k(#,). It can be shown that the relative error caused by the uncertainty 
Au of p, is always less than |Ayw/u|. For an energy region where yw is accurately 
determined, the accuracy of the final result depends on &. In the experimental 
determination of k for a Nal(Tl). crystal 2 1.5x1.5 em, described in Sect. IV d, 
the maximum error is less than +10 %; for energies below 700 keV the accuracy 
is probably better than +5 %. 

The analysis of the backscatter effect in Sect. II shows that this effect readily 
gives rise to considerable errors for which correction is not easy. Therefore 
backscatter must also be considered; if the intensity available is sufficiently high 
(see also Sect. II c) such backscatter should be diminished with suitable geometry. 

Finally it may be pointed out that the problems of measuring the intensities 
of y-ray lines often are the same as for continuous spectra. Thus many deduc- 
tions made in this paper are applicable to such measurements. 

When this paper was nearly ready for the press, some articles on scintillation 
spectrometer measurements appeared. MAaEDER & WINTERSTEIGER (1952) reported 
theoretical calculations of the Compton electron distribution and of the effective 
photoelectric absorption for various y-ray energies and crystal sizes. They also 
compared the result with experimental data. 

The above mentioned investigations of the internal bremsstrahlung from P% 
and RaE by Novery (1951) and by Mapanskxy & RaseETTI (1951) have now been 
described in detail in two recent papers, one by Novey (1953) and the other 
by Boteatano, Mapansky & Rasertr (1953). The present authors also studied 
the internal bremsstrahlung from P%?, using the method described in the present 
paper, and an account of this investigation together with results from the 
measurements of the external bremsstrahlung from various elements is being 
prepared.t In his recent paper NoveEy gives a short account of the necessary 
corrections of the measurements, obtained by his apparatus. In several respects 
his treatment of the experimental results seems to agree with the method de- 
scribed above. A few divergences may be mentioned. The Compton electron 
distribution is ignored by Novey; this approximation causes an error of about 
5-10 % in the energy region below 250 keV. In the calculation of the K-escape 
effect the fluorescence yield wx and the K-absorption jump 6x are not considered; 
this gives a K-escape factor 30 % too high. Finally, the energy dependence of 
the geometrical efficiency is not taken into account. In the case with a distance 
of 15cm between the source and the crystal, however, this factor introduces 
an efficiency difference of 6 % between low energies and 250 keV. 

As well as the present authors, Botatano, Mapansky & RasEtTtt have noticed 
the risk of reradiated K x-rays from the lead shielding. They have included 
wx in the K-escape calculation but dx is not discussed. Otherwise the lack of 
details concerning the corrections prevents further discussions. 

In a very recent paper by ANDERSON et al. (1953) dealing with scintillation 
spectrometer measurements of internal bremsstrahlung following K-capture in 
A*’ with a maximum energy of 815 keV a considerable inaccuracy must arise 
from neglecting the corrections for the Compton electron distribution and from 
the use of inappropriate values of the crystal efficiency. 


* A preliminary report of this investigation was given at the sixth meeting of the Swedish 
National Committee for Physics, held in Stockholm on Sept. 25-27, 1952. 
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Recent investigations by Haun (1953) and Haun & Rossen (1953) show high 
fluorescence efficiency of CsI crystals at 77° K for a-particles. It seems prob- 
able that this discovery will become important for y-ray spectroscopy. 
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The reaction energy of Ne® (d, p) Ne® and the atomic 
mass of Ne* 


By Karartna AHNLUND 


With 2 figures in the text 


Introduction 


The mass of Ne?’ has been inaccessible to mass spectroscopic precision measure- 
ments due to its short half-life to / -decay, 40.2 seconds. However, by 
nuclear reactions there are two ways by which its mass may be linked to 
existing mass data for adjacent nuclei, either from the mass difference evaluated 
as energy in the ground state transition Ne?* (d, p) Ne’, or from the maximum 
B-energy in the decay from Ne?? to Na*®. (Fig. 1). The former reaction has 


6 Za 8 3 (OM (Zee Fam Sn N54) 164 ©0174 Al8: 


Fig. 1., Nuclei and nuclear reactions between nitrogen and sulphur. 
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been studied by van Parrer, SPERDUTO, ENDT, BUECHNER and EnGE 195 
(Ref. 1) and the latter by Pernz-MrnpxEz and Brown 1950 (Ref. 2). Their result 
show a discrepancy in the mass of Ne® of 194x10-® atomic mass units—th 
cycle Ne? (8-) Na®3, Na? (d, «) Ne!, Ne* (d, p) Ne, Ne (d, p) Ne?® fails t 
close by 180 keV. The errors were quoted to 7 keV and 50 keV for Ref. 
and Ref. 2 respectively. 

A new determination of the reaction energy of Ne”? (d, p) Ne” is presente: 
here. 


Experimental procedure 


Descriptions of the experimental arrangements have been given earlier (Ref 
3, 4). Deuterons of 875 keV from the Nobel Institute Cockcroft-Walton accele 
rator were used to bombard a thin target of Ne?* separated onto a thick silve 
backing. The target layers were investigated by elastic scattering. The proton 
leaving the target in an angle of 4° at 135° to the deuteron beam were analyse 
by the magnetic nuclear spectrometer and detected by nuclear emulsion plates 
The energy scale of the spectrometer was calibrated with protons from th 
ground state transition C!2 (d, p) C!8 leaving the target at 61°.4 to the inciden 
beam. The Q-value of this reaction is known to within + 5 keV. (Ref. 5). 

The reaction Ne?? (d, p) Ne®? has a small cross-section at 875 keV. We ob 
tained 1 proton track per 30 ~C deuterons to the target, which corresponds t 


Number 
of protons 


50 


25 


1) 
Spectrome 
current 
Fig. 2. Spectrum of protons from the reactions C12 (d, p) C18 = . 
} , p) C8 at O=61.4° and Ne?2 (d, p) Ne2? a: 
© =135.0°. Ha =876.5 keV. Photographic detection, 1Q=45 keV. ay : 


148 149 /S5O ISI 152 
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1 track per minute as the deuteron current had necessarily to be kept low in 
order not to gas away the Ne-layer from the target. It is evident that the 
use of photographic detection is essential for work on reactions which give such 
low intensity. 

The identity of the proton group which we have assigned to Ne2 (d, p) Ne** 
has been checked in the following ways. In the first place the spectrometer 
angle was varied from 135° to 90° to the incident beam, and the resulting 
change in proton energy agreed with the value calculated from the impulse 
laws. This procedure however gives insufficient discrimination between nuclei 
with a small difference in mass number. As we also expect Ne to give a 
proton group in this energy region—the exact position of this group is so far 
unknown—and as some amount of Ne” (as hydride) is inevitable on a separated 
Ne” -target, a special control run on a Ne”-target was made. No proton groups 
from the Ne®®-target was found corresponding to the one assigned to Ne”? (d, p) Ne?3. 


Results 


The two proton groups from Ne” and C!? are given in Fig. 2. From the 
positions of the maxima, corrected for target thicknesses, and from data for 
deuteron energy and spectrometer angles, we obtain the reaction energy of 
Ne? (d, p) Ne: Q=2.968 MeV. 

The probable errors entering the determination are given in Table lI. 


Table 1. 

x tE Probable Contribution 

Source of Error takes ra) 
Qevelte7ot (C22 (a5) Cio semen scars ee 5 keV 
Deuteronm energy “= 2... = =. 2 keV ; 
Each spectrometer angle .... . 0.2 Total 8 keV 
Evaluation of each proton peak . . 3 keV 
Dispersion in the photographic plate 3 keV 


In Table 2 a comparison is given between Ref. 1 and the present result. 


Table 2. 


Reaction | Eqa=1.8 MeV, 9 =90° | Ea =0.88 MeV, 9 =135° 


ee eS S 


Ne®? (d,p) Ne?5| Q =2.964+0.007 MeV 


(v. Parter et al. 1952) 


Q = 2.968+ 0.008 MeV 
(Present work) 


Thus agreement was obtained. The combination of deuteron energy and 
spectrometer angle was different for the two cases. 
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The atomic mass of Ne? | 
To be able to calculate the mass of Ne? from the Q-value, one must be 
sure that this belongs to the transition to the ground state. The discrepancy 
of 180 keV between the two determinations mentioned in the introduction woul 
of course disappear if the Q-value belonged to a level in Ne?? with 180 ke¥ 
excitation. It should therefore be stressed that no other proton group was founc 
in the energy region up to 250 keV above the measured group. 
We calculate the atomic mass of Ne®* from 


Ne?? + d= Ne? + p+@ 


The mass defects are (Ref. 6): 


Ne2?, ... .««. » » — 1.529 +0.023. MeV, 
d 5. as meat owe @ 28 1203 22060 GaaMe Vi 
p He ee SEO SLonmO 00 27mNIeNG 


With Q=2.968 MeV we get the atomic mass of 
Ne?3 = 23.001763 + 0.000027 a.m.u. 


The largest contribution to the error comes from the inaccuracy in the mas: 
of Ne??. The mass of Ne” is increased by 2 a.m.u. if we use the mean be 
tween v. PatrerRs and our Q-value. 
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Design study ofa strong-focusing electron-synchrotron 


By Erix SmMArs and OLLE WERNHOLM 


With 5 figures in the text 


I. Introduction 


The principle of the strong-focusing synchrotron which was stated by Courant 
et alt for the acceleration of heavy particles up to the 100 GeV range can 
probably also be applied advantageously to accelerate electrons. For electrons, 
however, one cannot expect to reach higher energies than with the conventional 
synchrotron owing to the fact that the limit of about 1000 MeV for both con- 
structions is set by radiation losses from the electrons. A considerable reduction 
in material costs (iron and storage condensers) and r.f. energy seems to be 

obtainable with the new principle. But at present it seems that this reduction 
is obtained at the expense of the precision required for the alignment of the 
magnets. 

A strong-focusing electron synchrotron will presumably be a good tool to test 
the focusing properties of this type of machine. The design is in many respects 
relatively simple. For instance no radio frequency modulation has to be applied, 
provided that synchrotron acceleration is started at an energy of a few MeV. 
The pre-acceleration technique for electrons is also much simpler than for heavy 


particles. 
An electron moving in a circular orbit radiates an energy per revolution 
B\* 26.03-10°° (2 \4 
7 (a) (a) a 
SEp°T Eo if Eo 


where r is the orbit radius in meters, H is the total energy, and EH, the rest 
energy of the electron. These losses have to be supplied by the radio frequency 
resonator. For a peak flux density 1.1 Vs/m? at the orbit these losses amount 
to 3.7 keV at 500 MeV and 32 keV at 1000 MeV. 

In this paper we have considered an electron-synchrotron with two alter- 
natives as regards the particle energy, viz. 500 MeV and 1000 MeV. The 
required radio frequency voltage for the latter would not be too difficult to 


obtain. 


1 CouRANT, LivINGSTONE and SNypDER, Phys. Rev. 80, 1190. 
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II. The strong-focusing principle | 


In conventional synchrotrons and betatrons the magnetic flux density is inde: 
pendent of the azimuth angle. Stability for the motion of the particles 1s achievec 


when | 
r OB 


Ns =) 2) 
: Bur (2 
: : : r OB ; 
The focusing forces are approximately proportional to Bap for axia. 
re r OB : a 
oscillations and to {1— Bee for radial oscillations. 


Courant et al have shown that a very strong focusing effect can be 
obtained both for axial and radial oscillations by alternating large positive and 


d OB ‘ : 
negative values of py in successive sectors of the magnet. A rapid decrease ol 
r 


the flux density with radius in one sector is followed by a rapid increase in 
the next sector. The magnetic field strength is thus independent of the azimuth 
angle only for one value of the radius, r=ry. Compared to those in the con- 
ventional machines the oscillation amplitudes are considerably reduced, which 
means that the dimensions of the magnet poles and of the whole magnet can 
also be reduced. The conditions for stable motion of the particles have been 
given by Courant et alt 

In practice it may be necessary to have a number of relatively long field-free 
sections between the magnet sectors, where radio frequency resonator, pre- 
acceleration components and, if necessary, correction lenses can be placed. Such 
straight sections will change the stability conditions. The general case has been 
treated by Lunpquist.? His results will be briefly recalled here. 


For odd sectors we suppose that the field gradient is negative <0 and 
r 


ra OB ; 
for even sectors positive an i and introduce 
Tr 


S atonal 
n= sig ers =n, for odd sectors (3 a) 
pee BL ES f t 
a nm, for even sectors (3 b) 


where m, and my are positive quantities not necessarily equal. Index 0 refers te 


values at the radius r=79. With a linear field, i.e., the field gradients oe: 


OB, 
and By are constant, axial (z) and radial (7c=r—r,) oscillations are described 


by the equations 


1 CouRANT, LIVINGSTONE and SNYDER, Phys. Rev. 80, 1190. 
2 Phys. Rey. Vol. 91, No 4, 981—983, Aug. 15, 1953. 
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e n 

n, n, | 
s | s 
ae = 

-N 1p) \ 

2NS 0S, Sx) S le | 

1 period m: 255 5; 
period Mm 2555, _ 
a b 


‘Fig. 1. Field index n as a function of the azimuth coordinate (a) with straight sections 
between every magnet sector (b) with m double sectors between every straight section. 


a ae Nay daz l—n 
2 “2; 2 tg , 
dst 7 ere pet! 0 (odd sectors) (4 a) 
d°z | —Ms aa lt+n 
dae 2 = 
ie ye ay 2 3 x=0 (even sectors) (4 b) 


where s is the coordinate along the equilibrium orbit. 

The condition for stability when we introduce straight sections between every 
one of the N magnet sectors, the length of these sections alternating between 
s, and s, according to Fig. 1 a, is given by the relation 


: Sy Ts 8,8 
|cos u|=|cos o4 + 2.£B ee Pal (5 a) 


In this expression sy=2a7)/N is the length of the magnet sectors, 


2 


on soe? 57 ‘ 
COS Y= COS a, Cosh aH — = Bll SN eo, 
2 04 Oy 


m : CH we 
B= — cos a, sinh 7—— sin «, cosh a, 


2 2 


Y= 5 MH SIN % sinh a, 


Vn 
= D, U W 
for axial oscillations 2: 
Vn 
= 27 aa 
Vn, —1 
4 =27 ok be 
for radial oscillations ‘ 
Ving + 
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Fig. 2a. Graph showing the stable regions for the case in Fig. 1 a with s,=8. 


| = 


z 


Fig. 2b. Graph showing the stable regions for the case in Fig. 1 b with m=1, 2, and 3. 


The stable regions in the «{, «3 plane are shown in Fig. 2 a for some different 
values of s,/s)=s,/s) and for the case that NS1. 

If we introduce straight sections s, according to Fig. 1b, ie., with m pairs 
of magnet sectors between every straight section, the condition for stability is 


sin mp <1 
Bren 


where ~=[+s,/8). The stable regions in this case are given in Fig. 2 b. 


|cos uw {=| cos mp +x 


(5 b) 
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Fig. 3. The time variation of orbital frequency and kinetic energy of the electrons. 


In both these cases, (5a) and (5b), the number of betatron oscillations in 
one revolution is @=yN/4z. The operation point should be chosen in the center 
of the stable region, 1.e., where n,=n, and cos uw ~0. 

The choice of the parameters s,, s3, m,n, and N depend on the size and kind 
of machine in consideration. 


Ill. The acceleration mechanisms 


The angular frequency @ of an electron moving in a magnetic field of flux 
density B is 


(6) 


where mc” is the rest energy of the electron and W its kinetic energy. The 
relation between W, B and the radius 7) of the orbit, which is considered as 
constant, is 


W (W +2 myc?) = (ec B- 1)”. (7) 
If B is supposed to vary sinusoidally with time (B =B sin Qnt), the time 


dependence of w can be derived from (6) and (7) as 


. -} 
ety par pm = | (8) 
W ( We] sin? 2 


MgC 


Mo C 


where W is the peak kinetic energy of the electron. This relation is shown 
graphically in Fig. 3 for small values of Qyt, Le., for the beginning of the 
acceleration cycle. The microsecond time scale is valid for a peak energy of 


500 MeV and Cheers c/s. 
2% 
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Equation (7) gives 


w= me V+ 


Thus the electron energy in the relativistic range increases as ‘2B. For lower 
energies the time dependence of W is indicated along the curve in Fig. 3. ; 
| 

; 


W, -sin Qut) 1} (9) 
Cc } 


mM 
The energy that has to be delivered to the electron is, per revolution, 


which can be rewritten in the form 


2% 
Cc 


The peak value of AW is 4.9 keV for 500 MeV and 19.7 keV for 1000 MeV- 
with 7>=1.5 m and 3.0 m, respectively. 

The acceleration at a constant radio frequency cannot be started until the 
electrons have reached a velocity near that of light. There are two possibilities 
available for the preacceleration from injector voltages of some 100 kV to tke 
energies of some MeV,' either betatron acceleration or frequency-modulated 
radiofrequency acceleration. In the latter case the frequency has to be modulated 
according to Fig. 3. It is also possible to imject the electrons from a linear 
accelerator or a van de Graff machine. 


AW=W ——©- Qi, 608 Qui. (10) 


A fractional deviation a from the orbital frequency given by (8) will cause 


: Ae A fan : : : 
a fractional change on in the time of revolution of the particle. The 
allowable limit of the change is set by the maximum allowable change in the 
radial position of the orbit. 


If Z is the circumference of the orbit 


Af_AT_AL 4v_{,_1(B)\\ AL 
a Fe (GS 


(11) 


v Is the velocity, H and &, the total and rest energy of the particle. « is 
defined by 


(12) 


where p is the particle momentum. The value of the “momentum compaction” 
coefficient é for the case with equal straight sections s,; between every magnet 
sector 1s approximately given by 


: (1 4 *) ieee uN, NV (n+)? 
So) 2(my—1)(mg+1) 2a [(my—1) (nm, + 1)” 
1 


(13) 


ose ie aa § 
—Vn,—1 cot et Vn +1 coth ae V(n, = l)i(ta ate 1} 
a — 0 
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Fig. 4. Frequency tolerance as a function of the kinetic energy of the electrons. 


} 1 
Equation (11) shows that at a particular energy H,=E, 2 the frequency 
é 


‘tolerance is zero. At this energy the equilibrium phase angle shifts from rising 
to falling slope of the resonator voltage wave. The relation (11) is shown in 
Fig. 4. 

In our case the critical energy FH, has to be passed during the pre-acceleration 
and for this reason frequency modulation must be excluded. Betatron pre- 
acceleration seems to be much simpler. 

The transition to constant frequency acceleration has to occur at such an 


energy ;, that approximately 1—/<2 a which together with equation (11) 
gives the condition 
f 1 1 
z= Ay 14 
uapeat Viton re 


The frequency stability of the oscillators is assumed to be much better than 
a The maximum value of AZ is determined by the radial aperture of the 
magnetic field and the vacuum chamber. 

For the radio frequency acceleration one or several high Q doughnut type 
resonators can be used and placed in straight sections of the orbit. Their size 
may be reduced by using a harmonic of the orbital frequency, which also reduces 
the radial amplitude of the synchrotron oscillations by a factor M —*, where M 
is the harmonic.’ 


3 BrosBeck, Rev. Sci. Instr. 19, 545. 
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The betatron voltage is not very critical in the strong-focusing machine due 
to the “momentum compaction”. The relations (12) and (13) show that th 


A : 
fractional change in particle momentum os may be much larger than in th 


conventional synchrotron. Separate betatron cores can be used constructed as 
pulse transformers in which the secondary is the electron orbit. The primar 

will be fed from hard tube pulsers. The total voltage that has to be generated 
in the orbit is according to the betatron flux condition about 5 kV and 20k 

in the two alternatives with pulse durations of about 20 us and 15 us, 
respectively, the time in which the electrons reach the transition energy. The’ 
total weight of the betatron cores will be about 400 kg and 1100 kg, respectively, 


IV. Choice of machine parameters 

Several factors will influence the choice of the n-value. For lowest costs of 
iron and storage condensers » should be chosen as high as possible. However, 
as Lawson and others have pointed out, the required engineering tolerances in 
the magnet are approximately proportional to 1/n. Small errors in the alignment 
of the individual sectors can cause large oscillations to build up, so that the 
electrons hit the vacuum chamber walls. The alignment errors have to be made 
so small that the particles clear the walls for several revolutions. Furthermore, 
resonances and subresonances occur, for certain values of Y which cause unlimited 
oscillations to build up. These Q-values are grouped as “‘stop-bands’” around 
integer and half-integer values of Y. Therefore operation should be maintained 
between two such “‘stop-bands’” during the whole acceleration cycle. It might 
be possible to make @ amplitude-dependent by introducing non-linearities in the 
magnetic field and in this way avoid these resonances, but then coupling between 
horizontal and vertical oscillations might introduce new resonances. 

In determining the value of the field index n we have to consider on the one 
hand the costs of iron, copper, and condensers, and on the other hand the 
following facts: 

a) The required accuracy in manufacturing and aligning the magnets decreases 
with decreasing n. 

b) The available space between two “stop-bands” increases with decreasing n. 

c) Saturation effects and other causes for inhomogeneities in the magnetic 
field decrease with decreasing n. 

d) The critical energy E,, at which the frequency tolerance is zero, decreases 
with decreasing » and as a result of this also the necessary peak energy of the 
pre-accelerator. 

e) With lower n-values the magnet sectors will be longer, and the fringing 
fields at the sector ends will be less influential. 

A field gradient of about 10 Vs/m?/m (1000 gauss/em) would be suitable. 
Then an alignment accuracy of about 0.1 mm should be sufficient to keep the 
amplitudes of the oscillations well below tolerable values. 

The number of magnet sectors N and the field index n should be chosen so 
that the values of Q for both axial and radial oscillations differ as much as 
possible from the two neighbouring ‘“‘stop-bands’”. When the pole tips saturate 


in the later part of the acceleration cycle, Q thus may change slightly without 
entering a stop-band. 
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Table 1 
ee ee ee ee 

iealwelectromenergy =. 6 4. 4 09. 6 6 . 500 
Peak _magnetic flux density in the equil. rae es 

orbit, Bore Be Vell eit Vs/m? 
Orbit radius, 75 SE cUGcl eu ot Ce een 1.5 3.0 m 
Number of magnet sectors, N....... 20 28 
Length of sector, s) See biy ow oy thy Setter 0.47 0.67 m 
Length of straight sections, 5,=s,. .. . .| 0.75. s,=0.35| 0.60. s,=0.40 m 
WotalplengthVottorbiti. + -e ne. ne) 16.5 30.2 m 
POLINA SKA 70in ims coc ae et we ke ee ill 24.3 

; _ oB 
Field gradient, ie © Sate a are a 8.36 8.91 Vs/m?2/m 
Ampl. of betatron oscillations for an angular 

spread of f radians at equil. orbit, 4g . . 2S 3.3 B m 
Momentum compaction coefficient, €. . . . 0.165 0.078 
bet max. in momentum deviation, 

iY 

( 4 oer RS Sega ae SE ee 7 8 % 
Wntticalmenerey.. Ware. <2. cs eae awe 0.75 1.3 MeV 
Transition energy from pre-ace. to synchr. 

ace. (theoretical minimum), Wtr. ... . 2.2 3.2 MeV 
Required alignment accuracy for clearance 

Omlerevolution, Mle, wee Hee weet 0.6 0.5 mm 
Orbicaleinequencyesn. =. ur. mem “Prana ae ae 18.2 10.0 Mc/S 
Amon weichitieeieemes (2) 4 iso setae es. ales 10 20 ton 
WONDER WOLe IG Bove lim Been crdis Wel ta. Gees 1.2 2.4 ton 
Ampere turns eG AOS eS eh arg tee 50 000 50 000 At 
Power losses for 12.5 pulses/sec. .. .. . 25 50 kW 


In Table 1 are given the numerical values of the machine parameters that 
will be subject to further investigations. 


V. Magnet construction 


The magnet consists of 20 and 28 sectors in the two alternatives. A constant 
magnetic field gradient (linear field) in the acceleration space may be realized 
by using a four-pole magnet with hyperbolic polefaces. Two of the poles can 
be replaced by a neutral pole. The flux density varies from zero at this pole 
to 2 B, at the opposite edge of the pole, where B, is the flux density in the 
equilibrium orbit. However, calculations of the amplitudes of the particle os- 
cillations indicate that it is not necessary to use the whole space. Therefore the 
hyperboles could be cut and the neutral pole omitted. Fig. 5 shows the pole 
form thus obtained. 

If all sectors are made of identical laminations, the circumferential alternation 
in » may be accomplished by an alternation of the magnetic return circuit of 
the (C:s on both sides of the orbit. The pole fronts of the inside sectors have 
then to be made slightly convex and those of the outside sectors slightly concave. 

The fringing fields at the ends of a sector will change its effective length. 
The total deflection of the particle by passing through the magnet and its 
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Fig. 5. Cross-section diagram showing the pole form. 


fringing fields must be 2a/N. The actual length of a sector then has to be 
made so that 


where the integral is taken along the orbit through the sector with its fringing 
fields, and B, and ry refer to the flux density and orbit radius in the ideal 
case of an abruptly changing field. 

Also the field index » does not change abruptly as in the ideal case. From 
measurements on a model it will be possible to calculate how much the effective 
value differs from the actual value in the sector center. Such a.c. model tests 
will also be made in order to establish field irregularities, flux leakage, and 
saturation effects in the iron. 


Royal Institute of Technology, Stockholm. 


Tryckt den 2 mars 1954 


Uppsala 1954, Almqvist & Wiksells Boktryckeri AB 
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Communicated 25 November 1953 by Erix Horrann 


The energy of dissociation of BeO 


By AvBiIn LAGERQVIST 


Recently DrRummonp and Barrow (1) have given a value for the energy of dis- 
sociation of BeO from thermochemical calculations. They report Dpeo to be 127 + 
5 keal/mol (or 5.51+0.22 eV). At one point in their treatment they have to 
extrapolate the heat capacity of BeOsyse beyond the range of known values: 
this was done by comparison with the corresponding values for MgOgys_ and 
CaOcrys:- How much this estimation influences the accuracy of the determina- 
tion is difficult to predict — probably very little. BrEwur (2) calculates using a 
similar method Dgeo <125 Keal/mol (5.42 eV). The spectroscopic value for Dpeo 
is usually given as 3.9 eV. Here is shown that a value 4.8 eV can be deter- 
mined from spectroscopic data. ; 

The spectroscopic determination of the energy of dissociation demands the 
knowledge of the energy of the dissociation limit above the ground state and 
the products of dissociation at this limit. In the band-spectrum of BeO the lowest 
known electronic state is a 'X state. This state cannot dissociate into the ground 
states of beryllium ('S,) and oxygen (?P,), for this atom pair correlates to *X 
and *II states in BeO. The lowest excited pair giving birth to a 'S state is 
Be('S,) + O('D,). The excitation energy is here 1.97 eV. The dissociation limit for 
1D, determined from v=0 and J=0, is about 47500 cm~'. Considering this state 
being the ground state we obtain the value mentioned above 3.9 eV for Deo. 

Thorough rotational and vibrational analyses (3) have been made of three singiet 

states in BeO; the (probable) ground state X 1, the state A ‘TH (T)=9235 cm’) 
and the state B ‘4X (T)=21197). It seems to me quite probable that A 'II as 
well as X !X dissociates into Be('S,)+O('D,) and not to higher excited states. 
Assuming this we can obtain a more accurate value of Dgeo, as in X athe 
vibrational energy function G(v) is known only up to v=16, while in A ‘II it 
is known as far as v=25. The dissociation limit for A ‘II is reached at about 
45500 cm=!. A plot of AG(v) against v for the A ‘II state forms a curve some- 
what concave upwards and that is the reason why we get a fairly high value 
of the dissociation limit. The calculation gives Dgeo =4.8 (4.82) eV. 
' The value 4.8 eV agrees rather well with those obtained through thermo- 
chemical calculations. In the spectra of MgO, CaO and SrO only a few vibra- 
tional states are known for the lowest states, so that the spectroscopic method 
here gives very uncertain values of the energy of dissociation. 
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Photo-electric determination of the charge of heavy 


primaries in the cosmic radiation 


By Bernpr WALDESKOG 


With 9 figures in the text 


Summary 


A method of determining the charge of heavy nuclei in the cosmic radiation is 
described. It depends on measuring with the photo-electric method mean track 
widths of tracks ending in a photographic emulsion. It is shown that the particles 
are easily divided into groups representing different values of the charge even if a 
track length of only 300 microns is used. No definitely primary particles with charge 
Z =3, 4 or 5 have been found. The possibility of finding such particles in the plate 
_ packet is discussed. The statistical material available is not enough to decide whether 
particles with charge 3, 4 or 5 are present in the primary radiation or not. 


The expcsure of the plates 


A dozen Ilford G-5 emulsions 10 x 10 cm, 400 u thick were sent up with a Darex- 
balloon J-1900, to obtain heavy primaries. The guaranteed minimum altitude for 
the balloon with the load carried during this experiment was 34000 m. The altitude 
was measured with an altimeter designed by Kristransson (1). On analysing the 
diagram obtained, it was found that the balloon had been 10 hours above 15000 m 
and 7 hours above 29000 m. The maximum altitude was 34000 m. A preliminary 
scanning of the plates showed about 100 particles per cm longer than 800 uy, and 
with an ionization greater than that of «-particles near the end of their range. 
Scanning was then concentrated on particles ending in the emulsion. Up till now 
about 50 of these have been found. These particles show the characteristic tapering 
at the end of the track (Fig. 9). 


Arrangement of the experiment and measuring method 


Formerly, PERKINS (2), among others, tried to measure the charge of these slow 
particles. He used mainly two methods. One was based on determining the position 
of the maximum width of the track, and the other on determining the ‘‘thin-down” 
length. Both methods are not very reliable. For example, the position of the maximum 
width is very indefinite, because the maximum is very flat. 
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Fig. 1. The observed mean track width of a certain part of a track, measured with different slit 
widths, as a function of slit width. 


A method has been worked out, whereby the charge of these particles can be 
determined with the help of photo-electric measurements. 

The apparatus used was of the same type as described by von FRIESEN and 
KRISTIANSSON (3), though slightly modified. The output current from the photo- 
multiplier tube was connected through a linear amplifier to a Speedomax recorder (4) 
instead of, as previously, direct to a galvanometer. The slit-width was varied from 
0.3 to 2.0 mm corresponding to 3 to 20 microns in the object plane. The slit length 
was kept constant at 3mm, which corresponds to 30 microns in the object plane. 
The exact slit width was measured by calibrating it with an object micrometer. 
The error in the determination of the slit width was 0.5 %. 

The measurements were made in the same way as previously described (3). A 
measurement was made first with the track in the slit and then on the background 
on each side of the track. Since the ionization of the track increases greatly from the 
range & =( and backwards to the point of maximum track width, the slit width 
must be increased by degrees as the ionization increases. If a slit width, which is 
too large, is used at the beginning of the track, then the difference between the 
measurement for the background and for the track in the slit is small, and the 
uncertainty is greater. The slit width was chosen so that the track always took up 
about the same proportion of the total slit area. When the slit width was changed 
the same piece of track was measured first with the smaller slit and then with the 
larger one. If the same value of the mean track width was obtained for both measure- 
ments, it was a criterion that the smaller slit was wide enough for the range in 
question. 

At the end of a track the length and the number of 8-rays is small, and there is 
no difficulty in putting the whole track into the slit. On the other hand, for that part 
of the track where ionization reaches a maximum, the number of long 3-rays is much 
larger. It is then practically impossible to use a slit that is wide enough to measure 
all the $-rays. An investigation was made to determine the error which arises from 
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Fig. 2. Correction curve derived from two “heavy” tracks. 


this. In the energy interval which was used for the measurements, the contribution 
that should have been given by the long 8-rays to the total mean track width was 
relatively constant. A certain part of the track in the neighbourhood of the maximum 
width was measured with different slit widths (Fig. 1). From the figure is seen that, if 
the slit width exceeds a certain value which varies with the charge of the particle, 
the mean track width becomes constant, and the contribution of the long d-rays to 
the mean track width is less than the errors of measurement. This “plateau value” 
was used in the calculations. 


Determination of the depth-correction in the emulsion 


The mean track widths obtained must be corrected for the depth in the emulsion. 
A method, simpler than that of Kristransson (5), was worked out to obtain the 
_correction curves. It is rather tedious work, when protons are used to obtain these 
curves, to find protons ending at different depths in the emulsion. In this investigation 
a track from a fast heavy primary particle is used, which traverses the emulsion 
from the surface to the glass. The length of the tracks used was 4000-5000 microns. 
The ionization for a fast particle of this range can be regarded as constant. The 
correction curves were obtained by plotting the mean track widths as a function of 
the depth in the emulsion. As a check that the correction curve obtained was correct, 
in other words, that the ionization did not vary along the track, at least two such 
tracks were measured on each plate. To find the effect caused by a change in the 
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Correction factor 


Fig. 3. The depth-correction as calculated from the curve in Fig. 2. 


ionization, these tracks were chosen so that one travelled from the surface to the 
glass and the other from the glass to the surface. The direction could be determined 
because the vertical orientation of the plates during the exposure was known. The 
resulting correction curves for the two tracks show a very good agreement (Fig. 2). 
The correction factors for different depths in the emulsion were calculated from the 
correction curves (Fig. 3). For the reasons causing the slope of the correction 
curves see KRISTIANSSON (5). 


Measurement results 


In Fig. 4 the logarithm of the total track area for different numbers of slit lengths 
(= different total ranges), counted from the end of the track, have been plotted in a 
histogram. 

In the initial scanning only such tracks were searched for that definitely did not 
emanate from stars in the emulsion itself. It then appeared that there was an excep- 
tionally large gap between the «-particle group and the next heavier particle group. 
This group cannot be due to Li-particles, since it can be calculated approximately 
where a possible Li-group will lie. Scanning was then turned towards the “‘heavy”’ 
tracks, with a minimum length of 300 microns, emanating from stars in the emulsion. 
These tracks are very rare, and up to now only a few have been found which have 
been measured. They have been marked with a white dot in Fig. 4. 

The particles are clearly divided into groups, representing different values of the 
charge, already for 10 slit lengths, i.e. a range of 300 microns. The histograms corre- 
sponding to 15 and 20 slit lengths are also shown in Fig. 4. 

As a check on whether particles from different plates may be compared, the protons 
and «-particles measured were chosen at random from different plates. From the 
distribution of the protons and «-particles the conclusion was drawn that the use 
of tracks from different plates did not introduce any error. The proton group is here 
a mixture of protons, deuterons and tritons. The length of the tracks measured 
(=< 600 microns) is too short for separating these particles. 

In Fig. 5 the mean value of the logarithm of the total track area is plotted as a 
function of the assumed charge Z. In Fig. 5a the range is 300 microns, in Fig. 5b 
450 microns. The curve is for lower values of Z nearly a straight line, but for higher Z 
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Fig. 5 a. The logarithm of the total track area for 10 slit lengths (= 300 uw) versus the assumed 
charge. 


it tends towards the Z-axis. This means that for higher Z the overlapping is greater, 
so that the resolution is not so good for the high values of the charge. The resolving 
power of this method has proved to be sufficient to separate charges at least up to 
Z = 14, which till now is the highest value found for the charge. 

Some of the tracks measured were much longer than 600 microns. These were 
measured in the same way as the shorter tracks. In Fig. 6 the mean track width 
is plotted as a function of the range. The four particles shown in the figure are chosen 
at random from the groups of charge Z = 6 and Z =7. The steeply sloping part of 
the curves between the range k =0 and &~ 500 microns shows the tapering of the 
tracks. The track width then reaches a very flat maximum. Evidently it is also 
~ possible to determine the charge of a particle by measuring the mean track width 
for instance between Rk = 1000 and R =1500 microns. For tracks with a length of 
about 1500 microns or more the resolving power is then very good. 

The tracks ending in the emulsion were followed backwards. Identification of 
heavy primaries from one emulsion to another is very simple. The total length of 
the track in the emulsion + the glass, i.e. the total range of the particle in the plate 
packet was measured. The range in glass was divided by a factor 1.18 to get the equiva- 
lent range in emulsion. A total number of 21 particles with Z >3 were observed. 
In Fig. 7 the number of particles, which definitely entered the plate packet from the 
outside, has been plotted against track length. The maximum track length observed 


was 8 cm and the mean length was 3.1 cm. The numbers in the squares indicate 
the charge of the particle. 
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Fig. 5 b. The logarithm of the total track area for 15 slit lengths (= 450 u) versus the assumed 
: charge. 


Since no particles with Z = 3, 4 or 5 and of definitely primary origin have been 
found, a calculation was made to find the probability for these particles to come 
to rest in the plate packet. According to Stormer’s theory the smallest momentum 
a particle must have to force its way through the earth’s magnetic field is p = 14.9 x 
cos‘A BeV/c, where A is the geomagnetic latitude of the place. The balloon was 
sent up at A = 56°. For a proton the lowest energy possible under these conditions is 
0.80 BeV, and for particles with Z > 2 the limit is approximately 0.25 BeV/nucleon. 

The following calculations have been made for an altitude of 30000 m and for 
particles entering from the zenith. The emulsion equivalent for overlying atmosphere 
at this altitude is 3.9 cm. 

A proton with an energy of 0.80 BeV has a range of the order of 100 cm in emulsion. 
When the proton reaches the plate packet, it must travel about 96 cm in the emulsion 

before it is finally brought to rest. Consequently, the protons which were measured 
cannot have been primaries. 

_ An a-particle (Z =2, M =4) with an energy of 0.25 BeV/nucleon has a range of 
15 cm in the emulsion, and again, for the same reason as for protons, the «-particles 
measured were certainly secondaries. 

A Li-particle (Z =3, M =7) with an energy of 0.25 BeV/nucleon has a range of 
11.5 cm in the emulsion. Such a particle traverses (11.5-3.9) = 7.6 em of emulsion 
before it is brought to rest. The corresponding figures for particles with larger Z 
may be found in Table 1, where L is the total range of a particle with energy 0.25 
BeV/nucleon and L’ = L-3.9 cm. 
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Fig. 6. The mean track width versus the range of particles with charges 6 and 7. 
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Fig. 7. Number of observed particles versus total range of the tracks in the plate packet. The 
numbers in the squares indicate the charge of the particle. 
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Fig. 8. The magnetic cut-off energy and the energy for certain given ranges versus the charge of 
the particles. 


If the maximum range of a particle in the plate packet is set at 10 cm, then, 
according to Table 1, particles with Z = 3, 4 or 5 and minimum energy should also 
be found in the plates. 

The energy interval, within which a particle must lie to come to rest in the plate 
packet, varies with Z depending on the fact that the slowing down of a particle in 
emulsion is a function of the charge. In Fig. 8 is plotted the magnetic cut-off energy 
and the energy for given ranges in the emulsion as a function of the charge. From 
the figure can be seen that particles with Z <7 and minimum energy have ranges 
greater than 4 cm and thus reach the plate packet (collisions in the overlying atmos- 
phere are disregarded), while for particles with Z>8 the minimum energy is not 
sufficient for the particles to reach the plate packet. To be brought to rest in the 
plate packet the particle must lie in the shaded area of Fig. 8, if the maximum range 
in the plate packet is set at 10 cm. The figure shows that the permissible energy 
interval increases with Z. 

In this calculation it was assumed that the balloon floated at an altitude of 30000 m, 
and that all particles came from the zenith direction. Since the actual altitude varied 
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Fig. 9. Microphotographs of 5 tracks with charges 2, 4, 6, 8 and 10. 


roughly between 27000 and 34000 m, the result will be correspondingly modified. 
Also, the directions of the particles varied. If the angle with the zenith direction is 
assumed to be 45° and the altitude 30000 m, then the particle must traverse an air 
layer equivalent to 5.5 cm emulsion before reaching the plate packet. This means 
that the particle has a range in the plate packet that is correspondingly shorter, and 
the probability of finding it will be greater. 

The statistical material available so far is not enough to decide whether particles 
with charge Z = 3, 4 or 5, are present in the primary radiation or not. 

The main purpose of this paper has been to describe the method. The investigation 
is being continued with a modified method to get better statistical material. It can 
be foreseen that it will be possible to determine the charge of a particle even if the 
end of the track is not known. 
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Jn a class of spherically symmetric solutions of Einstein’s 


gravitational equations 


By O. KLEIN 


Introduction 


In the discussion of stellar equilibria the theory of socalled polytropic gas 
pheres plays an important and wellknown réle [1]. This theory, which is based 
n the study of the Lane-Emden differential equation is founded on Newtonian 
ravitational theory. Now in problems related with the formation of the ele- 
nents and with cosmology we meet with similar problems concerning systems 
f different degree of superstellar size, where, due to high density of matter 
nd radiation or to large dimensions, the relativistic deviations from Newtonian 
heory may be very considerable. In order to obtain a general survey of these 
roblems a comparatively simple and adequate generally relativistic generalization 
f the theory of polytropic equilibria is strongly needed. The following pages con- 
ain an attempt in this direction. 

As wellknown, the polytrope theory depends on the assumption that the pres- 
ure p of the substance in question is proportional to a power of the density 9, i.e. 


n+1 


p=Ko", (1) 


vyhere K and n are positive constants. The latter is the socalled polytropic 
ndex and need not be an integer. This relation is then combined with the 
ondition for gravitational equilibrium 


dp y M (r) 
dr yr 


Q, (2) 


vhere y is the gravitational constant, r the distance of the point in question 
rom the centre and M(r) the mass inside the sphere of radius 7, so that 


dM (r) 
dr 


=Azr*o. (3) 


‘or the following purpose it is good to split equation (2) into two equations 
yy the introduction of the gravitational potential V, namely 
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dp dV | 
Se ee 4 
dr dr’ (4 
dV yM(r) | 
dr or ° 


We shall now regard the pressure p as a function of the potential V, as i 
will become if 7 is eliminated between p and V. Then according to (4) alse 
o is defined as a function of V by the relation 


dy 6 


From (3) and (5) we have the Poisson equation 


led tay, | 
nal ) Aye 7 


where V is regarded as a function of r. Let us now assume the polytropic 
condition (1). Together with (6) this gives 


or 
(23) 
ew G ei (8) 
and 
_ pynti 
(Veer) (8a) 


K* Qaiye 
Here Vy is the potential at the point, where @ vanishes. We put 
ao Me ME (9) 


and substitute this and (8) into (7), whereby we get 


rPdr\ dr [K(n+1]"* 
or with 
[K (n+1)]"]"" 
agen = 
x Voy, r Ee g (10) 
al dy 
2 dé (e324) - —y, (11) 
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vhich is the Lane-Emden equation of index n where instead of the usual 
limensionless temperature variable we have used the potential measured in the 
init Vp. 

While this choice of the dependent variable would not seem important in the 
rdinary theory its counterpart in relativity theory presents a definite advantage. 
This is mainly due to the circumstance, that what is needed for the integration 
f the Einstein equations is not in the first place a relation between the density 
ind the pressure but both these quantities expressed as functions of the line 
lement coefficient corresponding to V. It is true, that by means of the rela- 
ivistic equation corresponding to (4), the relationship between p and o being 
fiven, we may find these functions in a way similar to that used above in 
der to express g and p as functions of V. It is more convenient, however, 
o make for these functions a simple choice instead of using the more com- 
jlicated expressions obtained from (1). It must be remembered that the very 
ise of the concept of polytropy is a mere matter of convenience. 


§ 1. General relativistic formulation of the problem 


We proceed now to the general relativistic analogon of the procedure just 
leveloped, the square of the line element being given by 


—adr—r (di? +sin® ody’) + Be? dt’, 


where # and @ are polar angles, ¢ the time variable and c the vacuum velocity 
of light. In the static case, which alone we shall consider here, « and f are 
unctions of 7 only. 

Let now uw be the energy density in the local geodesic coordinate system, 
ind p again the pressure. Then the Einstein equations may, as shown by 
[TotmAN [2], be written in the following form 


Ieelied By at) wl 
cil tg Page (12 a) 
oe =e, dr =) , 
Ik yf tk a@h@a, 1 1 
= = . 12%b 
ae = (2. dr a\*a ( ) 
dp_ _utpl dp (12 ¢) 
dr PE air 
where 
8ay 
a 


Now in the limit of Newtonian theory the gravitation potential, chosen in the 
isual way so as to be zero at infinity, is small compared to c*, and we have 


ypproximately 


pritay. (13) 
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Since any function of f, which is regular for f=1, would in the same ap) 
proximation be a linear function of V, we may choose the relativistic analogo 
of V rather freely, and different choices may prove practical under differen’ 
circumstances. The choice made here would seem to recommend itself by its 
close relation to the problem of unordered radiation, which on the one hance 
is a typically and even extremely relativistic problem, and which on the othe 
hand presents a close analogy to Emden’s isothermic gas sphere [3]. In that 
case p and wu are inversely proportional to the square of 6. We shall thus put 


p=A(e—&)"", (14. 


e=1/8 


which in the nonrelativistic limit goes over to the expression (8a), if the con- 
stant A is connected with K in (1) by means of 


Cc n+1 
s =n 15° 
4 [ Fe 7 = (19, 


Regarding now p as a function of ¢, we have from (12 c) 


with 


d 
“ale — p (16: 
de 
and thus with the aid of (14) 
u=A(e—€)" ((2n+1)€+ &). (17) 


§ 2. Definition of mass and basic equations 


With (14) and (17) equations (12a) and (12 b) become differential equations 
in a and ¢, by means of which these quantities may be determined as functions 
of ry, as soon as their values are given for a given value of r. Before con. 
sidering this problem, we shall see that its solution under the conditions as. 
sumed in the thermodynamic theory of the abundance of the elements wil 
also give the composition of the substance for every value of r. Thus, if al 
sorts of nuclear reactions are possible with sufficient velocity the concentrations 
of a specific kind of nuclei will be determined by the temperature and the twe 
chemical potentials of the neutrons and the protons respectively. Further witk 
a plausible assumption about the neutrinos the concentration of electrons anc 
positrons will also be determined by these same quantities. The condition o: 
electrical equilibrium (in practice electrical neutrality) will now provide a relatior 
between the three parameters mentioned [4]. Finally the unordered, electro 
magnetic radiation will be completely determined by the temperature alone 
Thus the composition of the substance and the quantities w and p will be 
determined by two parameters, say the temperature and the neutron chemica 
potential. If néw w and p are given as functions of e, we may solve for th 
two parameters in question and express them as functions of ¢, so that th 
composition will be given in terms of ¢«. Having then obtained ¢ as a functio1 
of r the composition will also be given for every value of r. 
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Returning now to the equations (12 a) and (12 b) we shall first show that 
the mass of the system may be determined in a way which is very similar to 
that based on the classical equation (3). In order to let the analogy appear as 
directly as possible we shall put 


4 il 
from which follows 
xc* M (r)\-} 
vec as) 
From (12 b) we now get 
d M (r) u 
tee PAE (20) 
or, since M(0)=0 
5 u 
Mi(r)= | 4ar oe at (21) 


0 


Let us now assume that for r=7), u=0, p=0. Then outside 7, we shall have 
M (r)=konst.= M, with which (19) goes over into the Schwarzschild solution 
outside of a mass of magnitude M. Since this solution ought to be the direct 
continuation of that valid for r<r, we get 


M= Aare dr (22) 
o 
0 


for the total mass of the system, a formula which bears a close formal analogy 
to the corresponding classical formula. 

It should be noted, that M(r) is not in general the mass of the substance 
within a sphere of radius 7, which is given by the Tolman integral [5] 


r 


M= pe is 2 | Agr VER oD a 

V(r) B(r) . c 
Due to its greater simplicity, the expression (22), however, is more convenient 
for practical puposes. If uw and p have no finite zeropoint but go to zero 
rapidly enough, when 7, goes to infinity, to make the integrals converge, for- 
mula (22) is still valid with the upper limit equal to infinity. Indeed, from 
equations (12) it follows that 


r 


1 
Va(r) B(r). 


a 4 
HC w 


from which the above statements follow. 
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We proceed now with the relativistic field equations for our generalized pol 
tropic equilibria. Without lack of generality we may assume a=P=1 for r=t 
and we shall denote the value of p at that point by py. Then we have | 

| 


=e, \ i — &)" ((2n+ let 
e *) ’ Ls igs ae Se £0) (24 


p= p(t 


At the same time we shall introduce the following dimensionless variable in. 
stead of r 


8=H Dor. (25, 
With this we get 
(=) :( 2 de ; 1 
=— Kr Per —a 
1—& w eds s}) 8 (26 
(e—e)" ((2n+lete) 2 @ ( ‘)| 
aly oe Tile 
(=e) Vs as Vs ae 


With n=1, e,=0 these equations are seen to be identical with those governing 
the gravitational equilibrium of unordered radiation [3]. Indeed, equations (24 


give in this case 
P= Pol 8, u=3 po/B. 


If, on the other hand, ¢ and é are both very close to unity the equations gc 
over to the corresponding classical equations, whereby 


2 ie ae et 
jie Basa Dele (27 


§ 3. The case ¢,=0 


The case €)=0 presents a close analogy to that of unordered radiation als¢ 
for arbitrary n-values. Thus it is easily seen that the equations (26) and (24 
have then the following singular solution 

_nm+4n+2 
(n+ 1)? 
B=[(n? +442) x por?]"*} 
1 Ne (28 
x(n? +4n+2) r? 


p 


9 2n+1 
2 (n® + 4+ 2) 7? 


ie with n=1 gives the singular solution for the case of unordered radia 
tion [3]. 
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The complete treatment of this case is quite analogous to that given for the 
radiation equilibrium [3]. Thus we may put 


ee n+1 


leer ay ee 


from which follows 


é phy ects Ee 
CAT)! ae Sa Ertl, (30) 


Introducing this into equations (26) with «,=0 we get after some algebraic 
‘reductions 


= dx on 
a n+2 gles) ater Geaenye| * mu) 
where we have put 
s=e'*, (32) 
and further 
2 @x n+6dzx m3 (S) 3n+2 da 
dt? n+2dt}) n+2\dr (n+1)(n+2) dt 
2(n+4) ,  2(n?+6n?+8n+4) 2n 
= . 33 
ee a (n+1)?(n+2) "| (n+1)2(n+2) vo) 
As in the paper mentioned we put 
dx 
= ——3 34 
yas (34) 


and, taking x as independent variable, we obtain the following first order 
equation 


d 2 (n+ 4) (n+ 6) n+l 2 (n+ 6n?+8n+4) 
ey = x cyt y 2 
dx Ua 4 n+ 2 n+ 2 (n+ 1)* (n+ 2) 
3n+ 2 2n 


Ys (35) 


(n+1)(n+2) (n +1)? (n+ 2)’ 


With x=1, y=0 this equation is satisfied, which, as shown by (30) and (31), 
corresponds to the singular solution discussed above. Starting with o= Ue p=1 
for s=0 we get by means of the equations (26) the following expansions valid 
for small s 


1 Qn+1  (nt+1)(n+2)(2n4+]1) 5 
==1- s 
tod 3 15 
m (m+ 1) (w+2) (2n+1) (Sn? +17 n+ 14) (m+8) 
* 630 
I PWV (Oy 1 +6 
pray Ueto" (n+ ene \(n be (36) 
_(w+1) (m+2) 2nt 14-2) 


2835 
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which correspond to the following expansion of y as a function of 2, whic 
may be directly obtained by means of (35) 


Hog 2a tmtl) 22m +1) (m2)? 1 
Up ON 8 aeaty 45(n+1> 2 
2(2n+1)(n+2)2(6n?+11n+7) 1. 


945 (n+1)° ee 


(37 


All these formulae go over to those of the former paper by putting n=I 
Just as there the expansion (37) must be continued to smaller values of z ¥ 
numerical integration of (35), the result being a curve enclosing the point t=] 
y=0 by smaller and smaller coils.1 This means that the solution in questiol 
tends asymptotically towards the singular solution (28). From this it follow’ 
that there is no finite mass distribution in the case &)=0. | 


§ 4. Closer consideration of the case £40 


Returning now to the case ¢)40 we may conveniently put 
l= n+1 1 
€= £90), = ( *) Z, waz (1-3): (38 


whereby the equations (26) take the form 
_ldy ae (ne ly ule 


dz a 
1 ie (39 
dus n 
= =en(y—l) [(27eel) pol 
dz 
Further it follows from (18), (25) and (38) that 
n+i met 
4 é ‘ = 2 ; we, (k= a 
M (r) = x, poh (* *) [i =H De? (’ *) ei (~ 
g éo Eo 


We see, that the equations (39) are independent of ¢, but this quantity 
reappears in the initial conditions, which are now 


1 
NS Nee ale w=0 for z=0. (41 
0 
It is easily seen, that these conditions determine ym and mw uniquely as a powel 
series in z valid for small z, whereby we are of course only interested in positive 
values of the independent variable. Thus a straightforward calculation gives 


* This problem will be more closely studied in a paper by fil. lic. P, O. Orsson, who kindly 

. . . . 4 
pointed out to me that this behaviour is altered, when n becomes smaller than —2 bye which 
7 | 


however, is outside of the range of n-values considered here. (Note added to proof). 
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} 1 
1] = No — 3 No ((m + 2) 9 — 1) (jg = 1)" 2° + ++ 


1 49 
== [(20 41) 19+ 1] (mp — 1)" ——— (w+ 1) mp l(n +2) 7-1] (2a 1) —1]* a 


3 15 
-(y)— 1)?" 125 see 


We shall now prove, that, how large we may choose 7%, the value 7=1 will 
always be reached for a finite value of z. From the second equation (39) we 


; Ane or d 
see that « will be positive for positive z, ie being positive as long as the 
z 


point 7=1 is not yet reached and zero at that point. Therefore the right side 
of the first equation (39) will be positive and finite if only z—y~>0. We shall 
thus fix our attention on the latter quantity, putting 


Y=Z2—U. (43) 


As is seen from (42), » is positive for small, positive z-values. In order to have 
vy negative the point »=0 must be reached, when z increases. Since, when this 


point is approached, -2 will increase without limit, it is probable beforehand 
z 

that 7 will decrease to the value 1 before the point »=0 is reached. We shall 

now show that this is necessarily so. 


From (39) we get 


—dy A —vdy 
2h Es = ; 44 
7-1)" [2n +] n+1]—-1/2 Gt ine Lyla yale! ae 


Now, trouble could only arise if for a certain value »,, of » this quantity 
would decrease with increasing z, which will only occur, when the denominator 
of the left expression of (44) is positive. Since, further, both terms of the right 
hand denominator are positive we obtain from (44) the following inequality valid 
for positive dz 


—@y =—yan 


<22dz<-———__» (45) 
(qn -1)" (2041) y4+1] ee 
from which follows 
dy_ poy fii 
v (imi eee 
and, after integration 
7 n n-1 2(n+1) 
Yr = ad : (46) 
tae 


y, being the 7-value corresponding to »,. From this inequality we see, that 
we shall never reach the value y=0, not even when 7 reaches the value I. 
Consequently the right side of the first equation (39) will stay finite and posi- 
tive for increasing z including the point, where 7=1, which will thus be reached 
for a finite value z of z. The result just obtained would at first sight seem 
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to contradict the fact that classical polytropes lead to finite mass-values only 
for a certain range of n-values. It must be remembered, however, that in a 
case, where no finite mass is possible, the general relativistic corrections to the 
equations in question will become very large for large r-values thus invalidating 
the conclusions drawn from the classical polytrope theory. 

We can now compute the mass M and radius ry of a polytropic model ful- 
filling the initial conditions (41), M being equal to M (ro). Thus from (40) andl 
(39) we get 


&o 


M=— x py" tio 1) * | z#(n—1)" [(2n+ 1)y+ 1) dz 


Since 7 is uniquely determined by the initial conditions, the integral in the 
expression for M will be a function of 7 alone. We see further that both M 
and ry are inversely proportional to the squareroot of the pressure at the centre ) 
of the model. 

We are now planning to make numerical integrations of the equations (39) 
for a number of values of 7p. 


Stockholms Hégskolas Institut for mekanik och matematisk fysik, October 
1953. 
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Communicated 25 November 1953 by Nits Zerton and Brener Epiin 


On a mathematical model of a photographic emulsion 


By Cart-Erik FROBERG 


With 2 figures in the text 


Summary 


The paper gives a model in tabular form of a photographic emulsion. From this model 
tracks can be obtained similar to those formed by cosmic rays. The number of grains per 
unit length is computed under different assumptions. Lastly a method for obtaining corrections 
due to secondary high-energy 0-rays is sketched, all procedures being based on a simple Monte 
Carlo-technique. 


_ In connection with investigations on cosmic rays which are made visible as 
tracks in photographic emulsions, some problems arise which cannot easily be 
handled by ordinary methods. In some cases it has turned out that a Monte 
Carlo-technique can be successfully applied and for this reason a mathematical 
model of the photographic emulsion is needed. This model will here be con- 
structed under the following assumptions: 


1. The grains are equal in size and spherical in shape. 
2. The grains are distributed at random in the emulsion. 
3. The grains occupy 50% of the total volume. 


Two methods have been tried, but only one of them seems to be satisfactory. 
The other method, however, might be used as a complement to the first one, 
and both of them will be described below. 

The first method is more or less straight forward. A finite volume was chosen 
rather deliberately: 0<a<10, O<y<10, 0<z< 120 and the radius of the spheres 
R=2.5. Since any two spheres must not intersect, we have the condition 
lri— re |=>5, where r, is the coordinate vector of the k:th center. Suppose m 
spheres have already been chosen. Then the next one must enter the volume 
in a random manner but also fulfilling the condition above, which means that 
certain regions are blocked by the m present spheres. However, there is still 
one difficulty. It turns out that the centers have a strong tendency of gathering 
in the corners of the wy-square, consequently violating assumption (3). This can 
be avoided by making the whole configuration periodic. Thus we introduce the 
alternative condition: 
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Table 1. 
a3 y z x y z 
4.05 1.05 0.10 6.65 4.45 60.66 
2.55 Oo 1.14 LaAO 6.50 60.80 
8.70 2.30 2.51 5.90 9.45 61.00 
6.30 7.90 3.74 9.40 0.15 64.53 
1.50 5.00 6.00 1.35 5.85 67.02 
3.20 0.30 7.07 6.60 4.10 67.43 
6.65 4.15 7.30 §.25 9.05 67.68 
8.45 8.85 8.20 0.65 1.35 69.23 
3.60 6.67 10.50 2.65 7.45 71.69 
0.70 2.60 10.76 6.50 1.15 72.05 
5.55 1.45 11.40 7.65 6.15 72.23 
9.35 7.65 14.36 1.85 2.15 74.02 
ay 0) 4.20 14.90 5.55 8.55 76.36 
8.30 2.80 15.40 6.50 3.50 76.48 
2.65 2.60 19.66 1.70 5.55 77.69 
4.20 7.60 19.90 0.40 0.40 78.50 
9.20 6.50 20.07 7.05 4.85 81.27 
7.45 1.45 20.55 4.50 0.40 81.63 
1.05 9.60 23.54 2.00 4.80 83.91 
4.50 5.60 24.51 7.70 8.50 85.09 
9.75 4.10 26.00 2.55 9.15 86.53 
7.25 8.15 27.95 8.55 3.15 87.32 
3.95 1.85 29.73 3.60 4.40 88.64 
3.45 6.70 31.00 9.05 7.55 89.85 
9.45 0.55 Sl 9.25 2.05 92.15 
8.65 5.55 32.01 3.25 7.15 92.86 
5.10 0.25 34.33 4.25 2.05 93.02 
1.85 6.65 35.74 8.05 6.20 94.69 
6.40 4.60 36.43 2.30 4.50 97.01 
0.75 1.75 36.51 8.95 8.35 99.35 
8.70 7.90 39.43 3.80 0.30 99.60 
4.75 1.00 39.50 8.05 3.35 99.72 
3.50 6.85 42.00 2.75 5.85 102.14 
2.35 2.25 43.71 7.50 6.30 103.75 
1.295 3.65 43.86 4,75 1.65 104.20 
CPP45) 8.21 44.39 9.75 0.80 104.62 
4.05 7.85 46.92 1.00 5.30 107.19 
9.65 1.65 48.01 5.85 5.45 108.48 
5.00 3.40 49.00 6.85 0.45 108.84 
9.85 6.95 50.57 1.85 9.75 109.55 
5.60 9.40 52.01 1.20 3.85 112.58 
1.45 2.50 52.61 8.15 7.85 112.95 
1630 3.25 55.45 3.30 8.60 114.25 
4.45 7.35 56.47 4.85 4.05 116.02 
9.60 8.90 56.81 0.15 2.65 117.34 
POS 2.70 57.65 9.35 7.65 117.80 
(i Ee)® + (me)? + (C.— Se)" = 5; - | ai = 1" 

die] ) (C:— Cx)" §j a, + 10 Ni y, + 10 Ci 3 196, 


With the aid of a table over random numbers, 92 spheres, corresponding to 
50.18 % of the total volume, were distributed and the configuration of Table 1 
was obtained. The work is simple in principle but tedious and time-consuming. 
Choosing different straight lines in the z-direction in the final model, we obtain 
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Fig. 1 a. Model track. 


DPOB RG IEL SOLED OSE LIU SD CRD CMPLOT EASIER SERPENT IAG 


Fig. 1 b. Same, out of focus. 


different tracks which can be combined into longer ones. These tracks can be 
manipulated in many ways by introducing various complementary conditions 
(e.g. as to energy distribution, formation of secondary rays of different range 
and so on). Fig. 1 shows a track obtained in this way. 

The second method works in the following way. Let r be the radius of the 
spheres and consider a symmetric configuration of closest packing where the 
centers of the spheres form a mesh of squares in parallel planes, the distance 
between two adjacent planes being rJ2. Taking a large volume V, and denoting 
by V the volume occupied by spheres, we find 


Ve xV2 


va 


= 0.74048. 


Now suppose that all spheres shrink from radius 7 to radius R, then the volume 
ratio V/V, will decrease to f and we get: 


We will start from this completely symmetric configuration and step by step 
change the positions of the spheres. 

Choose a suitable domain containing N spheres enumerated from 1 to J, 
We take a random sphere and give it a random displacement repeating the 
procedure a suitable number of times. Introducing four stochastic variables x, 
%, v, and a, with a rectangular distribution in the interval (0,1) we can describe 
the process in the following way: 


‘1. Choose a sphere (number 7) at random: n=Na, 

2. Choose a random azimuth angle yp=272, 

3. Choose a random polar angle 6 =arccos (1-2 2.) 

4. In this direction the sphere (n) can move only a limited distance a before 
collision with some other sphere (m). Let the coordinates of the centers be 
(tn Yn2n) and (LmYm2m) and further (&, 7, €)=(%m—&n, Ym—Yn, 2m —2Zn). We 
easily find a=p Vp—& n°? —-C+4R? with p=é sin 0 cos p+y sin 0 sin p+ 
+€ cos @. Then the displacement q is obtained by q=a2. 

5. The new coordinates of (n) are computed by 


Ln =%n+q sin 6 cos 
Yn=Yn+q sin 0 sin p 
Zn =2n +q cos 9. 
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Fig. 2. Frequency diagram for sphere center coordinates. 


This procedure was tried on 100 spheres with the value f=4 and 250 displace- 
ments.! However, an examination of the distribution of a, y, and z-values revealed 
a marked inhomogeneity. On the other hand the corresponding check on Table 1 
disclosed a more satisfactory homogeneity (Fig. 2). 

Another question of some interest will also be treated here. A primary par- 
ticle passing through the emulsion will give rise to secondary 6-rays by ioniza- 
tion. With no secondaries only the grains coming into contact with the primary 
ray will be developed. Now we introduce a cylinder with the primary track 
as axis. The radius a-Ff is chosen in such a way that all grains in contact 
with this (immaterial) cylinder are developed with probability 1, while grains 
outside and sufficiently close to the cylinder are developed with a probability 
<1 (depending on the distance from the axis). In this way the great number 
of small-energy 6-rays are taken into account, while we have to apply a cor- 
rection afterwards due to the small number of high-energy 6-rays. Now we 
want to compute the number of grains per unit length without the correction 
just mentioned. 

For this purpose consider a sphere with radius 1 and an intersecting cylinder 
with radius a. The distance between the center of the sphere and the axis of 
the cylinder is denoted by r and the common volume by V(r, a). Let the equa- 
tions be: 


et+y+2=l 


2+ (z—r)? =a’, 


Then V (r, a)=2-[[V1—#—2-de dz where S is the common part of the 


S 
circles 2*+2*=1 and a°?+(z—r)?=a®. We distinguish between three different 
cases: (I) rS1—a; (II) 1—a<r<1,; (III) 1<r<1+a. In ease (1) we get putting 


{x= sin p peal 4ro 
2=1r—o0 C038 r= 


' The numerical work was performed by Miss FepRA NEFTIDJI and is hereby gratefully ac- 
knowledged. 
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V(r, a)=4- fo-do[VI—P—¢*+2re cos @ dy=8[eV1- (r—0) E(k) do. 
0 0 


r 


thes 
In case (II) we obtain: V(r, a) =sfo V1 —(r—o)? E(k) do+ 
0 


a 


+f V2 ‘{4ro H(k-")—[(r+)*—-1]-K(k")}do 
and in case (III): i 


V(r,a)=8{ V2 -{4re BO) —[0 +o -1)- KEY} ae 
r-1 
where H and K are the usual complete elliptic integrals. V(r, a) has been 


computed for a=0, 0.1, 0.2, 0.3, and 0.4. It is now easy to find the mean value 
V, and the number of spheres nz per unit length: 


l+a 1l+a 


Va= r- V (r, a) dr] [r dr 
i) 0 


Na =$n0"/Vq. 


M_ appears in Table 2. 


Table 2. 
a na 
0 0.375 
0.1 0.454 
0.2 0.540 
0.3 0.627 
0.4 0.735 


Lastly we also sketch briefly how the correction for the high-energy 6-rays 
can be applied. On the track obtained from Table 1 we choose a random point 
and a random direction: 


z= 120 x, 
1QP=2 UX, 
6 =arccos (1 —22,) 
Then we choose the energy in agreement with the well-known Mott formula: 


Nie 


j(B) =¢(1/B—1] Bn); 0= °F 
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E, is the lower energy limit (corresponding to the radius of the cylinder), Hy 
is the maximum impact energy and f(Z#) is the relative number of d-rays with 
energy >£ (normalized in such a way that f(H,)=1). Taking a new stochastic 
variable x, with rectangular distribution over (0,1) we get: 


i= yo Em : 
Em — (Bm — Eo) 4 

Experimentally known relations between energy and range (for AgBr and gel- 
atine) make it possible to follow the path of the ray in the emulsion, and we 
can see directly whether a new grain is developed or not. The number of such 
rays with energy between H, and #,, depends on the energy of the primary 
particle and is also known from experiments. As an example the number of 
new grains was computed close to the end of a proton track when the cylinder 
radius was 4 of the grain radius (a=0.2). The result was about 6%. It is ob- 
vious that the errors in such computations may become considerable, but never- 
theless it should be possible to obtain important information if the method 
is used with skill and good judgement. 


Institute of Theoretical Physics, Lund. 
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Communicated 3 June 1953 by Manne SisqpaHn 


Acceleration of heavy ions in the 225-em cyclotron at the 


Nobel Institute of Physics 


Preliminary note 


By Huco ATTERLING 


With 1 figure in the text 


Cyclotrons are usually used for the production of high-energy protons, deuterons 
and alpha particles. During the last few years the acceleration of heavy ions—which 
in this connexion means ions heavier than alpha particles—has been given much 
attention in some laboratories. 

In 1940 Atvarez (1) succeeded in accelerating carbon nuclei, using the 37-inch 
cyclotron at Berkeley. The work on carbon acceleration was continued with the: 
Berkeley 60-inch cyclotron by other investigators (2-8). M1Lumr et al. (6) report that 
they used a hooded capillary ion source fed with carbon dioxide; they obtained 
2C6+ and 13C% ions of maximum energy 115 and 122 MeV respectively. MILLER (8). 
mentions that G. B. Rossi improved the carbon beam by a factor of ten by using 
an uncooled ion source of graphite, exposed to the cyclotron radio-frequency field. 
In the synchro-cyclotron at Chicago Cuovu ef al. (9) have accelerated carbon nuclei 
to energies of 1,100 MeV. 

Recently WALKER and FREMLIN (10) published a communication on some of their 
work on heavy ion acceleration with the 60-inch cyclotron at Birmingham. In this 
communication they report studies concerning the resonances of various heavy ions 
from °Be*+ to 2°Ne**+. Later these investigators increased the internal beam currents 
of, in particular, 14N*+ and 160% ions to intensities sufficient for the production of 
activities of useful strengths (11, 12). By the introduction of argon into the cyclotron 
chamber they increased very markedly the intensity of high-energy six-charged ions 
(11). They found that nitrous oxide was the best source of both nitrogen and oxygen 
ions (11). 
~ Wyty and ZucKer (13) report that a 63-inch cyclotron has been constructed at 
the Oak Ridge National Laboratory to accelerate 14N** ions to an energy of about 
25 MeV. At maximum radius beam currents of approximately 1 ~A are obtained. 

The possibility of using accelerated heavy ions as a means of studying nuclear 
structure has been considered in a paper by Bretr et al. (14). 

The following note gives briefly preliminary results of some experiments going 
on at the Nobel Institute of Physics. From the beginning of 1953 the fixed-frequency 
225-cm cyclotron has been used for heavy ion acceleration; !*C° ions, and, in particu- 
lar, 14N¢+ and 160% ions have been accelerated. As already mentioned in a communi- 
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Fig. 1. The central magnetic field H plotted as a function of the magnet current Im for the Stock- 

holm 225-cm cyclotron. The fields for resonance at the cyclotron frequency of 8.7 megacycles 

per sec. are indicated for some particles. A scale for m,/q is also given (m) =rest mass of ion m 

mass units; g = charge carried by ion in units of the positron charge). The circles represent some 

observed resonances. The crosses are calculated points (the resonance of 2°Ne®* has been located 
in preliminary experiments). 


cation on this cyclotron (15), the machine has such dimensions that the magnetic 
field used for the production of 25 MeV deuterons (for which the cyclotron was 
primarily designed) is only about 2/3 of the maximum obtainable field. It will be 
seen from the following that this fact makes the Stockholm 225-cm cyclotron a 
useful tool for the acceleration of heavy ions. 

For a given frequency of the dee voltage the maximum energy of particles in reso- 
nance with the radio-frequency field is approximately proportional to the atomic 
mass number A. With the present frequency (8.7 megacycles per sec.) the 225-cm 
cyclotron at Stockholm can accelerate ions to maximum energies of about 12.5 x 
x A MeV (12.5 MeV protons, 25 MeV deuterons, 50 MeV alpha particles, 150 MeV 
C ions, and so on). The magnetic field at the centre of the acceleration chamber 
is—for resonance at fixed frequency—approximately proportional to M/q, where 
mg is the rest mass of the accelerated ion and q its charge. In Fig. 1 the central 
magnetic field is plotted as a function of the magnet current for the 225-cm Stockholm 
cyclotron. The fields corresponding to resonance for some particles are indicated. 
A scale for mo/q gives the mass-to-charge ratios for which resonance can be obtained. 
In general, fixed-frequency cyclotrons are designed for acceleration of deuterons, 
for which m,/q is about 2. The amount by which m,/q can exceed 2, and resonance 
still be obtained at unchanged frequency, depends on how much the magnetic 
field can be increased above the value for deuteron resonance. 
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The mechanism for the production of high-energy heavy ions by utilizing the third 
harmonic pre-acceleration of ions in the doubly-charged state has been outlined by 
MILLER (8) and by Waker and Fremrr (10). Thanks to this pre-acceleration it 
is possible to produce high-energy six-charged ions of, for instance, nitrogen and 
oxygen, provided that the magnetic field can be adjusted to give resonance for the 
corresponding m,/q-value. As may be seen from Fig. 1, particles with mass-to-charge 
ratios as high as 3 can be accelerated in the Stockholm 225-cm cyclotron. This 
machine, therefore, can be used for the acceleration of a variety of heavy ions. 

In the experiments carried out with the Stockholm cyclotron doubly-charged ions 
have been produced in an are ion source with a hood made of Elkonite (a copper- 
tungsten alloy) (16). The high-energy ions have been collected by a target inside a 
windowed probe which can be inserted to different radii. The window opening of 
this probe is covered with a thin metal foil (aluminium or platinum) to absorb all 
doubly-charged ions, the maximum energy of which is only 1/9 of that of the six- 
charged ions. Due to the way in which the six-charged ions are formed, the internal 
beam of these ions has a continuous energy distribution up to the maximum energy. 
By use of the windowed probe the current of ions reaching the target with energies 
exceeding a certain value can be measured. This has so far been achieved by means 
of a current sensitive galvanometer connected to the target, which is insulated from 
the surrounding probe. 

To improve the stripping of ions to the six-charged state the above-mentioned 
method, consisting of the introduction of argon into the cyclotron chamber, as used 
in the Birmingham experiments (11), has been adopted. With argon in the chamber 
the pressure (measured in one of the dee stem tanks) is increased from about 5 x 10-6 
‘mm Hg to a value in the range from | x 10~° to 1.5 x 10-> mm Hg. By switching 
off the argon flow when the machine has been running it has been proved that the 
presence of argon in the cyclotron chamber improves the beam of high-energy six- 
charged ions. No accurate quantitative investigation of this increase of the beam 
intensity has been made. Some preliminary experiments indicate that the beam of 
14N6+ ions with energies ranging from 60 to 175 MeV is increased by the argon gas 
by a factor between 2 and 5. 

To check that the beam reaching the target, measured by the galvanometer, 
really consists of high-energy heavy ions, gold foils have been bombarded and the 
induced alpha activity measured. When accelerating, for instance, nitrogen ions, 
this alpha activity can be produced only by particles with energies higher than 
about 70 MeV, which corresponds to the Coulomb barrier of gold. 


Table 1. Energies and beam-strengths of #C*%, 4N% and 160% ions, accelerated im 

the Stockholm 225-cm cyclotron. The energies given are the maximum attainable 

energies corresponding to a radius of 90 cm. The beam currents have been measured 
at a radius of about 88.5 cm. 


Particle ie Internal beam Source gas 
128s 150 104 jons/sec. with energies >50 MeV .... . CO, 
HONG 175 1 x 10!°—5 x 10° ions/sec. with energies > 60 MeV N,O 
AO 200 10° ions/sec. with energies >60 MeV..... - N,O 


Internal beams of strengths high enough for the production of useful amounts of 
activities have been obtained of 12C&+, 14N&+ and 160+ ions. The source gas has been 
carbon dioxide when accelerating carbon ions. In the first experiments with nitrogen 
ions the ion source was fed with nitrogen gas. The successful use of nitrous oxide 
(N,O) in the Birmingham cyclotron (11) suggested trying this gas, and in the con- 
tinued Stockholm experiments both nitrogen and oxygen ions have been produced 
from N,O. Using neon gas in the ion source a preliminary investigation of the 
20Ne®+ resonance has been made. The intensity of the neon beam, however, has not 
been adequate for producing detectable activities in heavy targets. 

A summary of data is given in Table 1. 

Further details of the work on heavy ion acceleration with the 225-cm cyclotron 


will be published later. 
I wish to acknowledge the technical assistance of several members of the 225-cm 


H. ATTERLING, Acceleration of heavy tons 
| 
cyclotron group. ; 


Nobel Institute of Physics, Stockholm 50. 
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On the temperature jump in a rarefied gas 
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Summary 


A theoretical investigation is made of the conditions in a rarefied monatomic 
gas having heat exchange with an adjacent wall. The calculations have been 
carried out on the assumption that the rate of change of the molecular distri- 
bution function owing to the inter-molecular collisions is proportional to the 
deviation from the Maxwellian state, and that the gas molecules which impinge 
on the wall are reflected back in Maxwellian distribution. 

The resulting temperature distribution in the gas shows an infinite gradient 


at the wall. The temperature jump differs from that given previously by 
2-6, 2—ka 
is replaced by ee, where 


SmoLucHOWSKI and others in that the factor 


k is a constant. Its value is calculated as 0.827. 
It may be expected that the results apply quite well for polyatomic gases, 
also. 
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I. Introduction 


In the conduction of heat between a highly rarefied gas mass and an adjacent 
wall, a difference has been observed between the temperature 7’) of the gas next 
to the wall and the wall temperature 7',. This difference is of the order of 


A | , where (=) is the normal component of the temperature gradient 
Ny ae M5 
in the gas as calculated by the ordinary theory of heat conduction, and / is 


the mean free path of the gas molecules. Moreover, the temperature in the gas 
does not vary linearly near the wall, but deviates from a linear distribution in 
the manner indicated in fig. 1. The deviation is appreciable over a region which 


| 
| 
| 


Fig. 1. Temperature distribution near a wall. 


stretches up to a distance of a few 2 from the wall, and which in the following 
will be called the transition region. 

These phenomena are partly due to the fact that the gas molecules reflected 
from the wall have never attained complete temperature equilibrium with it 
and thus have a temperature P04 differing somewhat from the wall tempera- 
ture 7». However, the purely geometrical restrictions which the wall exercises 
on the movement of the gas molecules also play an important réle. The ex- 
planation of this is obvious if we consider that the molecules which cross in 
one direction an imaginary plane in the gas parallel with the wall do not have 
the actual temperature there, but instead have the temperature corresponding 
roughly to the region where they last suffered an impact. We thus find, e.9., 
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the case where the molecules are reflected from the wall in temperature 
quilibrium with it, that the temperature Ty is the mean of the wall tempera- 
ure and the temperature existing at a distance ~J from the wall. 

By the temperature jump is usually meant the difference between the tempera- 
ure 7’, arising at the wall from a linear extrapolation of the temperature curve 
ust beyond the transition region, and the wall temperature 7',, (cf. fig. 1). 
s the transition region has a diffuse bound, this definition is only applicable 
hen, according to the ordinary theory, the temperature curve may be con- 
idered as linear over distances of the order of A, that is to say, when 


oon: 
bab 


In practice the wall often is a circular-sectioned filament (hot-wire manometer). 
If its radius is 7, we get from the heat flow equation in a cylindrically sym- 


metrical case 
( ar 
OR In 1 


\ 


Pvmie 
Gita) ine 


and the condition above may then be written A<r. 

Now, measurements of the temperature jump are carried out with the object 
of determining indirectly, by comparison with a theoretical jump value, the 
degree of heat exchange between the wall and the gas molecules. This is usu- 
ally characterized by the accommodation coefficient, which enters into the theo- 
retical jump value as an unknown parameter. The reliability of such a determina- 
tion depends to a large extent, then, on the reliability of the theoretical value. 
Up to now, however, it has not been possible to advance a correct theory, and 
all that one has to go on is a rough calculation, given essentially by Smo- 
LUCHOWSKI [26] in 1899, in which the transition region is entirely ignored. 

The main difficulty in developing a more advanced theory is that use cannot 
be made of the precise method of calculation developed by Cuapman and EN- 
sxoG [3,5]. This method is found to be quite successful under ordinary con- 
ditions, but it fails when applied to the transition region." 

Another problem arising here concerns the reflection of the gas molecules from 
the wall. Whereas in the old theory it is found sufficient to characterize the 
reflection mechanism by the accommodation coefficient only, this mechanism 
must in an advanced theory necessarily be described in detail, and we still have 
not the factual foundation on which to base such a description. 


1 A new general method of calculation, known as the 13-moment method, has recently been 
presented by H. Grap [9] and applied successfully to the transition region. His calculation: of 
the temperature jump is carried out only in a first approximation with the result agreeing with 
that of the old theory, but it should be possible, in principle at least, to extend his results 


Further. 
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The treatment of which an account is to be given here cannot pretend to} 
furnish any complete and systematic penetration into the problem; the assump- 
tions made are in part rather special and the way of reasoning is found to be 
essentially an intuitive one. Nevertheless, it does appear as if the results are 
physically sound and in reasonable agreement with the experimental evidence 
where such is available, and we can hope to have achieved here a picture that} 
is principally correct concerning the conditions prevailing in the transition region. 

As in the theory of CaHapman and Ensxoa, the start is made from the Boltz-| 
mann equation for a rarefied monatomic gas. This equation is applied to the 
transition region under certain simplifying assumptions, analogous to those made 
in the boundary layer theory of hydrodynamics. The collision integral in the 
equation is further assumed to be proportional to the deviation from the Max- 
wellian equilibrium state, and the gas molecules reflected from the wall are 
assumed to have a Maxwellian distribution. 

In the last stage of our calculations we are met with a pair of integral equa- 
tions for the density and temperature gradients. These equations have been 
solved numerically with the aid of the digital computer BARK at the Swedish 
Board of Computing Machinery. After the temperature gradient was determined, 
the temperature distribution in the gas and the temperature jump could easily 
be found. ) 

A brief report is given in an appendix of the corresponding treatment of 
the viscous slip, a related phenomenon arising when the gas has a mass velocity 
along the wall. 


II. Survey of the literature 


The occurrence of a temperature jump in a rarefied gas was first suggested 
by Kunpr and Warsure [16]. The effect was ascertained experimentally by 
SMOLUCHOWSKI [25], who also presented two theoretical calculations of the jump 
value [26]. His first calculation was based on the rough method of mean free 
path, whereas in his second calculation the starting point were the results which 
MAXwELL [20] had arrived at earlier in his investigation of a gas composed of 
molecules repelling each other inversely as the fifth power of the distance 
(Maxwell-gas). 

In this latter case, assuming that of the gas molecules which impinge on the 
wall a certain fraction f is reflected specularly and the remainder is reflected 
in Maxwellian distribution, SmoLucHowskr found a jump value 


Ways ja 52 2— 
ING een Oe fr (=) 19% i, oT - (1 a) 
16 f Vpo \Onr/w» 128 f On)» 


Here 7 is the coefficient of viscosity, p the pressure and @ the density. 4 will 
have the meaning of equivalent mean free path of heat conduction [14]. 

More recently another parameter, the accomodation co2fficient, has been in- 
troduced to characterize the reflection mechanism at the wall [12]. The ac: 
commodation coefficient is defined as 
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iia SE 2) 


ere Hy represents the energy which is brought up to the wall per unit area 
d second by the incident stream of gas molecules, while Hy, and #, re- 
resent the corresponding energies carried away from the wall by the reflected 
ream of molecules in the actual case and the case where this stream forms 
Maxwellian distribution at the wall temperature 7',... a=0 corresponds to the 
se of no heat exchange taking place at the wall, a=1 to the case of the 
eat exchange being complete. 

If we now introduce the accomodation coefficient in the calculation, we ob- 
in the jump value 


a 


Jog 20 er 
(1 b) 


18S a on 


vhich is the same as before, apart from f being replaced by a. It should be 
observed, however, that the last result is of much more general application, as 
n this case no special assumptions are made regarding the distribution of the 
eflected molecules. 

The jump value commonly given in more recent literature is, for a monatomic 


as, 
15 2—a, (eT 
Ne a2) (1c) 


5 J Shee 
“his corresponds to a value of A for the quotient Reve instead of the value 
v 
an ~1.23 for a Maxwell-gas (K is the coefficient of heat conduction, 0 the 
nean speed of the gas molecules and c, the specific heat per gram). As may 
ye seen the difference is slight. 

Attempts to generalize the theory so as to apply also for polyatomic gases 
ave been made by Grecory [10], Frepiunp [7], Kennarp [14] and Weser [29]. 
‘he three former authors present essentially the same arguments, leading up 
o a result which in its most general form may be written 


(1 d) 


t OP Ee) (=) . 
—ytlotilcg a On} w 


lere y is the ratio of the specific heats at constant pressure and at constant 
colume. Weper, however, arrives at a different and rather surprising result, 
inding that the jump value calculated for a monatomic gas should apply without 
ny changes also for polyatomic gases. He considers this to be supported by 
he experimental results. 

Measurements of the temperature jump and determinations from these of the 
ecommodation coefficient in different cases are abundantly reported in the 
terature. Mention may be made here of SmoLucHowskI [25], GEHRCKE [8], 
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Lazarerr [17], Manpett and West [19], Dickrns [4], ARcHER [1], WEBER [29]. 
Gritty, Tavtor and Jonnsrone [11] and v. UBiscx [28]. 

In general only the heat flow in the gas is measured, after which the jum] 
value is calculated from a simply corrected heat flow equation. LAzAREFF andj 
Manpeti-West, however, have directly measured the temperature distributio 
in the gas. As their measurements also cover the transition region these ar 
of special interest here. 


III. Discussion of the old theory 


In the theory given by SmMoLucHowsKI and his successors it is assumed that 
the temperature varies linearly near the wall, and that the conditions in the 
stream of gas molecules falling on the wall are the same as are found in the 
ordinary theory of heat conduction. 

Now, these assumptions are not realistic. We know that the temperature 
curve in reality bends away near the wall as is indicated in fig. 1, and we! 
can also realize that the distribution of the incident stream of gas molecules! 
must be appreciably modified by the collisions with the molecules just reflected’ 
from the wall and cannot be correctly described by the ordinary theory, where 
the situation is taken to be entirely symmetrical. In spite of that, if we identify, 
in (1b) or (le), AZ with the temperature jump in the definition previously 


oT 
given, and further identify (7) with the normal component of the tempera- 


Ww 
ture gradient just beyond the transition region, then the result appears to be 
fairly correct, the values of the accommodation coefficient determined from it 
being on the whole in agreement with values calculated in other ways and lying 
always below the limit 1. 

From a theoretical point of view, however, we find it hard to accept this 
result without further argumentation, and a more thorough treatment of the 
whole problem, comprising also an investigation of the conditions prevailing in 
the transition region, must in any case be regarded as highly desirable. 

In the efforts to extend the old theory so as to apply also for polyatomic 
gases, one has encountered the same difficulties as in the ordinary theory of 
heat conduction, and it has become natural to take over from this the well-known 
reasoning of EucKEN [6]. However, it does not appear quite clear how the 
calculation actually is to be carried out in this case, as conflicting results occur 
in the literature, and we shall therefore discuss the subject. briefly. 

EuCKEN’s argument applies to a model of the gas where the translatory and 
the internal parts of the molecular energy are exchanged only individually and 
entirely independent of the other part. Thus the flow of translatory energy in 
the gas will be the same as in a monatomic gas, and the internal energy will 
be distributed over the molecules without any correlation to the molecular ve- 
locity. If subscripts ¢ and 7 designate parts belonging respectively to the trans- 
latory and the internal energy, it is then found that (very closely) 


r 15 r 
K,= mR ome qk Ki=N Cy,, 


where 7 is the coefficient of viscosity and R is the gas constant per gram. 
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Now, in the kinetic theory of gases the temperature is defined only through 
e translatory energy!, and all we need to do then is to replace the accom- 
odation coefficient a in the result applying to a monatomic gas by the part 
Moreover, experiments performed by KnupsEn [13] have indicated that aj 
d a, must be in close agreement. If we put a;=a; it follows that also a= aq. 
is easily seen by writing out the expressions in full, and we will then come 
the conclusion that the jump value is the same for polyatomic gases as for a mona- 
mic gas. WEBER [29] has earlier arrived at the same conclusion after somewhat 
ngthy calculations. 
There is, however, another way of reasoning which may be studied in KEn- 
ARD [14], and which leads to the differing result (1d). In this case it is as- 
med that the stream of gas molecules falling on the wall brings with it the 


nergy 
4 
By_=8(5-5RT 0 + 07) +5K (22) 


vhere S is the grams of gas transported, all reckoned per unit area and second. 
The first term in the above expression represents the contribution from the 
Maxwellian effusion flow and the second term the contribution from the real 
eat flow. The factor 4/3 standing before the translatory energy per gram 
} 


,f 7, arises from the positive correlation between this part of the energy and 


he molecular velocity, whereas there is no such factor before the internal energy 
er gram cy, 7) in agreement with EUCKEN’s reasoning. 


However, there is a point here that seems somewhat doubtful, viz. the as- 
sumption that the temperature corresponding to the internal energy in the 
Maxwellian effusion flow should equal the actual temperature 7). If we are to 
lave a;=a; the temperature of the internal energy a fortior: will lie nearer to 
he wall temperature 7’,, than does 7'y, seeing that “‘the persistence of energy” 
s less for the internal part than for the translatory part. 

We find, in fact, making up the calculations for the translatory and the 
mternal energy separately, that KmEnNARD’s assumption leads to the relations 


ea _ yout 
a i Blew, (: y Elon), 


Dig re)! ISS 


These then give, using EvcKEN’s values for K; and Ki, 


l 
Gee 15 
ire Ven Poe 
a, 2 


1 See foot-note pp. 11-12. 
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’ 


This is not in agreement with KNUDSEN’s result; it 13 easy to see, however, 
that we can get a;=a; and obtain again our previous result by introducing a 
appropriate accommodation of the temperature of the internal energy toward; 


the wall temperature. 


IV. Fundamental equations 


A correct theory for the temperature jump must be based on the Boltzmann) 
equation for the molecular distribution function. For a rarefied monatomic gas, | 
free from the action of external forces and in a stationary state, this equation) 
reads [3] 

of . 


Uae ae 


f(r, v)drdv gives the number of molecules in the volume element (r, dr) 
with their velocities in the range (v, dv), and I (ff,)drdv gives the net number 
of these molecules which disappear per second from the region owing to the 


inter-molecular collisions. am stands for the gradient operator, dr for the volume 
r 


element dadydz, (r, dr) for the same element near a specified point r (a, y, 2) 
and so on. 
The collision integral J (ff,) written out explicitly is 


o 2a 
T¢mM=f { [UG ef, o)-FO, ») FOr, v)lgbdbdedy,. 
Vv, b=0 e=0 : 


F(r, v) here stands for the distribution function after an inter-molecular colli- 
sion. This function contains also the parameters determining the collision situa- 
tion: the magnitude g of the relative velocity g=v,—v before the collision, and 
the polar coordinates 6 and ¢ as shown in fig. 2. The integration over b should 
strictly go up only to some appropriate finite value. It is found, however, that 
no serious error is introduced if the integration for the sake of analytical con- 


venience is extended up to infinity. The integral symbol | is written for 


loo} [ova] [ov] Do 


{ | | ; we also, for example, write in the following ‘) for 


a 


Ce) Upp a 
r Vy [ova] v, [oe] 


The following remarks concerning the assumptions should be stated: 


That the gas is to be rarefied means that the distance within which the 
molecules appreciably influence each other in their paths, and which we may 
call the effective radius of influence (c), should be much less than 4.1 This ra- 


' Statements of this kind must of course be interpreted statistically, being valid not for 
all molecular constellations occurring but only for the great mass of them. 
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5, 


a Vice NZ 
fixed directign 
VY, 


o 


Fig. 2. Definition of the coordinates b and e. 


ius depends not only on the density of the gas but also on the temperature, 
iminishing in fact when the temperature increases. Thus even a very dense 
as is to be considered as rarefied in this meaning if the temperature is suffi- 
iently high. The condition is well fulfilled in most cases occurring in prac- 
ice. 

That the gas is to be monatomic means that the molecules should be well 

epresented by mass points exerting a spherically symmetrical field of forces. 
is before, we may generalize the theory so as to apply also for polyatomic 
ases, in the EUCKEN approximation. 
That the gas is to be free from the action of external forces may appear 
nrealistic, as the force of gravity is in fact always present and, as is well 
nown, causes convection flows in the gas when temperature differences are 
reated. In experimental investigations of heat conduction such effects, how- 
ver, are generally well eliminated by an appropriate construction of the ap- 
aratus, and our approximation is then justified. It is implied that there should 
Iso be no mass flows due to other causes, so that the gas can be considered 
9 be in a state of perfect mass equilibrium. 

We shall now confine ourselves to the case where it is possible to delimit 
ear the wall a region in the gas which has linear dimensions much greater 
han A but much less than the radii of curvature 0,, 0, of the wall, and also 
auch less than any distance parallel to the wall over which the conditions in 
ne gas alter appreciably. This is our rigorously expressed condition. However, 
s it is found that even distances of, say, 5 to 6 / are here practically to be 
msidered as “much greater than 4”, we shall henceforth use instead the phrase 
afew 2’, and also simply express the condition above as that ‘‘A shall be much 
ss than the radii of curvature, etc.” 

Furthermore, we shall assume that the temperature gradient in this region 

directed normal to the wall. In cases occurring in practice the situation is 
sually such that this is valid. (Even when there is a temperature drop in the 
as along the wall, the temperature gradient near the wall will lie almost in 
1e normal direction, because its normal component, as will be found later on, 
creases very rapidly when we approach the wall through the transition region, 
hereas its tangential component on the whole remains the same throughout (fig. 4)). 
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Fig. 3. Delimitation of the gas. 


A closer analysis shows that the results we will derive hold good, in a first 
order approximation, also in this more general case, if only we substitute in 
these results the corresponding partial derivatives for the total derivatives. 

With the conditions set up here, the definition of the temperature jump as 
previously given has certainly a meaning. 


In our delimited region we can now apply the simplified Boltzmann equation 
ef 
cee +I (ff,) =9, 


with f=f(x,v). We use here rectangular axes of reference, laying the a-axis 
in the normal direction out from the wall and the y-z-axes along the wall. 
f is split up into two terms: 


fH fo + fm, 


f is the Maxwellian distribution at the actual but at present unknown values 


for the number of molecules per unit volume n(x) and for the temperature 
ALE Co ae 
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H 
Wy 


Fig. 4. Temperature gradients near a wall. 


(3 a) 


3/9 = Bites 
m | 2k T(x) 


fi) =m (2) Fee 


eee 2 ye . : , 
(v'=vz+vy+vz, m is the molecular mass and & is the Boltzmann constant). 
f® is a correction term which we assume to be small. We can then write for 
the collision integral 


Fe LO) ee ae Oe EGO fe A), 


since the collisions between the molecules in the equilibrium distribution /‘ do 
not contribute at all, and the collisions between the molecules in f only con- 
tribute with a negligible term of the second order.! 

The equation is then found to be 


of 
Ox 


Ldn 3 


1 mv? \dT 
(0) f+ fC) 7) — (0) On (4. 
CU EG ie Es Mal al er ae poe +ora(3 wat (£2) 


Ur 
> Cle) ie : 

In the ordinary theory of heat conduction the term vs, 8 entirely neglected, 

x 


ld Ih @hae 
and furthermore it is assumed that i - s 
nda T da 


pressure p being constant [3, 5, 14].2. However, these simplifications cannot be 


corresponding to the scalar 


1 The phrase ‘‘the collisions between the molecules in f”’ has of course only a formal meaning. 
Strictly speaking, f” does not contain any molecules at all, since {) dv=o0. 


v 
2 In the kinetic theory of gases the pressure tensor for a rarefied gas is defined as 


Di = fm (vi — ©) (v7 — %) f dv = nm (H% — G) (oj — 9). 
Dv 


The temperature is defined through the relation 


OU 
_ 
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made here. It is true that we have assumed f) to be a relatively small term, 
but even very small variations, when pressed into our microscopic transition 


region, may give rise to appreciable gradient values which must be considered. 


‘ : ldn 1 
Nor can we prescribe any algebraic relation between a 5 and T dx? such a 


relation would necessarily make our final equations inconsistent. 

Now, it may appear a little strange that the gas, which is assumed to be 
in a state of perfect mass equilibrium, should not have a constant scalar pres- 
sure. We note, however, that the conditions of equilibrium do not in them- 
selves require this. These conditions, which read 


O Dr x OPry , OPrz_¢ 
Ox oy Oz 


OPsy , O Puy CP aes a) 
Ox oy Oz 


0 te a) rz ae 
Pee , OPy ne 
Ox oy Oz 


0, 


will in fact, regarding our conditions of symmetry, only give that 
Pr x = constant, 
Pry =Prz = constant, 
Pyz= 0. 


At large distances from the wall we should expect normal conditions to hold, thus 


Prx = Pyy — Pzz— Pos 
Pry = Pre = Py2=0. 


In the transition region we therefore must have p;;=p,. and no tangential 
stresses. There is, however, nothing to prevent variations of p,, and p;, ac- 
cording to a, if only in some way these variations could be maintained against 
the smoothing tendency of the molecular movement. This now occurs through 
the heat flow itself, which introduces extra stresses A py, (x) and Ap,. (2) in 


Pen = [3 m|\v—»| fdu=—nm|leaol, 
2 : 9 9 


“ 2 


v 


(We also speak of the temperatures corresponding to special groups of molecules, as e.g. the 
temperatures 7) and 7',, of respectively the stream of molecules falling on the wall and the 
stream of molecules reflected from it. In calculating these temperatures it is to be noted that 


» in the formula should have still the meaning of the total mean velocity) 
The scalar pressure is 


1 1 ——-.~ 
j= 5 (P11 + Pog + P33) = nm |v v hy =nkT, (the gas law). 
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the gas. The presence of such temperature stresses is well known [3, 5, 20], and 
it is in fact quite correct that these should appear here regarding the degree 
of approximation used in our calculation.) 

_ The. simplifications in the ordinary theory of heat conduction earlier men- 
tioned only correspond to the second approximation in the general method of 
solution given by CHapmMAN and Ensxoa, and we will also say something about 
how this method works here when it is applied in full. 

_ The method, as it is developed by Ensxkoa, corresponds to an expansion in 
series of the terms in the Boltzmann equation according to descending powers 
of the density. The identification of the coefficients gives a system of equations 


successively solvable for the terms in the expansion of the distribution func- 
tion f=fo ae {™ =f‘) dono 


p) (f) =0, 
EN hg AN 
p (f, {9, f2) =O, 


Like the original Boltzmann equation, a sub-equation gy =0 is built up by 
derivative terms and a collision integral. There enter into it all terms in the de- 
velopment of f up to f”. Of these, f, /, ..., f*-» can be calculated from 
the preceding equations, while {“ appears as a new unknown term in the colli- 
sion integral of the equation. 

It can be shown that the set of approximations 


f=, 
fH=fO+ fo, 
f =f + fO + f@), 


in general converges towards a so-called normal solution of the Boltzmann equa- 
tion (a solution which depends only on the values of n, 7’ and v in the gas). 

This procedure, however, does not work well in our case. In the transition 
region the derivative terms of the Boltzmann equation are dominating and the 
collision integral is of relatively small importance, as will be seen later on. 
To take account of the new f-term in the collision integral of the sub- 
equation but neglect it in the derivative terms would then be to “‘strain at a 


1 According to the theory of CHapmMaN and Ensxoa we find in our case the temperature 


stresses 
ee a oe Ge 7 
Bie Pe Boo 4 Yh dx Ron da” 


where J, and J, are characteristic lengths of the order of 4. However, in the transition region 
the correct connection between the temperature stresses and the temperature derivatives must 
be a more complicated one; we find in fact that the above result will be absurd in that it gives 
infinite stresses at the wall. 
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gnat and swallow the camel’. The convergence must necessarily be very poor, | 
and it is possible that the method breaks down entirely. | 

Let us now consider the boundary conditions. At the wall we must obviously 
prescribe some law giving us the distribution of the reflected gas molecules. Most 
generally we could describe the reflection mechanism by a probability function 
P(v, v,), where P(v, v,) dv gives the probability that a gas molecule impinging 
on the wall with the velocity v, would be reflected with a velocity lying in 
the range (v, dv). Owing to the condition of dynamic reversibility it should 
be valid that P (wv, v,)=P(—», —»v). ; 

The number of molecules in the range (v,, dv,) which impinge on the wall 
is now —2,,f (0, v,)dv, and the number of molecules which are reflected in the 


range (v, dv) thus 
v, f (0, v) dv= — ii P (v, v,) v,,f (0, v,;) dv, dv, 


Yj, <0 


all reckoned per unit area and second. We can then write the boundary con- 
dition 


Ca) ee | Pe v1) (0, v,)dv,. (5 a) 


Vr >0 


As it is assumed that no gas molecules diffuse away through the wall, we should 
have that 


P(v, v,)dv=1, 
V,>0 
or 


[vf (0, v)dv=0. (6) 


v 


In the outer parts of the transition region we should require that the tem- 


Ghaey 
of view this equals the value found just at the wall. In our microscopic ob- 
servation of the transition region, however, it is to be identified with the gra- 
dient value at infinite distance from the wall: 


perature gradient has the prescribed value ia . From a macroscopic point 
w 


Ghee ae 
ee) Falk (7) 


This formulation is to be regarded as correct under the assumptions being made 
in the problem. 

The approximate values of the density and the temperature in the transition 
region are also to be considered as prescribed. We shall make the assumption 
that n(w) and 7 (x) have there such small relative variations that we may con- 
sider them as constants in the Boltzmann equation, equal to given values i. 
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Fig. 5. Temperature variation in the transition region. 


and 7’, and take account of the x-dependence only in the gradients de and 


dT 


——. More rigorously the reasoning runs as follows: 


ax 
a 
T\ da) » 


Assume that 
dT ; ee ee : 
A Nhe and the thickness 6 of the transition region is of the order of A, it 


is clear that the relative variation of the temperature over the transition region 
is also to be considered as small. However, to legitimate our simplifications in 
the Boltzmann equation we must demand that this variation is small not only 


<1. As the temperature jump is of the order of 


‘ Het dT 
as compared to 1, but also as compared to the relative variation of ea 


= aun = dT 
Now, for a given kind of gas, the values of 7, 7’ and (s) or A; Land! (=) : 


will determine the whole situation. The temperature distribution function must 


thus be of the form 
AN | Le aan 
rei (; T bab Ebel 


a(=) eerie a tiia ell Geeupliticd’to. che form 
x WwW 


When 


It follows that 


OU 
bo 
— 
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aT 2a : 
From this we infer that the relative variation of pres the transition region” 


will be the same whatever are the conditions of the gas. The analogous result 


; 1/dn fase : 
holds for = Since it should be valid that (32) - -a(Z) e we thus find 
: ie ? AVeL b 
our simplifications certainly being legitimate if only T\ae is taken to be 


sufficiently small. ra ji 
Equation (4a) together with the boundary conditions should now be suffi- 
dn dT 


cient for the determination of f™ as a function of 2, Fi (x), ae) and v. We 


should expect our solution to agree with the solution given by the ordinary 
theory of heat conduction, when x—~co. 


dT : : 
We must yet determine a (2) and Fees For this we have at our disposal 
a x 
the two equations which express the fact that the density and the temperature 


shall agree in f and f, These equations may be written 


f{ dv=0, | 
‘ (8a) 
fe {dv =0. 

Dv 


After - (x) being calculated we may find the temperature distribution from 
ay 


x 


aT (9 a) 

x) = == (at 

TD (ala ae {< (t) dt, 

0 
and the temperature jump from 
j i ae dT (10 a) 
AT =To=Ty=T,—Tot i Fao (=) | dt. 
0 


The calculation of the constant 7,—7', in the general case will not be dis- 
cussed. In the special case which we are going to examine further, it is split up 
into the two terms Ty, —T'» and To, —T. The first of these can be expressed 
directly in terms of the accomodation coefficient, whereas the other will enter 
our final equations as an eigen-parameter. 

Looking back on the calculation procedure sketched out here it may appear 
as if this has been made unnecessarily complicated by our special choice of 
f. If we had chosen / not at the actual unknown values of the density 
and the temperature in the gas, but instead at some neighbouring prescribed 
values n*(x) and 7 (x), then after solving the Boltzmann equation we might 
have calculated the differences An (x)=n (x)—n* (x) and AT=T (a) —7T* (x) di- 
rectly from 
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An (x)= [f dv, 


v 


3 = 
oh RAT (x) +T An (x)] = [pret aw, 
Dv 


In our case, on the other hand, we have to solve a pair of integral equations 
given by (8a), which are not found to be particularly simple. Nevertheless, our 
choice of f is justified because it gives us the possibility of introducing essential 
simplifications of the collision integral in the Boltzmann equation, the solution 
of which appears to be very difficult in a more general case (one may compare 
with the treatment of viscous slip given by Kramers [15)]). 


We close this chapter by summarizing the assumptions that have been made 
in the problem: 


a. A rarefied monatomic gas in a state of mass equilibrium, 

b. A much less than the radii of curvature of the el and also much less 
than any distance parallel to the wall over which’ the conditions in the gas 

alter appreciably, 

the temperature gradient directed normal to the wall, 

small deviations from the Maxwellian state, and 


a9 


V. Collision mechanism 


To evaluate the collision integral in the Boltzmann equation one must in- 
troduce the forces acting between two colliding gas molecules. Generally one 
must be content then with using relatively simple models for which the cal- 
culations can be carried out without too much difficulty. In the theory of 
CHAPMAN and Enskoa, for example, the calculations are performed only for the 
cases where the molecules are represented as hard elastic spheres or as mass 
points exerting forces proportional to some negative power of the distance (also 
a few combinations of these, as the models of SUTHERLAND and LENNARD- 
JONES). 

Now, the mathematical difficulties in our case will become very great even 
for the most simple models. We will therefore attack the problem in another 
way and attempt to set up directly some reasonably simplified expression for 
the collision integral, without troubling too much as to how the corresponding 
collision mechanism works in detail. However, we shall necessarily require that 
the mechanism is a physical one to the extent that the total mass, momentum 
and energy of the molecules are preserved at the collisions, these being the 
fundamental collision laws both in the classical and in the quantum mechanics 
description. 


If we have an arbitrary molecular property ¢, then the integral [ bl (ff,) dv 


v 
gives the rate of change of this property due to the inter-molecular collisions, 
reckoned per unit volume. Thus the conditions demanded may be written 
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fo ne (f ie = fo fi) dv=0 (11), 


for ¢6=m, mv and 4mv", or, since the masses of the gas molecules are all oo 
same, as well for ¢=1, v and wv’. ' 

Our collision integral is now a linear integral-function of f®, and the simplest} 
physically justified assumption we can make is that it is proportional to i 
itself: : 


I (f fP + fO f&) = 0 f™, (12)) 


where 9 should be a positive constant. This corresponds to a case where the 
inter-molecular collisions change the molecular distribution function in the di-} 
rection towards the Maxwellian form (3 a) at a rate proportional to the deviation} 
from this. 

It is immediately clear that the conditions (11) are satisfied in this case. 
For ¢=1 and wv we obtain precisely the equations (8a), and for ¢=v we ob- 
tain the condition that the gas shall have no net flow of mass, which was 
assumed to be valid from the start. 

The relation (12) is already known in the ordinary theory [3, 14], where it 
holds for a Maxwell-gas with a value for the constant of proportionality 


8 


Te 


? 


Ped st) 


corresponding to f™) losing about one molecule in every second collision. Since 
we want a connection with the ordinary theory in the outer parts of the transi- 
tion region, it would be natural simply to take over this value. Then, for the 
sake of consistency, we also take the Maxwellian values for the other constants 
entering into our equations. Further, we take (1 b) as the old jump value with 
which our result should be compared. 

It would be reasonable to suppose that (12) corresponds to the collision mech- 
anism of a Maxwell-gas in our case, too, but this does not seem to be the case. 
However, it has not yet been possible to find out “the back way’? how the 
molecular model implied here would correctly appear. 

To set up the boundary condition at the wall we will also need a de- 
scription of the reflection mechanism there. Now, we know very little about 
how such a mechanism functions in detail. It has been found that the gas 
molecules impinging on a wall in general are reflected back in an almost dif- 
fuse manner according to the cosine-law, but that the temperature accommoda- 
tion varies much with the properties of the gas and the wall[14, 18]. If, eg. 
the wall surface is smooth, the molecules are reflected back at the first impact 
on the wall and only a moderate accommodation will occur, whereas if the 
surface is rough or porous, the molecules collide several times with the wall 
before escaping and the accommodation will then be more complete. The at- 
tractive surface forces from the wall also play an important role here. Some- 
times these forces cause a real condensation of the gas in the form of a thin 
film over the wall surface, and in such cases we may of course expect that 
the reflected molecules, or here better re-evaporated molecules, are almost in 
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mplete temperature equilibrium with the wall. In addition, the accommoda- 
on varies appreciably with the mass ratio of the gas and the wall molecules 
ceording to the ordinary collision laws we might expect that, under eonditions 
pers unchanged, the energy exchange and thus also the temperature ac- 
mmodation becomes smaller to the same extent as the relative difference of 
le masses increases in magnitude [2]; this seems also on the whole to be in 
sreement with the experimental evidence. 

That the reflection of the gas molecules in all cases appears to be almost 
iffuse may be explained by their weak directional persistence. Already after 
he or two impacts on the wall their original direction tendencies are practically 
iped out, while in contrast their temperature is appreciably accommodated 
ywards the wall temperature only after a comparatively great number of im- 
acts. 

The velocity distribution of gas molecules reflected from a wall at a differing 
mperature has been determined by ORNSTEIN and van Wyk [22] from mea- 
irements of the spectral Doppler effect. It was found, surprisingly enough, 
1at the distribution was practically Maxwellian also when temperature equilib- 
um was not attained (the accommodation coefficient was in this experiment 
stimated to 0.32). A slight deficiency in the low-speed region was found, how- 
ver, when the molecules were reflected from a hotter wall. 

We then might find it reasonable to set up as our boundary condition at 
1e wall simply 


3/o mv2 

m case 

f (0, v) =n 2h To 4 
et) + Le k Al ‘ 


here nm, and To, stand for respectively twice the number of molecules per 
nit volume and the temperature in the reflected stream of molecules. As 


me 0 To, eek: 
A and = Ti are assumed to be much less than 1, we may write with 
ufficient accuracy 
Nos oe) Lo 0 ee me 
) (0, v) = —t (0). =f OD, 5b 
bee Seal aang i (; sR)! ole 


fow, this boundary condition is strictly justified only to the extent the devia- 
ons from the Maxwellian state actually observed can be considered as being 
f the second order, since the temperature jump which we are to calculate de- 
ends itself directly on the first order deviations. In reality the deviations, 
owever, are not found to be small in this meaning, and we may fear that 
ur condition is not realistic as regards small values of the accommodation 
sefficient. It seems not possible to draw from the experiments any definite 
mnclusions regarding the corrections to be applied in this case.t 


1 The boundary condition proposed by Maxwetr and Smotucnowskt1 [20, 26], where a cer- 
\in fraction of the impinging gas molecules is reflected specularly and the remainder is re- 
ected in Maxwellian distribution at the wall temperature, may be considered to be of a more 
lvanced type than ours. It is, however, unrealistic in so far as the accommodation of the 
mgential momentum and of the energy of the gas molecules are assumed to be the same; in 
ality the momentum accommodation is much smaller, 
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VI. Determination of the distribution function 


With the simplifications that we have introduced, the Boltzmann equatio 
takes on the form 


te () = ve * F(0) Ly eva Cia F(0), 4 
where 
Z ie ee 
(Oe | eee 2kT. 3B 
/ (a) ‘ (3g 
dn dT : | 
It defines f as a function of 2, da da v, and v. Integrating along the 
characteristics we find 
6 * oO 
ea | dn (t-2) | 
(1) =(07 = = eae t- f() + 
{ (a, v) =C (vz, v) e 2 | qn te? dt-f 
a (Vz, V) 
1/3 mv r dT 2 », e-2) 
aad pene sedik |S — (0) 
a, AE oF) | Fe 
a) 


where C (vz, v) and « (vz, v) are arbitrary functions. 
The molecular distribution function is generally required to be finite. Moreover, 
such integrals as define density, temperature and the like must converge. We 


d 
shall assume that rs and —— are bounded, and that they tend towards con- 


dx 
stant (non-zero) values at infinity. The conditions above are then satisfied 
throughout our region 0<a<co if we put 


C(vr, v)=0 for v,<0, 

a(vz,v)=0 for v,>0, 

a(vz, v)=co for v;,<0, 
and define 


{© @, v)=0 for v, =0. 


Then only C (vz, v) remains to be considered. This, however, is precisely 
Vy >0 


ase v), which is given by our boundary condition (5 b). The complete ex- 


non for {™ thus reads 
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(x : 
> n da 

3 mv*\ [To,—-T =. rar © G2) 

(; wal | TT ae fae Oe ut Me 

3 + (13 a) 

1 | dn (t-2) 3 ey fa pee ee 
1) (a, v) =| Vy (0) MV yb") r 
: wal iene daa iy PA eae 

x x 

P(x, v)=0 
=0 


It is of interest to see how f behaves when «co. We anticipate here the 


elation : lay ered bei ifi 
age oo) = flags} eing verified further on. Now, 
L[ dn, 5-¢-» ldn | a ¢-2) vz 1 dn 
Slee =——(o ee a (ec 
all au d aa alee dt me ll ). for = 0" 
x x 
H to ahs) L308 
Jso 
x A 2 0 
dn hse ces) 1 (2 Fea I 1 A 
== * Ai—=— |b Sie me = 
| aU ; ee CMe 7 He dt 
0 0 x 
oo Loo 2 
i ted 22) 
2 x 
ldn = (t—2) ldn S ¢-2 v, ldn 
=a SE gy | Pe dt = (00) | ec  dt=Z— (00) for 2, >0, 
Nn au ndx nau 
mee 
M Ve ah 2°) 


nd analogously for the integrals of aa Observing that the boundary condi- 
ion terms in (13a) tend to zero, we then have, for all values of vz, 


vr (5 mv\1aT 7 
(1) = pegatehesd Ps co) f(0), 13 b 
Meee = 6 (; TER) D aa a Ge 
‘his is precisely the CuapMaNn-Ensxoe result for a Maxwell-gas. 
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As will be found later on, and. ea become very large close to the wall, 
x 


dix 
whereas their values integrated over the transition region are only moderate. 
NM, — N% Tees 
Further, the constants —*—— and pear are found to be of the order of 
n 


dx 
(1) : 
67, that is to say, A ae 


just the opposite at large distances from the wall. This, as mentioned earlier, 
is the reason for the failure in the transition region of the CHapman-ENSKOoG 
method of solution. | 


dT gfy ; 
A\|—) . It follows then that close to the wall v; ee is much greater than 


(1) 
is much greater than f), while the condition is 


VII. Equations for the density and temperature gradients 


_ a ar 
The unknown functions <™ (a) and —— (a) entering into f™ are to be determined 


dx dx 
: None -4°0 To, sored by : 

from the equations (8a). The constants —~——\ and ei obtained 

n 


from the additional conditions (6) and (7). All these equations may be re- 


placed by 
| vz {™ dv=0, 
v 


; iT > (14 a) 
[pmo de=—«() ; 
i Ww 


dx 


where K stands for the coefficient of heat conduction for a Maxwell-gas, as 
calculated by the ordinary theory. For if (4b) is integrated over the velocity 
space, we get 


7) 
2 | of dv+ | 1 dv=o, 
v v 
also, if the same equation is multiplied by }mv before the integration 
Callie i 
Z| fm. vy? fo dv+ 5m 9 | ojo dv=0, 
v wv 


since the right-hand sides, being odd functions of v,, will disappear in the 
integration. We find that (14a) will imply (8a), and we also can see that (6) 
and (7) will be automatically satisfied. Since there are then no additional con- 
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snl Ny, — N ol bF 
ditions set up for = and ae ae these constants must here be assumed 
a 


to play the réle of eigen-parameters, permitting a solution of our equations for 
one given pair of values only. 

Our expression (13 a) for f® is now to be inserted into (14a). We introduce 
the non-dimensional variables: 


f= a 
pO=5 5) 
x1 (2) =F = (£) with especially y= F (FF) 


8 Bi : 
Remembering that 6 =I o@tAc, we find then, 


0 — 
Vemma hehe ten 64 


after a change of the order of integration, the following pair of integral equa- 
tions: 


& 3 
“ ‘gees 
M5 (6) — tp To (6)— | Loo (ET act | Dg (ET) 4) de 
= | Ly(r-8)p ryder [ Lo te-£) 4(0)de=0 
E é 
7 
Bs (8) gn (€)— | LuolE-H)ot)drt | Ly lE-2) (0) de 
nN 


0 0 


Lae (tC). o(t) ata | tute x(ae= oe Tb ae 


| 
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We again introduce new variables: 


(é) 
ghey — , 
* x6) 
é)= 
x (5) ve 
and the parameters 
Ng, — No 
Mo Xu 
op ee 
eh T xv 


and have, after rearranging the integrals, 


co eo 


| 200tlé=2 9" (t)dt+ | to (ear as (t) dt = — Ug Loo (€) — My Lor (6); 


0 0 


co loa) 


(14) 
[ Bode-cbet aes | Lud e—th a2 ar = 19 Lae) 
0 


a 


0 


5 
= fy Lay (8) — eV. | 


The appearance of the functions Z,,, (€) occurring here will be seen from fig. 11. 
More precise values can be computed from Table 4, using (32) and (35). 

(14 b) is to be classified as a system of Wiener-Hopf’s equations of the first 
kind. In principle, such equations may be solved by applying certain Fourier 
transforms and using arguments from the theory of a complex variable [30, 31]. 
This analytic method is of value to verify that a solution does really exist and 
to find out how the eigen-parameters enter into the problem, but it does not 
seem to be very well adapted for a numerical calculation of the solution. There- 
fore, we have here preferred to tackle the equations directly by a numerical 
method. However, the analytical method is briefly discussed in App. II, where 
the exact values of the eigen-parameters are also calculated. 

When co, then 


foo) 


[ Lnn(lE-t) ¢* (t)dt>q" (90) { Lmn (\E—t|) dt +2 g* (co) f Lmn (x) dt 
0 0 0 


and analogously for the integrals of y*. Making use of the formulae (31), (33) 
and (35) and noting that the parameter terms tend to zero, we find then that 
the system (14b) at infinity is reduced to 
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rp’ (co)=y*(co)=1. This means that 


ldn Me 1 (dT 
T dae ad 7 at 


nN aa dx 
as is to be expected. 
Another case of interest is when £>0. To find out what happens in this 


case we consider the equations of the second kind obtained from (14 b) by a 
twofold differentiation 


2 Loo (0) p* (E) + 2 Lor (0) x* (€) + [ni (le-cbe" (x) dt+ 

: [rs (JE —2]) x (2) d= = pte Lis (8) — 4 LUE), 
2Lio (0) p* (6) +2 Lis (0) x* (&) + [2ide—tho* (t)dt+ 

r [ode (t) de = — fg Lig (E) — py Li} (E). 


When £0 the functions L;,, (&) in these equations will increase without bound, 
whereas the integrals sae (t)dt are finite, and we find the essential part of 
0 


the system to be 
Mo Loo () + fy Loi (€) =0, 
ft Lio (§) + fy Lis () =9, 


provided that y* and y* are finite. 
Loo (5) A ae Los (6) 
Ly (§) Ln; (§) 
the system will thus be inconsistent, apart from the trivial case wy =,=0. 
This must mean that g* and y* cannot in actual fact be finite throughout 
our region but must have some point of infinity. It is easy to see that this 
point can be no other than €=0. From a physical point of view it may per- 
haps seem surprising that the density and temperature gradients become infinite 
at the wall. The result, however, is not unreasonable in any way, if only the 
density and the temperature themselves remain finite at the wall, ze., if the 


However, the quotients tend towards different limits and 


integrals [ o* (t)dt and fx (t)dt converge (e>0). That such is the case is 
0 0 

easily seen, also. For if the integrals were infinite, the essential part of (14 b) 

would be included in 


€ é 


Loo (E) f p* (x) dt + Lo (€) f x* (x) de =0, 


0 0 


Tyo (E) { p* (1) de + Ly, (&) f x" (x) de =0, 
0 


0 


which system is not consistent. 
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Now, we have in our earlier reasonings assumed the density and temperature 
gradients to be finite throughout our region. However, it is easy to see that 
the introducing of such a point of infinity as is actually found here will cause 
no trouble, and our conclusions still hold. 

On the other hand, we may ask whether the Boltzmann equation itself is 
valid near the point of infinity. It is known that this equation holds good 
when the distribution function varies appreciably over distances of the order 
of A, but that it ceases to apply when the variations become noticeable even 
over distances comparable with the effective radius of influence o [9]. Now, 
the distribution function is continuous in & throughout our region. Its relative 
variation over a distance of, say, Az=o can always be made as small as we 
please by taking A sufficiently large compared to o, A appearing here only in 
the variable &. Thus, if the gas is to be taken sufficiently rarefied, the Roltz- 
mann equation is certainly valid in all points, including the point of infinity. 

Finally, we will here give the temperature distribution and the temperature 
jump in terms of our new variables: 


é 
7(e)~ 79+ [2 (eae: (F) (9b) 


where 


AT=1,-Tat ies (t)—l]dt- 
0 (10 b) 


=7,,-To+|m+ |i @)-Ner| (=) 
0 Ww 


1] M ; 
The constant Ty, —-T» occurring here may be expressed in terms of the ac- 
commodation coefficient. We have, using earlier notations, 


l 
iy, — Hy =28K (Ty, —-Tw) = 506k (Ty, —Tw), 
(dT 15 2 aT 5Va aT 
H, —H, =k = A. | | ees rofl Rees 
ae (FE). ag Reed (Fe) Reo (Te) 
Ey ~ Ey, I 
Sar Fk eee 
0. w 1s 04. w 
ky — Ey, 


The combination of these will give 


Ty Hi w 
uP 4 a 


5Vx 1l—a(dT 
EI 5) 


dé 
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t appears that the temperature jump is here, as in the old theory, propor- 


ional to both 2 and (5 : 


«we 


VIII. Numerical calculations 


When the system (14b) is to be solved numerically, it is found preferable 
irst to eliminate the point of infinity. For that we choose a positive number 
, so small that we may put with sufficient accuracy 


€ € 
4 


[ Ln \E-t)) p* (1) dt =Linn (€) f p* (x) dt, 
0 


0 


nd analogously for the integrals of y*. We can then in our equations change 
he lower limit of the integrals from 0 to ¢. This merely means that we re- 
lace the eigen-parameters wy and jm, by the new values 


wo=Mot fv" (x)dr 
0 
und. 
a = fy [x (t) dt. 
0 
‘urthermore, we formally eliminate the eigen-parameters by solving for them 


“% €=0, from 


eo [oe] 


Lio (9) Lo + Loy (0) ui ri... | 206 (tT) p (i) a= | ts (rt) es (t) dt, 
‘ ; t (146) 
[oe] co : 5 - 

Lrg (0) 105 + Lys (0) wt = — [toee* ar~ | on ez (1) dr— FHV, 


ind putting them back into the equations again. These may then be written 
f Loo (&, 0) p* (t) dt + f Lo (6, 2) x" (0) dv = Ly (8), | 
‘ ; (14 d) 
[ Lh & 2) o* det JING, 2) x" (t)dt=L, | 
where 


3 1 
Lin wile t) =Lmy (|€ —1|)—LDmo (€) |? Lon (2) satin(o) = 


1 
— Lim 1 (2) Ba (tT) <—— a n a) ) 
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= {l 
Ly (€) = oa Fee (a eo (| > 


by (@)= — Fara [1+ 5 Ly (€)+ 2 In (6)] 


The values of Z,,,(0) are obtained from (33) and (35). 
The functions L;,,(€,7) now have their largest values in the region 1 ~ é, 
and this would seem to make possible the following iterative method of solution: 
Assume that gz, 7, is a known approximate solution. We write 


gp =gr+Agr, 
* 
x 


and put 
[ Din (Et) @* (0) dr =f Linn (6, 0) [gh (0) +A Gh (edt 


~ | Linn (6, t) pa (t) dt +A op (€) [Linn (& 1) dt 


and analogously for the integrals of y*. The correction terms Agr and Ayn 
may then be computed approximately from a pair of linear equations, which 
we write in the form 


A pn (5) Koo (E) + A xn () Kor (E) = fo () — f Loo (E, 1) [yh (t) I dt | 


— [Lor (&, 2) [xk (x) -U dr, 
a (14 e) 
A gn (E) Ky (E)+ A xh (6) Ku (=f &) — [Lh (€ 0) [pt () —M dt 


— [Li 0 it ()-1dz, 


where 


oo 


aa (é)= | Dies ty O.t5 


€ 


fm (€) = Lm (¢) = Kina (6) = Bae (é). 
The procedure is then repeated again, starting from the new approximate solution 
Pn+1= 9, tAgQ%x, 
qnvi=yntAy*, 
and ‘so on. 
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1.6 


1.4 


le 


0 1 2 3 


Fig. 6-7. First five approximate solutions of y* and y*. 


With each approximate solution mr, x; there are associated values of the eigen- 
parameters (19)n, (i)n, a8 computed from (14c). In practice the method is 


found to converge. 
The actual computations, which to the main part were performed with the 


BARK, run in short as follows: 

First, for 32 arguments from =e=1/64 up to é=14, the occurring functions 
Linn, Kmn and fm were computed (as will be further described in App. III). 
Successive approximations of g* and y* were then computed for the same arguments 
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from (14), starting with the asymptotic solution, ~ = 7 = 1. The integrals in the 
right-hand sides of these equations were estimated by a numerical quadrature, 
based essentially on the Simpson rule. With only 32 values of the argument 
(this number was set by the limited memory capacity of BARK), it was not 
possible to ensure an adequate accuracy if these values were equally spaced, 
and therefore they had to be taken closer spaced in the region of small €, where 
the occurring functions vary most rapidly. This caused a deal of trouble, since in 


ioe) 


the computation of a convolution integral such as ibiene (|€é—t|) [p* (t) —1] dt 


it was necessary to introduce an interpolation procedure both for Linn (|€—t|) (in. 
the region of small rt) and for g*(z) (in the region t~ &). 


The iterative procedure was not applied strictly throughout, but some ex-_ 
periments were made with extrapolations of the approximate solutions obtained — 
in order to bring down the number of iterations. The points above §=10 were 
excluded in the last iteration as the values there did not appear wholly reli- 
able. The convergence of the y* and y* values was quite good, except in the 
region of small € (however, the convergence in a direction normal to the solu- 
tion curves was good even there, cf. fig. 6-7. The total number of iterations 
was 13. 

Our final numerical values of g* and y* and of the eigen-parameters uo and 
wi are given in Table 1, taking in those figures which were found to be steady 
in the last iteration. Graphs of the first five approximate solutions are given 


in fig. 6-7. All the approximate values of the constants uw} and iva (t) —1] dt, 


which are to be used in the computation of the temperature jump, are given 
in Table 2. 

It is of interest to compare our final values of w> and mu; with the correct 
values of wy and jm, from (30). We find 


fo — Ho = Io" (t) dz = 0.147, 
0 


é€ 


[i — [4 = i y* (x) de =0.237. 
0 


a values are surprisingly large, indicating a considerable temperature drop 
in the narrow region from €=0 to e (ef. fig. 8) 


r ye ro a 7 4 + 
The errors which affect our computations are the following: 


a) Errors owing to the introduction of ¢ (< 0.0005), 

b) errors owing to the integrations not being extended to infinity (<0.001) 
c) errors in the computation of the functions Losin Konig anf (< 0.00001), 
d) errors in the interpolation and in the numerical quadrature (<0.001) 
e) errors owing to the number of iterations being finite (<0.001). 


> 


> 
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The numerical values given in a-b and d-e refer to the absolute errors in the 
right-hand sides of (14e), taken in mean over the €-range.! Regarding our 
malues of p, ¥", uo “and ~z given in Table 1, the total error in each value 
appears to be at most one or two units in the last figure taken in. 


a) 


p) 


‘a0 


e) 


Table 1. Final values of y*, y*, wp and pj. 


| 

g | p* | rae E | y* | u* 
0 fore) co 0.75 1.106 1.145 
0.015625 2.5 2.8 Herd 1.076 1.108 
0.03125 2.0 Dal 26 1.057 1.081 
0.046875 1.8 1.9 1.5 1.045 1.063 
0.0625 1.68 1.75 1.75 1.036 1.050 
0.078125 1.60 1.67 » 1.030 1.041 
0.09375 1.55 1.62 2 1.014 1.019 
0.109375 1.51 1.59 4 1.007 Lila 
0.125 1.48 1.55 5 1.004 1.006 
0.1875 1.364 1.435 6 1.002 1.004 
0.25 1.295 1.366 7 1.001 1.002 
0.3125 1.246 1.317 8 1.001 1.001 
0.375 1.210 1.279 9 1.000 1.001 
0.4375 1.183 1.247 || 10 1.000 1.000 
0.5 1.162 1.220 


1p = 0.429 pt = 0.895 


1 Concerning the estimation of the errors we note the following: 
€ € 
The error made by putting | Lin (|E—t|) p* (t) dt =Lmn (€) | p* (t) dt is of the magni- 
0 0 
tude | Lmn (€—0 €) —Lmn (€)| (uo —[,), where 0<0<1, and the same error will affect our 
oo 


ee & 3 F a 
term | LImn (&, T) [p* (tT) -—1] dt. The corresponding mean absolute error is aT 0€|Lmn(0)|- 
é€ 
: (uo —[,). The analogous result holds for the integrals of 4*. 


oe 
The error made in | Lak (€, tT) [p* (t) —1] dt by cutting off the integration at tT = 10 is of the 
€ 


[oe] oe e. 
magnitude | { Lm n(E, t)[p*(t) — dt <[p*(10)—1]] f 1%, 6 tat | <[p*(10) —1]|Km nl], 
io 10 


and analogously for the integrals of 7*. 
See App. III. ; ‘ 
The error in the interpolation, which was carried out in the parabolic approximation, 1s 


wt 


(t —T)) (tT -T,) (7 —T,). Here y(t) is the interpolated function, known at Tp, T, and Ty. 


yl(4) pe 


6 


The error in the Simpson rule is , where / is the argument interval. The derivatives 


occurring in these terms may be estimated from the differences of the corresponding order. 
These errors are given by the values of the right-hand sides of (14 e) when our last approxt- 
mate solution is substituted. 


We finally note that the rounding-off errors are negligible (BARK calculates with an accuracy 
corresponding to about seven decimal points). 
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Table 2. Approximate values of the constants wi, and fie (x) 1] dz. 


ao 
“rp ok 
7 (ui)n J lan (x) dat 
é 
to Oo eee 
0 1.1232 0.0000 
1 1.0119 0.2990 
2 0.9808 0.3293 
3 0.9566 0.3553 
4%* 0.9427 0.3739 
5 0.9217 0.3926 
6 0.9142 0.4001 
ai 0.9101 0.4049 
8* 0.9074 0.4087 
9 0.8966 0.4171 
10 0.8957 0.4186 
11 0.8952 0.4197 
12 0.8950 0.4203 
13 0.8947 0.4205 


* After the 4th and the 8th iteration there was performed an extrapolation of the p* and x* 
values. 


IX. Final results 


The temperature distribution in the gas and the temperature jump were 
finally computed, making use of the results presented in the preceding chapter. 
In fig. 8 is shown the appearance of the temperature curve 


L(eety. 
(zz). 


In the same figure have been plotted some of the temperature values which 


were measured by LazAREFF [17] in an air gap between two plates held at dif- 
f 7 


di : : 
ferent temperatures. (=) has been taken as the temperature gradient valid 
UX}! w 


X(6)= | y*@)dr= (16) 


at a point midway between the plates, and furthermore 7’, is chosen so 
that the temperature at the same point will fall on the theoretical curve. As 
Lazareff did not use a monatomic gas but air, and moreover the distance be- 
tween his plates was so small that the transition regions at the two plates will 
noticeably overlap, it may be difficult to make here a quite fair comparison 
with our theoretical result. It appears, however, that the agreement on the 
whole is good. 

Measurements similar to those of LazarErr have been performed more re- 
cently by ManprELL and Wesr[19], but these, according to WEBER [29], are 
not to be considered as wholly reliable. In any case, they seem to be of little 
interest to us, as the temperature differences were kept too large for our theory 
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0 1 2 3 


Fig. 8. Theoretical temperature distribution in the gas. The crosses give some of the tem- 
perature values measured by Lazarerr[17] (in air of the pressure 0.019 mm Hg, distance 
between the plates 9 mm). 


to be applicable. It would be of interest to have further temperature mea- 
surements in the transition region, especially at distances from the wall of some 
hundredths of a 4 and smaller, where according to our theory we should ex- 
pect a considerable temperature drop. 

Using (10 b) and (15) we can write the expression for the temperature jump 
in the form 
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_ 5x 2—ka (dT = a 2—ke , (22) (1e) 
8 a GEV oo 1259 a Goes at 


A 


where k is a constant, the value of which is given by 


Mend: eee -2- S\t—e+ [et—nar} 
pn line | (x) -1dz} =2 aig et Ore) Jaz} 


We see that (le) agrees with the result (1b) of the old theory, except for 


= —k be : ; 
the replacement of the factor ee by g 7 “| For our first approximate solution 
a 
5Vx 
y5=1, which has an associate parameter value (ui)e= ere we find k=1 


and thus arrive precisely at (1b). ) 
For our final solution there is computed the numerical value | 
| 


k =0.827. 


The value appears to be correct to within one or two units in the last figure. 
The value of the temperature jump would thus finally be 


A 


7 — 0.82 
157 2 oor8 1 (FE) (14) 


128 a dx 


This is the main result of our investigation. 

Of immediate interest is the correction that is to be applied to a value of 
the accommodation coefficient determined by the formula of the old theory to 
ensure it being correct according to our new result. This correction is re- 
presented in fig. 9. Its magnitude seems to be quite reasonable. We would 
recall, however, that with the boundary condition (5b) our theory cannot claim 
to be realistic for small a-values, so that the result must then be taken with 
some reservation. 

We find from fig. 9 that a value of a=0.92 according to the old theory 
corresponds to a corrected value very near 1. If our result is correct, this 
former value should thus be about the upper limit for the values of the ac- 
commodation coefficient earlier reported in the literature, so far as they have 
come out from temperature jump measurements. Such a limit can now in fact 
be detected, although some isolated higher values appear. The tendency is most 
evident in the extensive and carefully performed investigation reported by 
Dicktns [4]. Dickrns’ determinations of the accommodation coefficient have 
been criticized by Krnnarp [14], who points out that he has made use of an 
older doubtful value of the temperature jump. However, in combination with 
the older value of A also used by Droxrys this jump value will correspond 
precisely to (lc), and we thus have no reason to consider hig results as un- 
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0.08 


0.06 


0.04 


0.02 


0 0.2 0.4 0.6 0.8 1.0 
Ris 10.9) Na Se eee 
; oe 
Ter 


Correction for values of the accommodation coefficient being determined according 
to the old theory. 


Table 3. DtcKtns’ values of the accommodation coefficient. 


Hotes sh) OS UN,OSPt 2.27% | 0.90 
Hebe ODL iets ee. |, 0.90 
reece ee oes NCOMPE 8 Se ve 0.91 
Ne eeele ess NCO Ptiy TJ. [00.92 
Np wa GC OOMMSO. Pt a 3. «| 0,95 
On Bie are) ate 0.,90 


reliable from the standpoint of the old theory. All of Dickrns’ values of the 
accommodation coefficient are listed in Table 3. 

It will be seen that the values, with the exception of those for the gases 
H,, He and SO,, lie closely assembled at the limit value predicted. Normally 
the values for different gases are found to be rather dispersed, and the as- 
sembling tendency observed would only seem capable of an explanation by as- 
suming that the wall in this case exerts a very strong accommodation action, 
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so that all kinds of gas molecules, except the very lightest (H, and He), will 
be reflected from it in temperature equilibrium. The fact that the agreement 
is so good for the polyatomic gases would seem to indicate that the reasoning 


of Evcken is well applicable here (Ch. III). 


App. I. Treatment of viscous slip 


When a gas has a mass velocity V along a wall there arises at the wall a 
viscous slip AV, which is of the order of A (=) . This phenomenon is entirely 


Ww 
analogous with the temperature jump. 


oe A 


Fig. 10. Mass velocity distribution near a wall. 


The classical theory for the viscous slip was developed by Maxwe x [20], 
and has later on been generalized by MiLiIKaNn [21] and others. The results 
corresponding to (1b) and (1c) in the temperature jump theory are respectively 


—5 70 2 \fearoeV 
ava et Ge) ara 
and 
ore tee to. 
aretha ” 


f stands here for the fraction of tangential momentum given up to the wall 
by the incident stream of gas molecules. Efforts to arrive at a more correct 
theory on the basis of the Boltzmann equation have recently been made by 
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Kramers [15], Grap [9] and Rosr [23], but as far as is known, no new slip 
value has yet been reported. 

Now, it is possible to treat the viscous slip in the same way as we pre- 
viously have treated the temperature jump. The reasoning is quite analogous 
and will not be repeated here in detail, but we wish to state briefly the as- 
sumptions to be made and the equations arising. 

We assume a rarefied gas streaming along a wall having radii of curvature 
much greater than 4. The conditions in the gas are to be practically unchanged 
along the wall over distances of a few A. The mass velocity V is to be 
much less than 6 and must vary only in the direction normal to the wall. 
Finally, the density and the temperature in the gas are to be constant. This 
last condition cannot of course be applied strictly, since the viscous dissipation 
will always produce temperature variations in the gas. However, this effect is 
practically negligible for moderate values of the mass velocity. 

As before we use a rectangular coordinate system with the x-axis in the 
normal direction out from the wall; the y-axis is laid in the direction of the 
mass velocity. The Boltzmann equation corresponding to (4a) then reads 


afm (0) #) (a) #(0)) m ix. dV (0) 
ve, til fi ort) fi’)= pp 2 (ey V) ai ’ (18) 
where 
; 3/2 m pe t(v,,—V)2402 
j—n( a) eae, (19 a) 
As before we put 
T (fO fP + f{@ f%) = 0 f. (20) 


4% 
However, § has now the value —-;: 


5A 
The solution of the equation will become, in the same degree of approxima- 
tion as is used in the temperature jump theory, 


x 
Or 6 
meee dV e—(b=2) f 
= ich eee, SRN = (fe? dt- (0), 

f® (x, v) =C (vz, vy, vz) € ie { Ae (t)e / 

A (Vy, ys Vz) 

where 
m 3/2 mv? 
jo=n(5 3) e 2kT. (19 b) 
MLA 


The functions C and « are to be chosen as before. 
Vy <0 
Regarding the boundary condition at the wall, we assume that the gas mole- 
cules are reflected diffusely (f=1) and Maxwellian. We may then write, with 


sufficient accuracy, 


fj (0, v)= — ae Voi. (21) 


V_> 0 k 
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The complete expression for /“ is 


Bhs d V sberlin 

f (a v) = — gilt. Vy i @ Vr + (ee (t) err as| s f, 
V_>0 kT . 

"av 2 ! (22) 

dV aye UD) z 

pc v) = a Vy | “1 (t) e°* dt: f, | 
Vrs 2 
{® (a, v)=0. | 
V_=0 


dV 
The equations which determine dag and V, are 


fx fdv=0, 
vo 


dV (! Ata (23) 
TAS oly 
Equivalent to these is 
dV 
[ move, 1® do= — (22) (24 a) 
Dv 


where » stands for the coefficient of viscosity for a Maxwell-gas, as cal- 
culated by the ordinary theory. 
We introduce the variables 


a De 

a ae 
ar) 

y” (&) Sh iss 
a 
Ee 


the functions 


and the parameter 


544 


ARKIV FOR FYSIK. Bd 7 nr 44 


The equation which corresponds to (14b) in the t t i ‘ 
found to be P ( ) e temperature jump theory is 


foe) 


[ adeeb ot @ar= v.94 


0 


Vx . 


2 


(24 b) 


Values of the function J, (€) will be found in Table 4. 
As before, it is easily verified that y*>1 when €—> co and that wy" co when 


€—0, but that Jy" (t)dt converges. A discussion of (24b) according to the 
0 


theory of WrENER and Levinson [30] is given in App. II. 
Expressed in the variables introduced above, the mass velocity distribution 


will be 
é 
V(é)= jv | y (r) dx] 4 eo) 
and the viscous slip ; 
AV=|v+ {wv (r) Nar] (42) ey 


Numerical computations are being made, using an iterative method of solu- 
‘tion analogous to that described in Ch. VIII. A preliminary result has been 


the slip value 
av=1214(22) - 
Chao jg 


To this there corresponds in the formula (17a) of the old theory the value 
f=90.90, which may be compared with those reported in the literature (see e.g. 
KENNARD [14], p. 299). 

A complete account of the numerical computations will be given in a later 
report. 


App. II. The theory of Wiener and Levinson 


A fundamental theory for integral equations of the type we are concerned 
with in (14b) and (24b) has been given by Wiener and Horr [31]. In this 
theory it is required, however, that the kernels vanish at least exponentially at 
infinity, which condition is not fulfilled here according to (34) and (35). On 
the other hand, it is possible to use the modified theory given by WIENER and 
Levinson [30], and we will here briefly discuss the application of this theory 
to our case. For the sake of simplicity, we shall for the present confine our- 
selves to the consideration of the equation (24 b). 

To start with, we eliminate the asymptotic part of the equation by the sub- 
stitution y*"=1+Z. This gives 
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[a.(e—t) Zar= —vI, ((E)) +52 (/E)), E20). (246) 


0 


For the sake of symmetry, we have written || for the argument in the right 
hand side. Only those solutions Z(é) which belong to the class DL, (0, co)" w L 
be investigated. al 


Let us introduce the Fourier transforms of J» (|é]) 


oe) or ll, o) C) che 
jin (U) = tea et 28 sae dxdé= eer fe a ee dates 
—00 0 0 —o ; 
~ gt 
23: | are 
2| ltau Z 
i 


For n>0, which is the only case of interest here, j, (wu) are bounded and >0 
(wu real), and have the following asymptotic expressions when |u|— co: 


3 1 il 
jy (U) ~2 Fg (0)+ 75 +0(.s): 


; i log |u 
ja(u)~ 2d, (0) +0 (EL), 


u 
: 1 1 
jn (u)~2In-1(0)- 75 +O a TOP eae 


We can now, according to a known theorem, split up j,(u) into two com- 
plex factors, 


Jy (U) = ty (u) + ty (u), 


such that 7,(w+7v) and 7,(w+iv) are bounded, analytic and free from zeros 
for respectively »>0 and v<0.” On the real axis we may put 


|i (u) PP =|, (u) PP =9, (u). 
u 
1 Z(&) belongs to the class Ln (a, 6) if | |Z (&)|"d&<oco, 
a 


2 The possibility of such a factorization is secured by the relations 


co 
: : F * |log 7 
9, (u)>0, 9,(—uU) =7, (uv) and | poet eee 
— oo 


The factors are given by 


l f log ji (8) 


t, (W+tv) =exp on) te teeeeh 


ds, t.(ut+iv) =i, (w—iv), 
oe 


where the bar indicates the conjugate complex quantity. 
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Ve note that 7, (uw) and 7,(u) belong to L,(—c, co). Thus we have the con- 
olution form [27] 


Ji (lE)= [12 (s) 1, (E -8) ds, (27) 


vhere J,(&) and J,(&) are the inverse Fourier transforms of respectively 7, (w) 
md 7, (u). Moreover, we have 


I, (€)=0. for é<0, 
I,(§é)=0 for &>0, 


8 is found by closing the paths of integration of the transform integrals in 
espectively the upper and the lower half plane and making use of the Cauchy 
ntegral theorem. 

We further define a function a(u) through the equation 


@(u) ay (u) = —v fy (w) + je (w). 
\s 7,(u) is always positive, 7,(w) has no zeros and we find that also a (u) 


yelongs to L,(— oo, co). Again we have a convolution form, 


co 


[ A (&=8) 1, (s)ds= —vJ, (\é|) + J, ([€|), (28) 


—o 


vhere A (é) is the inverse Fourier transform of a (vw). 
By introducing (27) and (28) into our equation (24 c) we find, after a change 
f the order of integration, 


0 
[12 (s) F (E—s)ds=0, (20), 


—o 


r, putting §—s=t, 
[1.(-) F(t)dt=0, (€=0), (24 d) 


vhere 


this implies 
F(é)=0,- (520). (24 e) 


fultiplying here by e'“* and integrating from =0 to oo, we have, introducing 
he integrals 


z(u)= | Z(ée**dé, 
0 
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a, (u)= [A (g)e**dé, 
0 
that 


i, (w) +z (u) =a, (uw). (24 f) 


These steps are legitimate when Z(é) belongs to L, (0, oo) and F(é) thus be- 
longs to L, (0, oo) [24, 27]. ; 

The problem of finding a,(u) from a(w) is equivalent to the problem of 
splitting up a(u) into two complex terms a,(w) and a, (wu), being analytic and — 
bounded in respectively the upper and the lower half plane. Introducing the 
exponentials 


a (4) =e, 


Oy (w) = Rania 


ty (u) = 0, 


we are again met with the factorization problem. Now, at infinity |a, (u)| is 


: I : 
of the order of |a(u)|. Since |@(u)| and |i, (u)|will both vanish as mo find 


then that z(w) does not tend to zero, and thus no integrable solution Z (&) 
can exist. There is, however, one exception: if we choose for the eigen-para- 
meter y the special value 


_ Jo(u) J, (0) 1 : 
= | : = — (0.564), 29 
+ ae )1 (u) Jo (0) Va ) ce 


1 
where is used (33), then | qa (w)| will vanish as ez and z(u) belongs to L,(— 00, oo). 


Moreover, it can be shown that z(w) is bounded and analytic in the upper 
half plane. This means that z(u) is the complete Fourier transform of a solu- 
tion Z(&), being zero for <0. Thus 


l ws 
VAN (a ae [ee @ 7 Ou. 


Since z(u) is bounded at w=O0 this solution is certainly integrable, also it seems 
possible to show that it is absolutely integrable. 
For the system (14b) we find by an analogous reasoning, which is not 


given here, that a solution exists only when the eigen-parameters Mo and wy 
have the special values 


yee hg (UG) Le ay a) ea at) il ] 
] 0 11 1 01 no 
Mee we Tag (HY ba (1H) — b(t) Fy (x) BVO] 
ho (4) by (4) — hy (4) Ung ( 7 (30) 
=lim ~ ty Yes A og \ eee 
My was oo (#) L14 (&) —Ly9 (a) Up, (u) “i 0.658) , | 
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where are used (31), (33) and (35). Here Imn (wu) and hy» (uw) are the Fourier 
ransforms 


bmn (U) = | lame e* ae 


—-o 


= Tf Lene ( |E—Tt]) Otte [Em (|é--t]) )dz] e'* Fd E, 
—coo 0 


App. III. Computation of the integrals J, and L,,, 


The integrals 


have been computed with the BARK for n=1, 2 and 3 in the range O< &< 10.1 
We have the recurrence formulae 


Jaa Jy a; (31) 
= Al 
In * Inot § Ins, (E>0, and £=0,m > —1). (32) 
Special values of interest are 
Vax 
Jo(0) => 
cE)! 
Jee (= “>, (k=1, 2,-) (33) 
b= 1\ (2b 8) elo 
JQ) = SS Vi 
_J Putting «= els 7/2 we find 
1 bl r = /2 
In(6)= 5 & 3 [: —E& “(é+t dt 
- 0 


The last integral is of the type [fe —y(t+t-") ” dt, which has been investigated by H. FaxEN 


(Arkiv f. Mat. Astr. Fys. 15, n:o 13, 1920). FAXEN gives an expansion in series of this integral, 
which could be used to calculate values of Jn (§) near the singular point &=0, 
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For large positive € we find by the method of saddle points 
— n é 2 
ree (5) Rails (34) 


The functions J, (é) are finite for €>0, but infinite at €=0 for n< —1. 
The computations were performed by applying step-by-step a Taylor ex- 
pansion 


h* 
i JI n—k (€), 


h* wo 
In(Eth)= Ho” ke) cael) 


2 


combined with (32). Initial values were computed to seven correct decimal 

points at €=1 by a numerical quadrature. The computed values up to €=10 

are given in Table 4. They are correct in all the figures reproduced, except in 

the range §<0.125, where there may be an error of 1 or 2 units in the last 

figure. Extension of the table in the direction of m is easily performed using | 

(32). | 
The integrals 


Linn (€) = [ern --) oot a (7? =a +? +27) 


were also computed at the same points, for m,n=0,1. These functions may 
directly be expressed as linear combinations of J,: 


Lo thE Ji, 


a 


(35) 


They are presented graphically in fig. 11. 
We finally give here the corresponding functions 


co 


Kin (& = [Lr mn (eae 


é€ 


and 


fim (€)=Ln (€)—K mo (€)— Km (€), 


as expressed in terms of J,. Using the approximate formula 


. ip 20L* 
Io ~ | Dh, ,t)d ee mn 
©)~ | Haale ddr 9 E26, 0), 
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hich is sufficiently accurate for our pur ose, and the f 
35), these are found to be hen a e formulae (31), (33) and 


Va 


& 
Kyy= 7 enV, —1J_— 5 V0 Fy 5 (J aay oVad,— = galas): 


Lee ol n Sa 
Ko — 3g tla gad, — guat qtladstad,— 


2 


eé (x 33 — 3 ca: 
9 (3 Jot 4 nV J,—2 J, — i nV Js) , 
Bye eV nV x aVa 
Te iG Fi nV > J1—-tds 5 J,—Md, 3 Ue 
& Vee = nV x 
— yz |tJot wad, +aI_t nVaJ3— eck 
5 - aVa cA xV x 3aVx 
eid Sasa) a 4 UV Ie 
e” [x It 3 
Ae 2 (3 Jot 9 Jaa aed ar pais) ; 
oo 
ee é see 
Table 4, J,()= | z"e* az 
0 
é | J, | a | | é | oe | ie | ae 
0. 0.500000 0.443113 0.500000 } 0.146564 0.168488 | 0.221587 
0.015625 0.486741 0.435408 0.493139 | 25 0.114216 0.136093 | 0.183683 
0.03125 0.474318 0.427900 0.486394 || 5 0.090026 0.110704 | 0.152959 
0.046875 0.462548 0.420582 0.479766 15 0.071629 0.090599 | 0.127892 


0.0625 0.451336 | 0.413443 | 0.473250 | 0.057446 | 0.074539 | 0.107324 


1 

1. 

ils 

il 

2 
0.078125 | 0.440615 | 0.406475 | 0.466845 3 0.025263 | 0.035643 | 0.054871 
0.09375 0.430338 | 0.399671 | 0.460547 4 0.011930 | 0.017959 | 0.029167 
-0.109375 | 0.420464 | 0.393025 | 0.454355 | 5 0.005927 | 0.009409 | 0.015978 
0.125 0.410962 | 0.386530 | 0.448264 | 6 0.003064 | 0.005082 | 0.008969 
0.1875 0.376178 | 0.361957 | 0.424886 || 7 0.001638 | 0.002811 | 0.005141 
0.25 0.345686 | 0.339419 | 0.402978 | 8 0.000902 | 0.001581 | 0.003006 
0.3125 0.318659 | 0.318674 | 0.382421 || 9 0.000508 | 0.000895 | 0.001801 
0.375 0.294510 | 0.299526 | 0.363110 | 10 0.000289 | 0.000507 | 0.001118 
0.4375 0.272797 | 0.281810 | 0.344950 || 
0.5 0.253177 | 0.265383 | 0.327857 
0.75 0.190792 | 0.210358 | 0.268713 | 
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on Nis ie Seas 
Fig 11. Lmn(&)= [er (; -*) Ga dr, (r= 27 +y7 +2”). 
z>0 
5 = 3 5 = 
fo =— gxlad,+ 5 ad,+ 5 aVaIg—aJ,t 
e* /3 = = 
+ S (fa dyt 20a, —25,—2V 25): 
U wt ; a Ve 
+ (Etalant 5 lot aa dy— 254-20 Je) 


Note added in proof: It has become known to the author that the integrals 
studied in App. IIT have been investigated earlier in connection with the problem 
of thermal neutron absorption. Reference is given to Journ. Math. Phys. 32, p. 188 
(1953). 


Research Institute of National Defence, Stockholm, October 1953. 
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Communicated 27 January 1954 by Oskar Kurry and Hinpinc Faxtn 


Heat conduction in a rarefied gas: the cylindrically 
symmetrical case! 


By PIERRE WELANDER 


With 4 figures in the text 


For studying heat conduction in gases at low pressures a hot-wire gauge is 
ften used, heat being produced electrically in a thin wire and conducted through 
he gas to a surrounding coaxial tube. When the pressure of the gas is suc- 
essively lowered from the atmospheric level while the temperatures of the wire 
nd the tube are held constant, we find at first that the heat flow remains 
constant, as is predicted by the ordinary kinetic theory. However, when the 
ywressure has become so low that the mean free path 4 of the gas molecules 
annot be completely neglected as compared to the radius of the wire, the 
ffect of the temperature jump at the wire surface will appear, and the heat 
low decreases with a further lowering of the pressure. 

As long as 4 is still small as compared to the radius of the wire, it is pos- 
ible to calculate the heat flow theoretically according to the formula 


Dap Kall — a) 
== . l 
Csi see (1 
ry ry UP) 


tere Q is the heat flow from the wire per unit length, A is the coefficient 
f heat conduction of the gas, r, and r, are the radii of the wire and the tube, 
r, and 7’, the corresponding temperatures, and ~, and x, the corresponding 


emperature jump numbers. The temperature jump numbers are defined according 
o the formulae 


ie vit #) 
an= mile), on K 
oT AQ 
AT =i (Sr) mo eae 


\pplying the temperature jump value previously calculated we find 


1 This paper is written as a supplement to the preceding paper: “On the temperature Jump 
1 a rarefied gas’’, to which the reader is referred throughout. 
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where a is the accommodation coefficient and k is a pure number ~ 0.827. 


When 4 becomes comparable with r,, the temperature jump theory fails | 
because the ordinary temperature curve cannot be considered to vary linearly . 
in the transition region at the wire. Still more complicated conditions appear — 
when A becomes comparable to the radius r, of the tube and the transition region | 
fills up the whole space in the tube. However, at extremely low pressures, | 
where A is much greater than 7, and the intermolecular collisions become rare 
as compared to the collisions between the gas molecules and the walls, we again — 


meet with a comparatively simple case (free molecule conduction) which can be | 


handled theoretically [4, 5]. 

Attempts to explain theoretically the intermediate region have been made 
by several authors [2, 3, 6, 7,8]. In all these calculations the same basic 
approach is used: it is assumed that a free molecule conduction takes place in 
certain intervals (r,, 7,+ Av7,) and (r,— Ar, rg), while the ordinary theory should 
apply in the interval (r,+Ar,, 7,—Ar,). WEBER [8] puts for a monatomic gas 


Ar,=Ar,= 37 and arrives at an expression for the heat flow which he con- 


; , A 

siders to be fairly correct for all values of Zia However, his main formula is 
1 

in fact derived under the tacit assumption that 3 and as are small quantities, 

and his derivation from this formula of the free molecule result is apparently 

unjustified.1 ScHAFER-RATING-EUCKEN [6] introduce for Ar, and Ar, certain 


corrective factors, which are functions of 4 and S respectively. This seems to 
1 2 

improve the theory a great deal and their result is found to apply quite well 

over a large pressure range. 

However, to develop a quite correct theory it is necessary to abandon the 
simple model where the gas mass is sharply divided up into a region of free 
molecule conduction and a region of ordinary heat conduction, and examine the 
transition region more closely. 

We will here make a preliminary study of this problem, working along the 
same lines as in the theory of the temperature jump presented previously. The 
treatment is confined to the important case where 4 is small as compared to 
ry—1, but of any magnitude as compared to r,. In such a case we find it 
convenient to introduce a generalized temperature jump A’T,, defined as the 
difference between the temperature 79 found at the surface of the wire by an 
extrapolation of the temperature curve from the region of ordinary heat conduc- 


tion according to the relation r a @ 
dr 20K 


const., and the temperature 7’, 


of the wire (Fig. 1). Writing the jump in the form A’ 7, = — x; ae 


r, 27K 


1 Formulae (3) and (5), pp. 6-7. 
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r A 


Fig. 1. Temperature distribution in the gas. 


_ we find the formula (1) again being applicable, if only ~, is replaced by x;. Our 


main task is then to determine x}. 
We start our investigation from the Boltzmann equation, and first derive the 


form of this equation when expressed in cylindrical coordinates r, m and z 


(Fig. 2). 
Assume that the number of gas molecules in the volume element (r, dr) 


having their velocities in the range (v, dv) is f(r, 9, z, Ur, Up, Vz) dr dv. We 
follow such a group of molecules from time t to t+ dt. If no molecular colli- 
sions occur, the group at the later time will have the coordinates 
r (t+ dt)= 1 (t)+2, dt, 
v 
pttdt)= (t)+—" dt, 


z(t+dt)= z(t)+», dt, 
and the velocity components 


vy 
v, (t+ dt) =v, Oa dt, 


vp (t+ dt) =r, (t)-—-— dt, 


vz (t+ dt) =v, (t), 


P. WELANDER, Heat conduction in a rarefied gas 


Fig. 2. Coordinate system. | 


and fills up elements dr and dv of the same magnitude as before. If further _ 
a net number of molecules J (f f,) dr dv dt disappears from the group by | 
molecular collisions during the time interval dt, it follows that 


Ur Vp 


2 
v v 
j (rnd pt dt, z+, dt, uw + — dt, Up — — 


dt, «| dr dv= 


1@, QD, 2, ty » Ups 02) dr do—! (fj) drdv dt. 
Or, introducing differential quotients, 


ED ma af. vrs of 
Ot Tay Oz ror, Ran, 


+ (ff;)=0. (2 a) 


In our case the situation is taken to be cylindrically symmetrical, so that 
0 0 
Sen: iw 
Op 02 
We introduce here the same kind of approximations as before. Thus, f is 
divided into two terms, 
j= ee =i 42 


where f® is the Maxwellian distribution at the actual values of the number of 
molecules per unit volume n(r) and of the temperature 7’ (r), and f® is a small 
correction term. n(r) and 7'(r) are replaced by constant values % and J’ except 


in the gradients; this is justified when Q 7 ~| <1. Furthermore, we put for 
2G a ty 


the collision integral 
(fh) = 1 + f° 2) = 07, 


Le 


where we may take for @ the value ip 


, as valid for a Maxwell-gas in the 


™!/ cr 


ordinary theory of heat conduction. 


The Boltzmann equation then becomes 
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Of, % Of? My Of 


Ur 
or Yr Ov, PCe., 


+ 6{ =v, g(r, v), (2 b) 


where 


2 
g (r,v) = — on (r) J+ Zi (3 = ren) av (r) 7. 


Dy FTG r 
It determines f as a function of r, (r), sa (r), U, Up, and vz, (r) and 
aT 
eT; (r) are to be determined from the equations 
[fe dv=0, 
v 


[vr f? dv=0. 
v 


Now, multiplying the Boltzmann equation (2b) by r and integrating over 
the velocity space we have 


é 1 lees 2 i 1 
"or. ofPdet |p dv ic 1 Ya -dv+r0 | f?av=o, 


wv wv wv 


since the right hand side of (2b) is an odd function of v,. Further 


(1) 
fe ar dv |i tf) do= a { | ve {? dug dv, = 0, 
wD 


pr %z=—-% Yp=— 00 


co Co oo 


tty Fdv= [vp o% (ef) dv- baal vp ty {? dv, dv. — 
TP, d Vg * 005 ¥ 
Dv 


= fo {Pdv= —[», {Pdv, 
1) wD 


and we find that 
as (rf 2, {® dv) + OM dv=0. 
Cte “ 


The equation i; {® dv=0 can thus be replaced by the equation r | v, {YP dv = 
wv v 


const., and in the same way we see that the equation | vy? f{? dv =0 can be 
wD 


replaced by the equation r | v, vf? dv=const. We have especially to take here 


vw 
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fv, f? dv=0, 
4 (4) 


2) (DT gente eee 
mr {o,f dv= oe 
wv ; 


To the partial differential equation (2b) there is associated a set of charac- 
teristic equations 


dr Pe Ct ae df ; 
Gh ae si Oy Vor sve wah OUNCE Dena « 


It follows that 
v,dr+rdv,=0, 


Vr AU, + Vp d Vg = 0, 
U, AU, + Vg dV_4+ vz dvz=0, 


from which appear the integrals 


ry, =C, 
ve +v5=C2, 
wv =C,. 
Using these we have 
d i 
% (7) EX +6 {% =v, (r) 9 (1); 


where 


pla ee 
m= +Yo,- 2, 


_foldn 2 fe mar mel eee 
1 (7) = "+ Al5 Al 2 oh al io 


C,a and 6 are in the general case arbitrary functions of C,, C, and C3. Ob- 
serving that 


dt 1 : 
| = OE SC Vat —C?) 
2 


we find finally, after insertion of the expressions for C,, C, and C;, the gen- 
eral solution of (2 b): 
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{P= CO exp 6 Lr Uy E V1 is (a? —r*) eee i 


Ue + UF TUF 


up 


U; + v2 ry 
b 


In the interval r,<r<co we now demand that f‘? be real and finite, and 
that such integrals as define density, temperature and the like converge. These 
conditions are fulfilled by choosing 


route 


a=b=r, for v»>0 and == =? 
4 Vp 

2 2 2 

rv r Vr + Y 

a=b= ——*— for v,>0 and = >—,: 
Vv? 2 Lr Vv 
Ur + Ug 1 

a=b— co for v;, <0. 


Regarding the boundary condition we assume that the gas molecules reflected 
from the surface of the wire are distributed Maxwellian at m;, 7o., giving 


ay _JMo+—% — Tor — To (; mv )| j. 
of fi 


ee ii 2 2khT 


v,>0 


Our solution is then, written out in full, 


et. sal 2 ned 
= vie MY 

-. | yp 2 

a 

v2 


P 


[nox — ts 20 (3 ua / get V1 ean ee] | po. 
7) | : 


(I 


2Z psa 
Ur 


aera 1 Ur (=) ond 1a, 70 
7. bexp Os ap 1 2 (a 
| 
l 


(II 


es leet fl! 2. 2kT 0,0 

vg 
: @ X 2 — £7) (v2 + v2) 
ae tai me) exp | 6 i aE V1 ( ) > — | at}, 
ladr T \om ear | | vet vue r vp 

te 

24+y 2 


ceo PNW Ae 2) a 
flan 7 (3 rr) | exp} or 1 Vis metre asp 


\adr 2 kT) dr : 
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Fig. 3. Regions of the solution. 


The regions of the velocity space occupied by the different parts of the 
solution are indicated in Fig. 3. 

The solution in the plane case previously investigated is found again in the 
regions I and III by putting r=r,+a and expanding the exponents under the 


assumption that r,;— co and = +0. The region II will disappear entirely in 
1 
the limit.! 
If we insert the solution (5) in the equations (4) and introduce the following 
non-dimensional variables and parameters: 


m 
Y~ Voorn” 


2 The region vy = 0 is not included in our solution. The functional determinant of the charac- 
teristics will vanish there, and the solution becomes singular [1]. We note that 


no+ —o To+-To(3 mv? \] -@) 
o — ii P 2 ont f for v,+0, 


0 for vp=0, and 


In the plane case it should be valid that 7) =0. This limit comes out correctly from (5) by 
Vyp>+0 


increasing 7, indefinitely for sufficiently small fixed values of Osc 
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k(=) 


theoretical asymptote k = 0.827 


2 3 


Fig. 4. Variation of k (©), 


ay SNH Sed 
adé Q” 
Gs 
A ad FeO 
wee rie we! 
— a 
Lo — n Oa 
To4—T, KT 
fi Ti oie 


we get a pair of integral equations containing only the variables @, x, the para- 
meters 4, fy, 4,, and the independent variable €. Then, in analogy with our 
previous result, we should expect a solution @ (é, &), v (&, &) to exist only when 
Uy, ft, take on some special values fy (2), M, (&). 

Our generalized temperature jump is 


, f r u 

A tame T 7, + | [it +527 jl at- 
og wpe tes 

edi A rye | [ee » ch) - ttl ar}. 


and using the relation 
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75x1l-a Q 
T,—-T,=- MeO Ora (cf. formula (15), p. a 
we may bring it into the form 
Sin 2—- kia 1 @ 
a => —_— ? 6 } 
Sas 128 a B2aK (8) 


where 


Thus we have 


,_ 15 022—-k(B)a 7) 


No attempts have been made yet to determine k (=) from the integral equa- 
tions. However, the function has been estimated by comparing our theoretical 
heat flow formula with experimental data. A typical result is shown in Fig. 4 
(experimental data from ScHAFER-RatTING—EUCKEN [6], Table 1, p. 188). 


Research Institute of National Defence, Stockholm, December 1953. 
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Communicated 11 November 1953 by Oskar Kien and Bener Epiin 


On the renormalization of the Salpeter-Bethe equation. 


By ARNE CLAESSON 


With 8 figures in the text 


Summary 


In order to study the renormalization of the Salpeter-Bethe equation up 
to the fourth order in the coupling constant, the renormalization terms are 
introduced in the corresponding Lagrangian according to the methods given by 
KAtiin. Equations are obtained for the determination of the renormalization 
constants which are computed by power series expansion in the coupling con- 
stant. When these values are introduced into the Salpeter-Bethe equation, a 
finite result is obtained. 


1. Introduction 


The equation of SaLpETER and Berue’ describes the interaction of two or 
more Fermi-Dirac particles relativistically. The aim of this paper is to study 
the divergences occurring in the fourth order terms of the equation and to 
show how they can be removed. Up till now no attempts have been made to 
renormalize the Salpeter-Bethe equation. However, Crnt” has just published 
a covariant form of Tamm-Dancorr’s relativistic two body equation with the 
intention of discussing a renormalization procedure in a forthcoming paper, and 
Macke® has transformed the Salpeter-Bethe equation into a one time equa- 
tion with four components in order to deal with the renormalization of the 
interaction operator. 


2. Renormalized field equations 


In this paper we consider a field operator w(x) for protons and a field (x) 
for neutrons coupled to each other by a real scalar meson field A (x). We 
start with the following unrenormalized Lagrangian 


Lo = Lipa le ag tLant (1) 
where 


1 SaLPETER and BEeTHE, Phys. Rev. 84, 1232 (1951), Geti-Mann and Low, Phys. Rev. &4, 


350 (1951). 
2M. Crint, I] nuovo cimento, 10, 526 (1953). 
3 W. Macxg, II] nuovo cimento, 10, 1198 (1953). 
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Lye -7 [Pe (2+ m) y(a)| -i|- VO mipe z), v(o)| 
1 |e 
l= ~t ee. (y2+ m) (a) -i|- — Ly +m G(x x), to) 
1 [0A (a) 6A (x) 


we 0) 
thy oh pert aan? 


A (a) ([y (x) p (x)] + [p (&) @ (2))). 


a 
Linc= "5 
To this we add, using the methods given by KAtLin*, the renormalizatio 


terms, (6m for protons and neutrons, dy for the mesons and the “‘charge’’ re- 
normalization L) 


L=L™ + 46m ((p (a) p ()] + [p @) p (@))) + $ A? (x) du —L La. (3) 


From this Lagrangian we obtain the equations of motion 


(y 2 + m) pla) =ig Ae) ple) + dm yep” e) | 

4 | 

(y 2+ m) (0) ig A (2) (2) + dm p@)= fe (4) 
(6-4) 4@)=-—- (evel ipaee) == ane 
o(ieeL) ToL 


Further we define the normalization constants N and WM from the conditions 
<0|y(x)|grp> =N <0|y (x) | qr> 
<0| g(x) |qv> =N<0|y (x) | qv> (5) 
<0|A(x)|&> =M<0| A (x) [> 


where <0| is the vacuum state, |q¢ > a state with one proton or neutron present 
and |k> a state with one meson. 


If we now introduce new operators y= + vy, Y ==9, and A’ =;4 we can 


write the integral equations of motion as 


pa) Bie (2) - a SH (e—2") fe) da’ (6) 


4G. KALiEN, Helvetica Physica Acta 25, 417 (1952). 
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yhere we have dropped the dash and where 


fhe Lagrangian is now 


il oe S 
= N? (Ly + Ly) + M? Ly + MN? Lig +5 dm N? (lp y]+ lp el) + 
+ SE ye 48-1 MY La. (8) 


To get finite expressions for the coefficients in a formal expansion of the S- 
natrix in powers of the coupling constant (there is one infinite quantity 
ising from the scattering of one free meson by another through virtual nucleon 
air creation), we have to add a term 4-A*(x) to the Lagrangian where 4 is a 
ew renormalization constant.° As will be seen, this term is of no importance in 
his paper. 

From L we obtain the “commutators” for equal time coordinates 


(p(x) p Ak N* yi 0 (E-#') 

ee ec ae ae eaaree) 9) 
aA (x) =, ah 

[es x9 a rei ee 

6 oO. 


According to the paper by KALLEN* mentioned above, we obtain the follow- 
ng formulas for the renormalization constants 


ye tal) 
N-1 1 = —T 
ie 5 1a ( m?) + 2m Xi (—m?*)} 
7 (10) 
Ol é 
Mao ola 
2M ae 
rere 
rere oo 
2 (a) ai) oe, Ui(=4) | 
2 —m?) = 3 a (11) 
E(<my= [OD aa, B(m)=— foe 
(m+? ruta 


5 P, T. Marruews, The Phil. Mag., 4/, 185 (1950). 
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where %; is given by 


= { dpe? ®* e(p) (Ey(p%) + (iy p+ m) E4(p Vou (IY 


<0| {fa(2') fol(e)} 10> =r 


and - 
7 (— jap | Pda FA =P f alia C2 Dy (13 
Me al 
where z it defined by 
at ; 
<0] i) je 10> = 5 [ aver a(pt) e(). (a4 


é(x) is defined by equation (56). 
We thus have four equations and five unknown constants. Another equatior 
is obtained by regarding the matrix element <q|j(x)|q’> where <q|, |q’> 
are proton (or neutron) states. An expression for ee, > may be ob- 

tained from 
<O| {Li (2) y (@’)] p© (@)} |O> (15 


considered as an identity in w and 2’. We get® 


1+2(N-—1) 
= (0) , 
<qlile)|q'> = <q|7(@)\¢ >| Ae - 


(a ((q—q')") —2(—M*) + ine (q—q') a((g— my) 
+M : Ae 
| (q-q P+ J 
+ig<q| yp (x) |0>A(qq’/) <0] y (x) |¢’> 


(16) 


where 


Vg Lk GR ip(z , 
aus | tae oO Ae 


= — N*6 (#3) 0 (34) <O|[7 (x) {f(3)F(4)H[O> + (17) 
+ .N*6 (a3) 6 (w4) <0] {f (3) [7 (x) F(4)]} | O>. 


Concerning the definition of 6(x%) see equation (56). 
Writing 


L 
q)= > yt m)? Fe (qq') (iy g’ +m)" (18) 
we obtain 


tg<qlp (x) |0> A(qq’) <0|y (a) |q’> = 


/ , ° tA 19 
= <g|j® (x) |q' > LR, ((q' — @)) +t (q' —@) Ba’ —@)] - 
where 
Ry ((q' — @*) +t (¢’ — q) Be ((q’ — g)2) = F™ [g-gn _m 
1 (Y —q) Ba ((g'—g) gia gta—m (20) 


Rg70 if (q'—q)*<0. 
° G. KALLEN, Det Kgl. Danske Videnskabernes Selskab, 27, nr. 12 (1953). 
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‘e now normalize the expectation value of the current according to 
lim < q|j(x)|q’> =lim<q|j (a) |q'> (21) 
aa’ aa’ 
id get as our fifth equation 


_1+2(N -1) mt (0) — 2 ( — pw?) 
1 Mat) +M ys + R, (0). (22) 


We expand the normalization constants in powers of the coupling constant g, 
id here we are interested only in terms up to the second order in g, e.g. 


dm=Xg" dm™ =? dm™., (23) 
rom the condition 
<0|f(x)|q> =0 (24) 


here <0| is the vacuum state and |qg> a state with only one proton or 
sutron present, we can determine 6m. The left side of (24) is equal to 


tg<0|A (x) p(x)|q> +dm<0|yp(x)|q> =0. (25) 
riting 
p(x) = Lg" y™ (x) oy 
A(zy=% g* A™ (x) 
e get 


ig? <0|A® (a) yp (x) + A (a) p™ (2) |q> +92 dm <0|y(x)|g> =0. (27) 


Ow 
A® (x) = fav An (a—a’) {[p© (x’) y® (@’)] + [pe (2’) o® (#’)]I- (28) 
ibstituting this and the corresponding equation for y™(x) in (27), we obtain 
g dm <0| yp (a)|q> = 
i / 
Ef av [Ar (x—2’) 8S? (a — a’) + Sp (x—2’) AY (2 —2')] <0] yp (2’) |q> 


2a | 1 i rw!) (p> +m?) 6 (k? + yu") 
aay | dpdke@*Me (iy p m) | [Ege eele i pe +m 


}<0 |p (a’)|q> 


1 
Soo | av | dxtiy pm oUt +m) a ((q—p)? + wu?) (1—«)] <0| yp] a> 
IU 4 
0 


1 


2, la) 
_— ert 1 dp 0’ (p? +B) <0|y|q>" 
SZ =e a ( +a) f po \p Me 
22x) , 


7 J. ScHwiINnGER, Phys. Rev., 76, 790 (1949). 
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where 
B= a+ m? (1—«)?. (30) 
Thus 
1 
Oa ae 1 fon? 
om sos | dase) { ave (po +B). (31) 
0 


As dm and M are the only renormalization constants which appear in our 
approximation of the Salpeter-Bethe equation, we calculate only these and get 
for M from (22) and (10) in the g? approximation 

p=(O)y ee 2 \h ee (0) 
M-1= -2(W-1)— REQ) +2@ RAO) _ rm (— 2), or) 
ye 


The last terms are easily proved to be finite. We have according to (13) 


oo 


=e Nun eae 
Bae) 2O) ay (—ty=P | aa OE. es 


we 


Calculating a (p) from (14), we get 


4m 244m? 
ws F : =| (34) 


I 
(p= 5 (p> +4m? Vis 5 


and introducing this in (33), we may integrate and obtain a finite result. To 
obtain Fly (0) we use the expression for A(p’p) in (17), where we substitute 
(3) =/(© (8) =7gA@ yp... and get, omitting terms of order higher than the 


second in g 
2 


A(pp') = af | atantetesinet [S.4 (32) Sp (x4) AP (34) + 


(35) 

+ 84 (3x) S™ (74) Ap (34) + S® (3.x) Sp (x4) Az (34)]. 

Transforming this to momentum space we get 
| g . 
A (pp')= —© | datiy(e—a)—m iy (p —q)—m: 
Lagie 4 em 
sal dx | dB 8" [(q— Bp —(«—B)p)+ B+ 
0 0 
1 2 2 , 2 2 2 2 

+5— 8((p—9) + m*) 6 ((p — 9) mm") 6(g" Fa"): (36) 


‘[e(p—q) e(p' —q) + e(p—q) €(q) + E(p' — 9g) €(g)] + 


Hs 1 [ene + m?*) 6 ((p’ —q)? + m?) (e(p’ —q)—e(p—9q)) 
2 (2:2)? gt 


_ O((p'- 9g)? +m?) 6(q" +") (e(q)—e(q—p’)) 4d ((p—q) +m?) 6 (gq? +p?) (e(g)—€ (q- P)) 
(p—q) + m* (p = ¢)-eun= \} 
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where 
Bi= p™ B+ p*(a—B)—(p' B+ p(a— B))* +m? a+ w? (1—a). (37) 
The last two terms are different from zero only if8 
p*<—(m+pu)?> and p< —(m+ ays (38) 


But here p*=p*=—m?*, and thus (38) are not fulfilled. In the same way 
the term 


6 ((p—q)* + m*) 6 ((p' — q)? + m*) (e (p' — g) — € (p—q)) 
(eat 


(39) 


is zero if —(p—p’)?<4m?, and thus this term vanishes at least when p=p’. 
Integrating it, one finds that it is of the form e(p—p’)f((p—>p’)?) and it thus 
belongs to R, in (19). The second term in (36) is also equal to zero when 
p=p"*=-—m’. Introducing g’=q—fp’—(«a—f)p and observing that a term 
of the form fdqqd" (+B) vanishes by reason of symmetry and_ that 


fdqd" (¢+B’) is finite?, we obtain 


R® ((p—p’)?) she [ ae [efave 6” (q+ B')+finite terms. (40) 


But 
2d” (x) = —n db"? (x) (41) 
and thus 


da [aoe (q?+ B’)+finite terms. (42) 


RY ((p— p')’) caf 


Putting p=p’, and with p?=p"=—m’ we get B’=m’o*+y"(1—a). Thus B 
is independent of f, and in (42) we may integrate with respect to 6. The result is 


1 
2 
R® (0) = - = faq i daad’ (q° +B’) + finite terms = 
5 


1 
2 
—- Ce [aq Jana ~a) 6’ (q°+B)+finite terms. (43) 
0 


In the g?-approximation N—1 is, according to (10), 
N-1= —} {2 (=m) +2m dP (—m)} (44) 


where >; (p?) may be calculated from the equation 


+ 
= 
a 
Ae! 

+ 

3 

M4 
= 
ext 
2 


f I ip (12) {3 (2 
—£ 6a) <oft7@) fA) ]0> = ar | ave? S.004+ 


8 G. KAniin, Arkiv for fysik, 2, 37 (1950). 
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Transforming to momentum space we get 


1 
2 
Llp y= Gs 3 fac] da(1+a) 6 (q+ pia(L—a) +? a+ m (1—«)) 
% 
- (47) 
2 
— g , = 2 in 2 ie2 
BP oh -sa | aa] da2d (7+ p2a(L—a) +p? a+ m* (1—«)). 
ant As ae 
As ary et (2 (")) |ps--ms", we have 
1 . 
510 (gp?) = — [ dxac—ot) | aq" +B) = finite (48) 
2(22)° 
0 
Thus 
5 BI 
N-1= res { dq | da«0' (q?>+B)+finite terms (49) 
0 
and 
; 1 
2(M-—1)= BaF | a | da(2—«) 6’ (q°+ B)+finite terms. (50) 
270 
0 


3. The Salpeter-Bethe equation 
The Salpeter-Bethe equation is obtained from the wave function 
yn (12) = <O| fy) pQ)|n>, pO)=ypla)=yplat bad ad) (51) 


where <0| is the vacuum state and |n> is an arbitrary state with no free 
mesons. This definition of the wave function is somewhat different from the 
definition given by Gell-Man and Low who use the P-symbol. The commutator 
is sometimes found to be more convenient. Operating on y, with the Dirac 
operators for protons and neutrons, we get 


p @ v_@ P N 
(> sat m) (> aa +m) x0 (12)= <Ollf (1) 7) wees (52) 


We now approximate the right hand side by expanding it in powers of the 
operator A (x), defined by the integral equation for A(x) with 


(1 —p*) A® (x) =0 (53) 
and 
[A® (@) A (a’)] = —i A(x’ — 2x) 
<0] {A® (x) A® (a’)} |O> =A (x—2’). (54) 


In Bethe and Salpeter’s original work, all diagrams are classified by the 
number of meson lines. Algebraically this corresponds to the number of oper- 
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ators A® or, according to (54), to the number of A, A® or A functions. We 
thus rewrite the right hand side of (52) with the help of the equations (6), 
omitting all terms with more than two A factors (or four A, or one A and 
two A® etc.). Then all A® factors can be transformed to A functions with the 
help of formulas of the following type where we suppose that F; (a) commute 


: 0A 
with A and a for equal time coordinates. 
0 


=0|A® (x) Fy (x!) F, (2°)... F,(a)|n> = 


A 
= S v | dx*! 0 (a” — a1) < 0| F, (a) a ea (a1) [F, (a”) j(at*)] . 


A Cain ad, (a7) | n= = ()4~ (x) A® (a**1)|0> 
<0|F,...F,A|n> = 


a (55) 
= S 6 [ do 0-2") <0]... (Ff].. Filn> <0| A (a4) A (x) |0> 
F, 


<0|F,A® F,...Fi|n> = <0|A F,....F,|n> — <0|[A%F] F,... F,|n> 


[A (a) F, (2”)] = | da? 9 (a — a7) A (ae —a"*1) [7 (a) F,(a"))_ ete. 


where 
ly ae) 


Ofa)—4 (14 e(2)) =} (56) 


Ora ei) 


In this way we obtain the same number of A factors in every term, except 
for those of the first order. We now have, in each term, matrix elements of 
the type <0|F,...[F,j]...F,|n> where F is either y, y, g or g. Rewriting 
these functions, we replace every F’, and y ete. in j(x), by its zero approxima- 
tion y® etc., except one y and one @ in every term, and these are joined to 
give the wave function y,(# 2’). Finally we sum over every 7 and 7. This 
means that in the diagrams inner lines are represented by S-functions and all 
exterior lines by yn.® 

With definition (7) for f(z), we obtain 


<O|[f? (1) (2) [n> = —g? M’<O|[A(L) pl), A(2) y(2)]|2> + 
+igMdm(<0|[p(1), A(2) y(2)]|n> + <O0|[A (1) pl), y(2)]|m>)+ (57) 
+ (6m) ¥n (12). 


In order to find an expansion of the first commutator in (57), we write it in 
the following way 


[A (1) p(1), A (2) »(2))=4 ({4 (1) A (2)} Ly (1) p (2)] +04 (1) A (2)] Ly (1) @ (2)}) + 
+ A (1) [p(1) A (2)] » (2) + A (2) [4 (1) @ (2)] p (2). 


9 R. Kareius and A. Kuetn, Phys. Rev., 87, 848 (1952). 
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For the first term we have 
<0| {A (1) A (2)} [y(1) p(2)] [> = aa eee )}]O> yn (12) + 
+ > <O|{A(1)4(2)}l2> <2[[yQ) p2)]|2> 


|2>+ |0> 


where |z> is an arbitrary state. Writing 


1 1 
<0|A (a) |k> = 97 < 014° @lE> + (1-34) <0l 


we obtain 
1+2(M-1 
<0|{A (1) A(2)}|0> =A® (2) 7 + 
+ [ dx? do*9(13) 024) 413) A 2H (24) <O| {7(3) 7 (4)} |0>. 


The second term in (59) may be divided as follows 


ee OAM AR} 2> <2l[p) QI [n> = 


Sian DP tO hae sta IA es alec 
45 =. [aeons sas <0] {7(3) A (2)}|z> <z| [pI e2)I|m>— (62) 
|2>+|0> 
= E _ | a29.03) A 23) <0| {A (1) 7(3)} |2z> <z|[y(1) p(2)]|n> + 


+ > da? da* 6 (13) 6 (24) A (13) A(24) < 0| {7 (3) 7(4} le> <z|[y() 9 (2)]|n> 


Je>+]|0 


where |kk'> is a state with two mesons. The last term is already of the 
second order in A and after some calculations (using the method described 
above) it can be shown that the matrix element is 


exon OHI) IM 12> <2] [yp (1) pQln> = 
2 
=5 [(é. 8? (14) — 81? (14)) 8?” (43) yn (32) + 
+ (¢ 8" (23)) — S™™ (23)) S°¥ (34) xn (14) + (¢ 8% (24) — 81 (24)) S™% (43) yn (13) + 


+ (i 8? (18) — S*? (13)) $1? (34) yn (42) — (63) 


— (¢8* (14) — 8?” (14)) (6.8 (23) — S™ (23) xn (48) — 
— (t8" (24) — S*% (24)) (4.8? (13) — 81? (18)) yn (34)]. 
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So far as the second and third terms of (62) are concerned, we observe that 
we still need one factor A®. This can be found in j(3) or in < z|[w(1), p(2)]|n>. 
Consider 

[A® (1) Lp (3) p(3)]] = [p (3) LA® (1) (8) ] + [LA (1) y (3)] p(3)]. (64) 
Since 
Me A® (x) = [dx A(w— 2") 5 (a!’)— | | (65) 
= f[ dz" [A (e") A(a—2") + A (0) A(e— 20") 


By — ag! 


and A and A® commute with y when the time coordinates are equal, we get 


[A (D [yp (3) p(3)]] = M [ dat A (14) {[p(3) (4) yp (3)1] + [7 (4) p(3)] w(3)]}. (66) 
But 


[i(4) p(3)]= f da® S? (15) [5 (4) f? (5)]—4 i d® # 8” (35) y, [7 (4) y(5)] = 
ie (67) 


= —~—_4 ____g? (34) w (4) + terms of order A. 


M(1—L) 


x 


ot | 
(1—L) 


Regarding this as an identity in x 


(68) 


da! A (14) {S” (34) [yp (3) p(4)] — 8” (43) [p (4) p 8). 


1 we obtain 


<0|[p (3) p(3)]|2> = fh | act (8? (84) <0|A (4) [p3)yAllz>— (69) 
— 8? (43) <0| A (4) [p(4) v8)]|z>} 


and 

<0|{7(3) A (L)}|z> = 

- 9" _ (<0) (03) p(y] A} |z> + <0] {[H3) g (3) AO} [2>) = 
2M (1—-L) (70) 


| da’ A (41) {S? (34) <0| [yp (3) p(4)]|2> — 
— 8? (43) <0| [py (4) p(3)]|2> + 
+ 8 (34) <0] [9 (3) p (4)]|2> —S™ (43) <0] [9 (4) y(3)]|2>}- 


—g? N* 
> 2M(1—-L)* 


The previously described technique which we applied to derive (63) can again 
be used with the following result 
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> <O|[p(3) pA]lz> <z|[p(1) y(2)]|n> = (iS* (13) — 8"? (13)) xn (42). 


|2>+ |[0> 
If we consider the commutator 
[A (1) [p(D) ¢ (2)]). 


instead of (64), we obtain 


<2|[p(1) y (2)]|> = S| | dat ote) <2140) [p (1) pA] | n> + 


+ | az*s? 4) <2]4 sp e2niin> | 
Combining (70), (71) and (73) we finally get 


>, < OLB) 4% Di l2> <2|[y0) p2)I [n> = 


|2>5F 


- -£ | axt {0 (34) A® (41) [S” (34) (4.8? (13) — 8?” (18) vn (42) — 
— §? (43) (¢ 8S? (14) — 8*? (14) xn (32) + 
+ 8% (34) (¢ 8” (23) — 81 (23)) xn (14) — 8% (43) (¢ 8” (24) — 81 (24)) yn (13)] + 
+ 6 (24) (A™ (41) — 7 A (41)) 8” (24) [(¢ 8” (13) — 8?” (13)) yn (34) + 
+ (t8* (48) — S™ (43)) yn (18)] + 
+ 0 (14) (A (41) —¢ A (41)) S? (14) [(@ 8S? (43) — 8?” (43)) xn (32) + 
+ (i 8” (23) — 8" (28)) yn (43)]} 


(74) | 


where we have choosen the zero order approximation of the renormalization 
constants as the term is already of the fourth order in A® when inserted in 
(62). From (73) we obtain further 


<kk'|[p(1) p(2)]|_n> = 
= —g { dx? dat <kk'| A (3) A (4) |0 > {0 (23) 6 (34) 8% (23) S™ (34) yn (14)-+ (75) 
+ 6 (23) 6 (14) 8” (23) S? (14) yn (48) + 0 (13) 6 (34) S? (13) S? (34) yn (42)}. 


Thus the first term of (58) is now expanded to the second order in A fune- 
tions, and in the second term 


xt 


{p (1) p(2)} = - g* | da? [| da* 8? (14) S® (23) [A (4) A (3)] [p (4) 9(3)] + 


(76) 
+ terms of order A+, 
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thus 


<0|[A (1) 4 2)] {p(1) p(2)}|n > = gf da? da* [6 (23) —0(13)] [0 (14) -0 (34)] x 
x A (12) A (34) S? (14) 8% (23) yn (43). 


The third term of (58) is expanded in the following way. We observe that 
[p(1) A (2)]= — | da? A (23) [p(1) 7(3)] (78) 
since [y(1), 4 (2)]=0 when the time coordinates are equal. This gives us 


<0] A(1)[p (1) A(2)] 9 (2)|[n> = — J da? A (23) <0] A® (1) [yp (1) 7(3)] p(2)| > + 
ae (79) 
+ J da? J da* A (23) A (14) <0] 7 (4) [p(1) 78) p(2)|n>. 


Finally, according to (67), we get 


pe! 
<0|A (1) [y(1) A (2)] p (2) |n > A'2 | ax? dx [6 24) 904) 


x {[6 (13) — 6 (43)] S? (13) S? (34) (A® (31) — 4 A (3D) yn (42) + 
+ 6 (23) S* (14) S* (23) (A® (31) —7 A(31)] yn (48) — (80) 
— 6 (13) A (13) S? (14) (¢. 8” (23) — 81% (28)) xn (48) + 
+ 6 (43) 8” (14) 8” (43) (A® (31) —7 A (3D) xn (32) — 
— 6 (13) A (13) 8S? (14) (i. 8” (43) — 81? (48)) xn (32)}. 


Similarly, we obtain the last term of (58) and the renormalization terms in 
(57) are expanded in an analogous way, i.e. 


<0|[w(1), A (2) 9(2)]|n> = 
+ [6 (13) A® (32) S? (13) — 6 (23) A (32) S?” (13)] yn (32)}. 

<0|[4 (1) y(L), (2)]|2> = 
= a dx? {6 (13) [A® (31) 8” (13) — A (31) 1? (13)] vn (32) + (82) 


+ [6 (23) A® (31) S” (23) — 0 (13) A(3]) S)¥ (23)] xn (13)}. 
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Collecting the terms, we now have 
< Ol ff? (Df 2) |a> = — 


2 
—£ [1+ 2(Mf —1)] A® (12) xn (12) — 
2 
= { dx? da 6 (13) 6 (24) A (13) A (24) <0] {7 (3) 7 (4)}|0 > yn (12) — 


4 
ae { dx? dx! [6 (24) — 6 (14)] [0 (13) —0 (43)] A (12) A (43) S? (13) S® (24) xn (34) + 


© | dat ant (0013) — 6 (23)) (6 (24) — 0 (14)) S? (14) 8” (23) A (31) A (42) — 

— 4 (23) 6 (14) 8? (14) 8” (23) A (31) A® (42) — 76 (14) 6 (23) S” (14) 8% (23) A (42) A® (31) 
+ 6 (14) 6 (23) S? (14) S% (23) A® (31) A® (42) — 6 (13) 6 (14) 8S” (14) 81” (23) A (31) A® (42) — 

— 6 (23) 6 (24) S'” (14) 8% (23) A (42) A® (31) + 6 (18) 6 (24) S*” (14) S’* (23) A (31) A (42)] xn (43) 
+ [6 (13) (0 (24) — 6 (34)) S” (23) 8% (34) A (31) A (42) +6 (23) 0 (34) 8% (23) 8% (34) AM (31) A (42) 
— 6 (23) 6 (24) S™ (23) 8” (34) A (42) A® (31) — 6 (13) 6 (34) S*” (23) 8% (34) A (31) A® (42) + 
ao Deane (42) +0 (13) 0 (24) S1% (23) 82% (34) A (31) A (42)] xn (14) 
+ [6 (23) (8 (14) — 6 (34)) S? (13) S? (34) A (32) A (41) +6 (13) 6 (34) S? (13) 8? (34) A® (32) A® (41) 
AEs ARERR cpt AR 0 (23) 6 (34) S?” (13) 8? (34) A (32) A® (41) + 

+ 6 (14) 6 (43) S*? (13) S? (34) A (41) A® (32) + 6 (14) 6 (23) S1” (13) S?? (34) A (32) A (41)] xn (32) 
+ [6 (13) 0 (34) S” (24) 8” (43) A (31) A (42) + 6 (24) 6 (43) S* (24) S¥ (43) A® (31) A® (42) 

— 6 (18) 6 (24) 8” (24) 81” (43) A (31) A® (42) + 6 (13) 6 (34) S1 (24) 8% (43) A (31) A® (42) 

— 6 (24) 6 (43) S'Y (24) 8% (43) A® (31) A (42) + 6 (13) 6 (24) 81 (24) S™¥ (43) A (31) A (42)] yn (13) 
+ [0 (24) 6 (43) S* (13) 8” (34) A (31) A (42) + 6 (13) 6 (34) S? (13) S? (34) A® (31) A® (42) 

— 6 (13) 6 (24) 8? (13) S'? (34) A® (31) A (42) + 6 (24) 6 (43) S1? (13) 8? (34) A (31) A (42) 

~ 6 (13) 6 (34) S™* (13) S? (34) A (31) A® (42) + 6 (13) 6 (24) S1? (13) S*? (34) A (31) A (42)] xn (42) 
+ [8? (13) A (31) — 8** (13) A (31)] [S* (24) A® (42) — §"* (24) A (42)] 6 (13) 6 (24) yn (34)} 


—ém | dx* {9 (23) [A (32) S% (23) — A (32) 8 (23)] yn (13) + 
+ [6 (13) A® (32) 8S” (13) — 6 (23) A (32) S1? (13)] vn (32) 
+ 6 (13) [A (31) 8” (13) — A (31) 81” (13)] yn (32) + 


+ (5m)? 7» (12). + [6 (23) A® (31) 8% (23) — 6 (13) A (31) S2% (23)] xn (13)} 
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Enos 


This shows that we get contributions from the above Feynman diagrams where 
ordinary lines refer to neutrons, double lines to protons and dotted lines to 
mesons. 

We now transform (83) to momentum space by wellknown formulas 


Ate)= oa | dpe’? d(p* +m") e(0) (84) 
A (2) = 50s | dod? ap + mt (85) 
A@=—fe@)A@)= GaP | ar (86) 
S (x)= (y 2m) A (2). (87) 

a+ x 


and the relative 


Introducing the centre of gravity coordinate X= 


_coordinate x=a!— 2”, we write the wave function in the following way 
pers , 
wn) e 2 [arg dre”, (88) 


Using formulas (84) to (88), we transform the term corresponding to the 
diagram in fig. 2 


and get 


a 


A. CLAESSON, The Salpeter-Bethe equation 


k 
He EDT eae ° 


41 l — . 
Toe | ardredn daar sine Divs Ty Ea 


x6 (py — Pa +H) 6 (>.+4-5+r) [229 (pE-+ mt) 8 (pb +m®) 8 (gt +18) 8 (a8 +12) 


x [e (py) € (D2) + € (Pr) € (G2) + € (Po) € (M1) + € (M1) € (G2) — € (Pe) € (Y2)] — 


ice Dp + m*) 9 (ph + m®) BE? Tomy) (0) £() + (Ps) —€ (4) e+ 
6 (pi +m?) 


+07 pe Taupe 6 (gi ot [) 6 (qe a [) Le (py) € (9) € (Ga) + € (Py) + (G1) + € (Ga) ] + (89) 
2 

O(qi+ ue) , 6(pi +m”) 
pitm® git ee 


bid ph +m’) d+ 12) | ] erat etn 


(pi +m?) d(qa+ pu? 
(pz +m?) (qi + be”) 


S(pitm*) 8 (ps +m!) 6(q2+ Ml) |}: 
(pa +m?) (qo+ mu?) (pi+m?) (qge+p?) (pi +m?) (p3+m?) 


LT TE AVAVAL ES T1+e(p,) e(aa)] + 


+ oer) 


Regarding the second last term in (89), we find that it contains the factor 


[all bebo] 


k 2 
(1-5 + ? +m? (90) 


6 H(a-5+s) +m 6(q° +n) [1-ewe(a-$+s)| 


where s=r+q,. Integrating this we get a finite result. The integration is 
easily performed by introducing a system where 44—5=0. In a similar way 


we find that all the other terms of (89) are finite except the last one which 
gives us’ 


ic eon 
Tone edie fase dr f(r) d[(s—r)?+ uw] dq E (—a+5-s)—m) 
k my 
«iy (—a+ 5-7) —m| | a 188" Ve +4) p+ (91) 
0 
k 2 2 
at |(a—5+°) ne | (a= p)+ H(a-5 +s) +m | (’—a} 
Introducing 
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a= (5-") B+(@—s) (+) 


we may write (91) 


g* 


k 
i —(@14+ 2) is(x1_z?2 . 
ten” 2 | asarage c f(r) d[(s—r)? + w7] Ley (—q4+ Q,) —m] x 


Ly (a+ Q)—m] | da | apo” e+ B= 
0 0 


(93) 
Gg i ug (v'4 2%) ; - 
“Ten e 2 fas drdqe**-* f(r) dtis-nP uel | ds. | dB 26’ (q° +B’) + 
0 0 
+ finite terms, 
according to (40) and (41). 
However, B’ in (93) is rather complicated. But from relation’ 
, 2 / y i B 

| ar (g- 4B ) = 0 (¢ | B)]= 20 log = (94) 


2 2 
it follows that if we choose in B’, r=s, (; ? a (5-5) = —m*, we obtain a 


term with 
B’=B=p? B+ m? (1— By (95) 


which differs from the original expression by a finite quantity. B is thus in- 
dependent of « and in (93) we may integrate with respect to «. The infinite 
term of (89) corresponding to the diagram in fig. 2 is thus 


1 

4 k ; 

oe Hig ee, [ asar ager? j(n)de—nr +42) | da20 —a) 6’(¢?+B). (96) 
0 


a 


Similarly, we can obtain the infinite part of the diagram in Fig. 3: 


5[(o-8) +m 
ag +m _ lls SS ry? + ue] 4 (97) 
(sr) + pe (5-5) +m? 


k 
ai i 5 (@'+2") is(z'—x2 
ten 2 [asarage 2h (nr) 


A. CLAESSON, The Salpeter-Bethe equation 


Fig. 3. 


Finally the term contributed by the mass renormalization of the neutron is 


1 

2 k 

= 0 om i —(r'4+2%) ir(x!—z2) S k = ergy: 

Dame e 2 [araatine | axfiva (Ser m| 0’ (q° + B)+ 
0 


2 Kk ? 
g om i attet) is (x12) ; (5 —m|- 
T2@n)° J asare POA A rd 7 


According to (83) we now add the terms in (96), (97), and the second term 
in (98) and get, introducing (31) for 6m®, 


g* i” (ereay , 1 
4(22)8 © 2 [ aedrage yin [oe—r + w'] faa 2(.-a) 6’ (q¢2+B)- 
k 2 3 
|(>-5 +m _ O[(s—r) +p") 
(srt 2 ae : (99) 
2 f 
1 
le Hoag dee 
NE) tel ia iva (5—s)—m| +m(1+a)| og + By 
0 
Writing 
iva (5-8) —m=|iy (5-5) +m] a—(+a)m (100) 


0 


Thus (99) may be written 
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g* 


oe x? net : 
4(27)°° pee 'fasdrage ( Flr) aller) 44] [deez a) (2+ B)+ 


k 2 
6\(=—s) +m? 1 
k ; I(; | Ty) ae 
+|(F-6) + nt| Aaa eats | dan0' aah 


4 


ie ri+22 
“Fea er | dsardg f(r) dU(s—r? +8) | da 2-2) 0G +B) 
0 


We find immediately that the two diagrams of fig. 4 give the same infinite 
contribution to our expansion (83) as (102) 


Fig. 4. Fig. 5. 


The term represented by fig. 5 is, in p-space, given by 


J gy Sale PICS ee fe [a i (+ )- Jor 7+ B)x 
4(27)8° a : : PAE A PNET - 
(103) 


“| dp | dq Ez (; = r)- m| 6’ (qs + B) + finite terms. 


Using (100) we write this as follows 


g° eae 
4(22)° 
2 
jor |iy (; br) +m E (Sr) im [eax [ana i *+.B)| = 
1 1 

“—m E (F-r)m| faaa+a) | ano ait 2 [ ape | ano a+ 2) (104) 

i > 0 
=m |iy (5 +r) +m| [acca | aq. 0' air B) fan eae) ) | a0" (q+ B) + 

1 0 
2 

+m? [faxes [ ago ue+ a) }. 

0 
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vf) a] ir elemfen 8 


corresponds in configuration space to 


Now 


2 
é v_@ 2 KOT (bas Ae (106) 


and is thus of order A. The first term in (104) may therefore be neglected. | 
The other terms of (104), together with the remaining mass renormalization terms 

(the first term of (98), the corresponding term for the proton, and the last term 
of (83)) give 


1 


g iF cetee) tr (x'!—a?) f |[a 1 [a o ++5)| - | 
4(22)°° | are f (7) Ka a (1 + a) FO 


0 
1 1 
~m |ir( r)im [anata [dao a+B) | ape | aga! ut+B)- 
0 0 
= Iii) E ( 
ge om [aa [aa ine (Sr) ml 6’ (¢?+ B)— 


1 


PE om | ap { ag live (5-r) ~n| 8 (gt + B) + (omy . 
0 


Here again we use (100) and introduce dm=g?dm®, according to (31). The 
result of this is that (107) vanishes. 


Phe ee AY Se ee <a 
a x 
------------ ve SR 


Fig. 6. Fig. 7. Fig. 8. 


tos 
2 
str)+n| [axe | anorate a | aaa+py | ago! (t+ B)- (107) 


It is obvious that the term corresponding to fig. 6 gives a finite contribu- 
tion and the same is true for the terms corresponding to fig. 7 and fig. 8. 
This may be proved by transformation to momentum space. The reason why 
the vacuum polarization terms of fig. 8 are finite is that here we use the 
commutator to define the wave function. The P-symbol would have given 
divergences and thus more trouble in the renormalization. 
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There is still one renormalization term left in (83) which depends on the 
normalization of the meson field. Together with the remaining infinite term of 
(102) and the corresponding term from the proton field we get 


4 


Ene 
Cae dsdrés@-™. 
2 (220) 


a 


-f(r) d[(s—r)? + w*] [| axe—m | ago’? + 8)- 23" 2ar-1) . 


But according to (50) this is equal to zero. Thus all divergences have been 
compensated. 


(108) 
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